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Ðîçãëÿíóòî îáåðíåíó çàäà÷ó äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ó ïðÿìîêó-
òíèêó ç äâîìà íåâiäîìèìè ñòàðøèìè êîåôiöi¹íòàìè, çàëåæíèìè âiä ÷àñî-
âî¨ òà îäíi¹¨ ç ïðîñòîðîâèõ çìiííèõ. Çàäà÷à çâîäèòüñÿ äî äâîõ îáåðíåíèõ
çàäà÷ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç îäíèì iç íåâiäîìèõ êîåôiöi¹íòiâ.
Âñòàíîâëåíî óìîâè iñíóâàííÿ ãëàäêîãî ðîçâ'ÿçêó çàäà÷i.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, äâîâèìiðíå ðiâíÿííÿ òåïëîïðîâiäíî-
ñòi, äâà íåâiäîìèõ ñòàðøèõ êîåôiöi¹íòè.

1. Âñòóï. Äëÿ äâîâèìiðíèõ îáåðíåíèõ çàäà÷ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç
îäíèì ÷è äâîìà íåâiäîìèìè êîåôiöi¹íòàìè, ÿêi çàëåæàòü âiä ÷àñîâî¨ òà ïðîñòîðî-
âî¨ çìiííèõ, âæå âñòàíîâëåíî óìîâè ¨õíüî¨ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi [1]-[4]. Ìè ïðî-
ïîíó¹ìî �êàñêàäíèé� ïiäõiä äî äîñëiäæåííÿ îáåðíåíî¨ çàäà÷i ç äâîìà íåâiäîìèìè
ñòàðøèìè êîåôiöi¹íòàìè. Âií ïîëÿãà¹ ó ïîñëiäîâíîìó ðîçâ'ÿçàííi ñïî÷àòêó îäíi¹¨
îáåðíåíî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç îäíèì ç íåâiäîìèõ êîåôiöi¹íòiâ,
à ïîòiì iíøî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç iíøèì íåâiäîìèì êîåôiöi¹í-
òîì. Òàêèé ïiäõiä ìîæå áóòè öiêàâèì ïðè ÷èñåëüíîìó ðîçâ'ÿçàííi êîíêðåòíèõ çàäà÷
òàêîãî òèïó.

2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ïðèïóùåííÿ. Â îáëàñòi QT :=
{(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} ðîçãëÿíåìî îáåðíåíó çàäà÷ó äëÿ ðiâíÿííÿ
òåïëîïðîâiäíîñòi ç íåâiäîìèìè êîåôiöi¹íòàìè a(y, t), b(x, t) :

ut = a(y, t)uxx + b(x, t)uyy + f(x, y, t), (x, y, t) ∈ QT ,(1)

u(x, y, 0) = ϕ(x, y), (x, y) ∈ D,(2)

u(0, y, t) = µ11(y, t), u(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ],(3)

u(x, 0, t) = µ21(x, t), u(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ],(4)

a(y, t)ux(0, y, t) = µ31(y, t), (y, t) ∈ [0, l]× [0, T ],(5)
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b(x, t)uy(x, 0, t) = µ32(x, t), (x, t) ∈ [0, h]× [0, T ],(6)

äå D := {(x, y) : 0 < x < h, 0 < y < l}. Ïiä ðîçâ'ÿçêîì çàäà÷i (1)-(6) áóäåìî ðîçóìi-
òè òðiéêó ôóíêöié (a(y, t), b(x, t), u(x, y, t)) ç êëàñó (Cγ,0([0, l]× [0, T ])× Cγ,0([0, h]×
[0, T ])×C2+γ,2+γ,1(QT )) [5, c. 75], ÿêà çàäîâîëüíÿ¹ óìîâè (1)-(6) ó çâè÷àéíîìó ðîçó-
ìiííi. Êðiì òîãî, a(y, t) > 0, (y, t) ∈ [0, l]× [0, T ], b(x, t) > 0, (x, t) ∈ [0, h]× [0, T ].

