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Äîñëiäæó¹ìî ãiëëÿñòèé ïðîöåñ ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì. Çíàé-
äåíî äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ öüîãî ïðî-
öåñó.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, íåïåðåðâíèé ÷àñ, ìiãðàöiÿ, ìàòåìà-
òè÷íå ñïîäiâàííÿ.

1. Îïèñ ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Ðîçãëÿäà¹ìî ãiëëÿñòèé ïðîöåñ µ(t) ç îäíèì òèïîì ÷àñòèíîê, ç ìiãðàöi¹þ òà íå-
ïåðåðâíèì ÷àñîì; µ(t) − êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t. Ââàæà¹ìî, ùî

(1) µ(0) = 1.

Ïðîöåñ µ(t) ìîæíà ïîäàòè ÿê ïî¹äíàííÿ äâîõ ïðîöåñiâ − êëàñè÷íîãî ãiëëÿñòîãî
ïðîöåñó ç íåïåðåðâíèì ÷àñîì ξ(t) [1] i ïðîöåñ ìiãðàöi¨ ζ(t). ßêùî â ìîìåíò ÷àñó t â
ñèñòåìi iñíó¹ âèïàäêîâà êiëüêiñòü µ(t) ÷àñòèíîê, òî âîíè ðîçìíîæóþòüñÿ íåçàëåæíî
îäíà âiä îäíî¨ òà íåçàëåæíî âiä ñâîãî ïîõîäæåííÿ çà òèì ñàìèì çàêîíîì. Çàêîí
ðîçìíîæåííÿ ÷àñòèíîê ó ñåðåäèíi öi¹¨ ñèñòåìè âèçíà÷à¹òüñÿ ïðîöåñîì ξ(t). Êðiì
òîãî, â ñèñòåìó ùå ìîæóòü iììiãðóâàòè ÷àñòèíêè òà âiäáóâàòèñÿ åìiãðàöiÿ. Iììiãðà-
öiÿ é åìiãðàöiÿ âèçíà÷àþòüñÿ ïðîöåñîì ζ(t), äå ζ(t) − ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê
ó ìîìåíò ÷àñó t, ÿêi åìiãðóþòü iç ñèñòåìè àáî iììiãðóþòü â íå¨.

Âèïàäêîâi ïðîöåñè ξ(t) i ζ(t) ââàæà¹ìî îäíîðiäíèìè ìàðêiâñüêèìè ïðîöåñàìè.
ζ(t) - óçàãàëüíåíèé Ïóàññîíiâñüêèé ïðîöåñ

(2) ζ(t) =

Nt∑
j=1

ζj .

Íåõàé ó ìîìåíò ÷àñó t â ñèñòåìi iñíó¹ µ(t) ÷àñòèíîê. Ïîçíà÷èìî ÷åðåç ξi(∆t) (i =
1, . . . , µ(t)) êiëüêiñòü íàùàäêiâ i-¨ ÷àñòèíêè çà ÷àñ ∆t, òîáòî â ìîìåíò ÷àñó t+ ∆t i,
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âðàõîâóþ÷è îäíîðiäíiñòü ξ(t), ïðèïóñêà¹ìî, ùî

(3) P{ξi(∆t) = k|ξi(0) = 1} = δ1k + pk∆t+ o(∆t), k = 0, 1, . . . ,

p1 < 0, pk > 0 (k = 0, 2, 3, . . .),

∞∑
k=0

pk = 0.

Ïðîöåñ ξ(t+∆t) âèçíà÷à¹òüñÿ ÿê ñóêóïíiñòü íàùàäêiâ êîæíî¨ ÷àñòèíêè ïðîöåñó µ(t),
à ñàìå

(4) ξ(t+ ∆t) =

µ(t)∑
i=1

ξi(∆t).