Áóäåìî ââàæàòè âèêîíàíèìè òàêi ïðèïóùåííÿ:

(À1) ϕ ∈ C2+γ(D), µ1k ∈ C2+γ,1([0, l]×[0, T ]), µ2k ∈ C2+γ,1([0, h]×[0, T ]), k ∈ {1, 2},
µ31 ∈ Cγ,0([0, l]× [0, T ]), µ32 ∈ Cγ,0([0, ]× [0, T ]), f ∈ C1+γ,1+γ,0(QT );

(À2) ϕx(x, y) > 0, ϕy(x, y) > 0, (x, y) ∈ D; µ11t(y, t) − µ11yy (y, t) − f(0, y, t) ≤ 0,
µ12t(y, t) − µ12yy (y, t) − f(h, y, t) ≥ 0, µ31(y, t) > 0, (y, t) ∈ [0, l] × [0, T ];
µ2kx(x, t) > 0, k ∈ {1, 2}, µ32(y, t) > 0, (x, t) ∈ [0, h] × [0, T ]; fx(x, y, t) ≥ 0,
(x, y, t) ∈ QT ;

(À3) óìîâè óçãîäæåííÿ íóëüîâîãî ïîðÿäêó [5, c. 468].

3. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (7)-(11). Ðîçiá'¹ìî çàäà÷ó (1)-(6) íà äâi, ïî-
êëàäàþ÷è u(x, y, t) = u1(x, y, t)+u2(x, y, t), äå (u1(x, y, t), a(y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i

u1t = a(y, t)u1xx + u1yy + f(x, y, t), (x, y, t) ∈ QT ,(7)

u1|t=0 = ϕ(x, y), (x, y) ∈ D,(8)

u1|x=0 = µ11(y, t), u1|x=h = µ12(y, t), (y, t) ∈ [0, l]× [0, T ],(9)

u1|y=0 = µ21(x, t), u1|y=l = µ22(x, t), (x, t) ∈ [0, h]× [0, T ],(10)

a(y, t)u1x(0, y, t) = µ31(y, t), (y, t) ∈ [0, l]× [0, T ],(11)

à (u2(x, y, t), b(x, t)) � ðîçâ'ÿçêîì çàäà÷i

u2t = u2xx + b(x, t)u2yy + (a(y, t)− 1)u2xx(x, y, t) + (b(x, t)− 1)u1yy (x, y, t),

(x, y, t) ∈ QT ,(12)

u2|t=0 = 0, (x, y) ∈ D,(13)

u2|x=0 = u2|x=h = 0, (y, t) ∈ [0, l]× [0, T ],(14)

u2|y=0 = u2|y=l = 0, (x, t) ∈ [0, h]× [0, T ],(15)

b(x, t)u2y (x, 0, t) = µ32(x, t)− b(x, t)u1y (x, 0, t), (x, t) ∈ [0, h]× [0, T ].(16)

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (7)-(11) âñòàíîâëåíi ó ïðàöi [2] i çàáåçïå-
÷óþòüñÿ ïðèïóùåííÿìè (À1)-(À3). Òîìó ïåðåéäåìî äî äîñëiäæåííÿ çàäà÷i (12)-
(16).

Ïîçíà÷èìî ÷åðåç G(x, y, t, ξ, η, τ) ôóíêöiþ Ãðiíà çàäà÷i (13)-(15) äëÿ ðiâíÿííÿ

u2t = u2xx + b(x, t)u2yy .

Äëÿ äîâiëüíî¨ ôóíêöi¨ b(x, t) > 0 ç êëàñó Cγ,0([0, h]× [0, T ]) çàäà÷ó (12)-(15) çâåäåìî
äî iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ

u2(x, y, t) =

t∫
0

∫∫
D

G(x, y, t, ξ, η, τ)
(
(a(η, τ)− 1)u2ξξ(ξ, η, τ)+

+ (b(ξ, τ)− 1)u1ηη (ξ, η, τ)
)
dξdηdτ, (x, y, t) ∈ QT .(17)
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Äèôåðåíöiþþ÷è éîãî äâi÷i çà çìiííîþ x, îòðèìó¹ìî iíòåãðàëüíå ðiâíÿííÿ ñòîñîâíî
ôóíêöi¨ u2xx(x, y, t)

u2xx(x, y, t) =

t∫
0

dτ

∫∫
D

Gxx(x, y, t, ξ, η, τ)
(
(a(η, τ)− 1)u2ξξ(ξ, η, τ)+

+ (b(ξ, τ)− 1)u1ηη (ξ, η, τ)
)
dξdη, (x, y, t) ∈ QT .(18)