Âèçíà÷èìî ïðîöåñ ζ(t). Çàçíà÷èìî, ùî ζ(0) = 0. Àñèìïòîòèêó ïðîöåñó ïðè ∆t → 0
âèçíà÷èìî òàê:

(5) P{ζ0(∆t) = k|ζ(0) = 0} = δ0k + qk∆t+ o(∆t), k = −m, . . . ,−1, 0, 1, . . . ,

ïðè÷îìó

q0 6 0, qk > 0 (k = −m, . . . ,−1, 1, 2, . . .),

∞∑
k=−m

qk = 0.

Êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t+ ∆t äîðiâíþ¹

(6) µ(t+ ∆t) = max

{ µ(t)∑
i=1

ξi(∆t) + ζt(∆t); 0

}
,

äå ζt(∆t) − êiëüêiñòü ÷àñòèíîê, ÿêi åìiãðóâàëè ç ñèñòåìè àáî iììiãðóâàëè â ñèñòåìó
ïðîòÿãîì ÷àñó (t, t+ ∆t].

Ââåäåìî òâiðíi ôóíêöi¨.
Òâiðíó ôóíêöiþ ïðîöåñó µ(t) ïîçíà÷èìî Fµ(t, s), ïðîöåñó ξ(t) − Fξ(t, s) i

(7) Fµ(t, s) =

∞∑
n=0

P{µ(t) = n}sn, Fξ(t, s) =

∞∑
n=0

P{ξ(t) = n}sn,

|s| 6 1, s ∈ C.
Òâiðíó ôóíêöiþ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñó ξ(t) ïîçíà-

÷èìî ÷åðåç fξ(s), ÿêà âèçíà÷à¹òüñÿ òàê:

(8) fξ(s) =

∞∑
k=0

pks
k, s ∈ C, |s| 6 1.

Çàìiñòü êëàñè÷íî¨ òâiðíî¨ ôóíêöi¨ äëÿ ïðîöåñó ζ(t) áóäåìî ðîçãëÿäàòè ôóíêöiþ

(9) F̂ζ(t, s) =

∞∑
n=−m

P{ζ(t) = n}sn, 0 < |s| 6 1,

ÿêó ìè íàçâåìî óçàãàëüíåíîþ òâiðíîþ ôóíêöi¹þ. Òàêîæ ââåäåìî óçàãàëüíåíó òâiðíó
ôóíêöiþ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñó ζ(t)

(10) f̂ζ(s) =

∞∑
l=−m

qls
l, 0 < |s| 6 1.
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Äàëi ââåäåìî ïîçíà÷åííÿ

(11) A(t) = Mµ(t) =

∞∑
k=0

kP{µ(t) = k},

(12)
∂fξ(s)

∂s s=1
= aξ,

∂f̂ζ(s)

∂s s=1
= aζ .

À òàêîæ ââåäåìî îïåðàöiþ äëÿ ïîñëiäîâíîñòi {bn}∞n=−m

(13)
〈
B(s)

〉
0

=

0∑
k=−m

bk +

∞∑
1

bks
k, s ∈ C, |s| 6 b∗ > 0.

2. Äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî ïðîöåñó

ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ òàêi ðiâíÿííÿ: çâè÷àéíå äèôå-
ðåíöiàëüíå ðiâíÿííÿ òà ëiíiéíå ðiâíÿííÿ ÷àñòèííèõ ïîõiäíèõ.

Òåîðåìà 1 ([2]). Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ çâè÷àéíå äèôåðåíöiàëüíå
ðiâíÿííÿ

∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+
〈
Fµ(t, s)f̂ζ(s)

〉
0
,

ç ïî÷àòêîâîþ óìîâîþ µ(0) = 1.

Òåîðåìà 2 ([3]). Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ
â ÷àñòèííèõ ïîõiäíèõ

∂Fµ(t, s)

∂t
= fξ(s)

∂Fµ(t, s)

∂s
+
〈
Fµ(t, s)f̂ζ(s)

〉
0
,

ç ïî÷àòêîâîþ óìîâîþ µ(0) = 1.

3. Äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ ãiëëÿñòî-

ãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Òåîðåìà 3. ßêùî p0 íå äîðiâíþ¹ íóëþ, òî â óìîâàõ (1)�(13) A(t) = Mµ(t) çàäî-

âîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

(14)
∂A(t)

∂t
= A(t)aξ + aζ + ϕ

(
Fµ(t, 0)

)
,

äå ϕ(x) çàëåæèòü âiä pj, qk, k = −m, . . . ,−1, A(0) = 1.
À Fµ(t, 0) âèçíà÷à¹òüñÿ ç äèôåðåíöiàëüíîãî ðiâíÿííÿ

(15)
∂Fµ(t, 0)

∂t
= fξ

(
Fµ(t, 0)

)
+ ψ

(
Fµ(t, 0)

)
,

äå ψ(x) çàëåæèòü âiä pj, qk, Fµ(0, 0) = 0.

Äîâåäåííÿ. Âiäîìî [2, 3], ùî äëÿ íàøî¨ ìîäåëi ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà
íåïåðåðâíèì ÷àñîì âèêîíóþòüñÿ íàñòóïíi äèôåðåíöiàëüíi ðiâíÿííÿ:

(16)
∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
, Fµ(0, s) = s,
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(17)
∂Fµ(t, s)

∂t
= fξ(s)

∂Fµ(t, s)

∂s
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
, Fµ(0, s) = s.

Ðiâíÿííÿ (16) ïðîäèôåðåíöiþ¹ìî ïî s, çìiíèìî ïîðÿäîê äèôåðåíöiþâàííÿ â
ëiâié ÷àñòèíi òà ïiäñòàâèìî s = 1. Ó ïiäñóìêó îòðèìó¹ìî

∂A(t)

∂t
= A(t)aξ +

(
∂

∂s

〈
∂f̂ζ(s)Fµ(t, s)

〉
0

)
|s=1

.

Ðîçãëÿíåìî äðóãèé äîäàíîê ïðàâî¨ ÷àñòèíè

f̂ζ(s)Fµ(t, s) =
(
q−ms

−m + . . .+ q0 + . . .
)(
P{µ(t) = 0}+ P{µ(t) = 1}s+ . . .

)
=

= s−mq−mP{µ(t) = 0}+ s−m+1
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+s−m+2
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+s−1
(
q−mP{µ(t) = m− 1}+ q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0}

)
+

+s0
(
q−mP{µ(t) = m}+ q−m+1P{µ(t) = m− 1}+ . . .+ q0P{µ(t) = 0}

)
+

+s1
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

Î÷åâèäíî, ùî〈
f̂ζ(s)Fµ(t, s)

〉
0

= q−mP{µ(t) = 0}+
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+(q−mP{µ(t) = m− 1}+ q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0})+
+s0

(
q−mP{µ(t) = m}+ q−m+1P{µ(t) = m− 1}+ . . .+ q0P{µ(t) = 0}

)
+

+s1
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

Äàëi áåðåìî ïîõiäíó ïî s âiä f̂ζ(s)Fµ(t, s) òà
〈
f̂ζ(s)Fµ(t, s)

〉
0
.(

f̂ζ(s)Fµ(t, s)
)′

= −ms−m−1q−mP{µ(t) = 0}+ (−m)s−m
(
q−mP{µ(t) = 1}+

+q−m+1P{µ(t) = 0}
)

+ (−m+ 2)s−m+1
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+

+q−m+2P{µ(t) = 0}
)

+ . . .+ (−1)s0
(
q−mP{µ(t) = m− 1}+

+q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0}
)
+

+0
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
= q−mP{µ(t) = m+ 1}+

(
q−m+1P{µ(t) = m}+ . . .+

+q1P{µ(t) = 0}
)

+ s1
(
q−mP{µ(t) = m+ 2}+ q−m+1P{µ(t) = m+ 1}+

+ . . .+ q2P{µ(t) = 0}
)

+ . . .

Âèðàçèìî
(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
÷åðåç

(
f̂ζ(s)Fµ(t, s)

)′
. Ó ïiäñóìêó îòðèìà¹ìî

(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
s=1

=
(
f̂ζ(s)Fµ(t, s)

)′
s=1
− P{µ(t) = 0}

−1∑
k=−m

kqk−

−P{µ(t) = 1}
(
(−m+ 1)q−m + . . .+ (−1)q−2

)
− . . .− (−P{µ(t) = m− 1}q−m).

Ëåãêî áà÷èòè, ùî(
f̂ζ(s)Fµ(t, s)

)′
s=1

=
((
f̂ζ(s)Fµ(t, s)

)′
+
(
f̂ζ(s)

)′
Fµ(t, s)

)
s=1

= aζ .
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Ïîâåðòà¹ìîñü äî ðiâíÿíü (16), (17). Ïîçàÿê ëiâi ÷àñòèíè ðiâíi é îäíàêîâi ïî÷à-
òêîâi óìîâè, òî ìîæåìî ïðèðiâíÿòè ïðàâi ÷àñòèíè

fξ
(
Fµ(t, s)

)
+
〈
f̂ζ(s)Fµ(t, s)

〉
0

= fξ(s)
∂Fµ(t, s)

∂s
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
.

Çâiäñè âèïëèâà¹, ùî

(18) fξ
(
Fµ(t, s)

)
= fξ(s)

∂Fµ(t, s)

∂s
.

Ïiäñòàâèìî s = 0. Ó ïiäñóìêó îòðèìó¹ìî, ùî

P{µ(t) = 1} =
1

h0
fξ
(
P{µ(t) = 0}

)
.

Ùå ðàç äèôåðåíöiþ¹ìî ïî s ðiâíiñòü (18)

(19)
∂fξ
(
Fµ(t, s)

)
∂s

∂Fµ(t, s)

∂s
=
∂fξ(s)

∂s

∂Fµ(t, s)

∂s
+ fξ(s)

∂2Fµ(t, s)

∂s2

i ïiäñòàâëÿ¹ìî s = 0. Îòðèìó¹ìî

P{µ(t) = 2} =
1

2p0
P{µ(t) = 1}

(
p1 − f ′µ(P{µ(t) = 0})

)
.

Îòîæ, ìè ìîæåìî âèðàçèòè P{µ(t) = 2} ÷åðåç P{µ(t) = 0}.
Àíàëîãi÷íî, ìîæåìî âèðàçèòè P{µ(t) = 2} ÷åðåç P{µ(t) = 0}. Ïåðøå ðiâíÿííÿ

òâåðäæåííÿ òåîðåìè âèâåäåíî.

Ïåðåõîäèìî äî âèâåäåííÿ äðóãîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Î÷åâèäíî, ùî
(16) ìîæíà ïîäàòè ó âèãëÿäi.

∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+ f̂ζ(s)Fµ(t, s)−X(t, s),

äå

X(t, s) = q−mP{µ(t) = 0}+
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+
(
q−mP{µ(t) = m− 1}+ . . .+ q−1P{µ(t) = 0}

)
−
(
s−mq−mP{µ(t) = 0}+

+s−m+1
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+ s−m+2

(
q−mP{µ(t) = 2}+

+q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}
)

+ . . .+ s−1
(
q−mP{µ(t) = m− 1}+

+ . . .+ q−1P{µ(t) = 0}
))
.

ßê ìè óæå ïîêàçàëè, ùî P{µ(t) = 2} ìîæíà âèðàçèòè ÷åðåç P{µ(t) = 0}. Òîìó
ìîæåìî ââàæàòè, ùî

X(t, s) = ψ
(
P{µ(t) = 0}

)
.

Ïiäñòàâëÿþ÷è ó (16) s = 0, îòðèìó¹ìî ðiâíÿííÿ äëÿ F (t, 0).
Òåîðåìà äîâåäåíà. �
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In the paper the author study the branching processes with migration and
continuous time. A di�erential equation of the mathematical expectation of a
given process is constructed.
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