Îñêiëüêè äëÿ éîãî ÿäðà ñïðàâäæó¹òüñÿ îöiíêà [6]∣∣∣∣∣∣
∫∫
D

Gxx(x, y, t, ξ, η, τ)dξdη

∣∣∣∣∣∣ ≤ C1

(t− τ)1−γ/2

ç äåÿêîþ ñòàëîþ C1 > 0, òî äëÿ äîâiëüíî¨ ôóíêöi¨ b(x, t) > 0 ç êëàñó Cγ,0([0, h]×[0, T ])
ðiâíÿííÿ (18) ìà¹ íåïåðåðâíèé â îáëàñòi QT ðîçâ'ÿçîê u2xx(x, y, t).

Äëÿ îöiíêè b(x, t) ïîäàìî óìîâó (16) ó âèãëÿäi

(19) b(x, t)uy(x, 0, t) = µ32(x, t), (x, t) ∈ [0, h]× [0, T ].

Çàìiíîþ u(x, y, t) = v(x, y, t) + ϕ(x, y) + ψ(x, y, t), äå

ψ(x, y, t) := µ1(y, t)− µ1(y, 0) +
x

h
(µ2(y, t)− µ2(y, 0)− µ1(y, t) + µ1(y, 0)) + µ3(x, t)−

− µ3(x, 0)− [µ1(0, t)− µ1(0, 0) +
x

h
(µ2(0, t)− µ2(0, 0)− µ1(0, t) + µ1(0, 0))]+

+
y

l
[µ4(x, t)− µ4(x, 0)− µ1(l, t) + µ1(l, 0)−

x

h
(µ2(l, t)− µ2(l, 0)− µ1(l, t) + µ1(l, 0))−

− µ3(x, t) + µ3(x, 0) + µ1(0, t)− µ1(0, 0) +
x

h
(µ2(0, t)− µ2(0, 0)− µ1(0, t)− µ1(0, 0))],

çàäà÷ó (1)-(4) çâåäåìî äî çàäà÷i ñòîñîâíî v :

vt = a(y, t)vxx + b(x, t)vyy + F (x, y, t) + a(y, t)(ϕxx(x, y) + ψxx(x, y, t))+

+ b(x, t)(ϕyy(x, y) + ψyy(x, y, t)), (x, y, t) ∈ QT ,(20)

v(x, y, 0) = 0, (x, y) ∈ D,(21)

v(0, y, t) = v(h, y, t) = 0, (y, t) ∈ [0, l]× [0, T ],(22)

v(x, 0, t) = v(x, l, t) = 0, (x, t) ∈ [0, h]× [0, T ],(23)

äå F (x, y, t) := f(x, y, t)− ψt(x, y, t).
Ââàæàþ÷è òèì÷àñîâî, ùî êîåôiöi¹íòè a(y, t), b(x, t) âiäîìi, çíàõîäèìî ðîçâ'ÿçîê

çàäà÷i (20)-(23)

v(x, y, t) =

t∫
0

∫∫
D

G̃(x, y, t, ξ, η, τ)(F (ξ, η, τ) + a(η, τ)(ϕξξ(ξ, η) + ψξξ(ξ, η, τ))+

+ b(ξ, τ)(ϕηη(ξ, η) + ψηη(ξ, η, τ))dξdηdτ, (x, y, t) ∈ QT .(24)
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äå G̃(x, y, t, ξ, η, τ) � ôóíêöiÿ Ãðiíà çàäà÷i (20)-(23). Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(4)
âèçíà÷à¹òüñÿ ôîðìóëîþ

u(x, y, t)=ϕ(x, y)+ψ(x, y, t)+

t∫
0

∫∫
D

G̃(x, y, t, ξ, η, τ)(F (ξ, η, τ) + a(η, τ)(ϕξξ(ξ, η)

+ ψξξ(ξ, η, τ)) + b(ξ, τ)(ϕηη(ξ, η) + ψηη(ξ, η, τ))dξdηdτ, (x, y, t) ∈ QT .(25)

Ç (25) çíàõîäèìî

uy(x,y,t)=ϕy(x,y)+ψy(x,y,t)+

t∫
0

∫∫
D

G̃y(x,y,t,ξ,η,τ)(F (ξ,η,τ)+a(η,τ)(ϕξξ(ξ,η)+

+ ψξξ(ξ, η, τ)) + b(ξ, τ)(ϕηη(ξ, η) + ψηη(ξ, η, τ)))dξdηdτ, (x, y, t) ∈ QT ,(26)

Ç ïðèïóùåííÿ (A2) âèïëèâà¹, ùî ϕy(x, y) ≥ M1 > 0, (x, y) ∈ D. Îñêiëüêè ðåøòà
äîäàíêiâ ó ïðàâié ÷àñòèíi (26) äîðiâíþ¹ íóëþ ïðè t = 0, òî iñíó¹ òàêå ÷èñëî t1 ∈ (0, T ]
ùî ñïðàâäæó¹òüñÿ íåðiâíiñòü,

∣∣ψy(x, y, t) + t∫
0

∫∫
D

G̃y(x, y, t, ξ, η, τ)(F (ξ, η, τ)+a(η, τ)(ϕξξ(ξ, η)+ψξξ(ξ, η, τ))+

+ b(ξ, τ)(ϕηη(ξ, η) + ψηη(ξ, η, τ))dξdηdτ
∣∣ ≤ M1

2
, (x, t) ∈ Qt1 .(27)

Òîäi ç (26), (27), (19) âèïëèâàþòü îöiíêè

0 <
M1

2
≤ uy(x, y, t) ≤ max

D
ϕy(x, y) +

M1

2
, (x, y, t) ∈ Qt1 ,(28)

0 < B0 ≤ b(x, t) ≤ B1 <∞, (y, t) ∈ [0, h]× [0, t1],(29)

äå

B0 :=

min
[0,h]×[0,T ]

µ32(x, t)

max
D

ϕy(x, y) +M1/2
, B1 :=

max
[0,h]×[0,T ]

µ32(x, t)

M1/2
, (x, t) ∈ [0, h]× [0, t1].

Âèçíà÷èìî ç (25) ïîõiäíó uxy

uxy(x, y, t)=ϕxy(x, y)+ψx,y(x, y, t)+

t∫
0

∫∫
D

G̃xy(x, y, t, ξ, η, τ)(F (ξ, η, τ)+a(η, τ)×

×(ϕξξ(ξ, η)+ψξξ(ξ, η, τ))+b(ξ, τ)(ϕηη(ξ, η)+ψηη(ξ, η, τ)))dξdηdτ, (x, y, t) ∈ QT .(30)

Àíàëîãi÷íî äî ïîïåðåäíüîãî, iñíó¹ òàêå ÷èñëî t2 ∈ (0, T ], ùî âèêîíó¹òüñÿ íåðiâíiñòü

∣∣ψxy(x, y, t) + t∫
0

∫∫
D

G̃xy(x, y, t, ξ, η, τ)(F (ξ, η, τ) + a(η, τ)(ϕξξ(ξ, η)+

+ ψξξ(ξ, η, τ)) + b(ξ, τ)(ϕηη(ξ, η) + ψηη(ξ, η, τ)))dξdηdτ
∣∣ ≤M3/2, (x, y, t) ∈ Qt2 .(31)
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äå M3 := max
D
|ϕxy(x, y)|. Òîäi ñïðàâäæó¹òüñÿ îöiíêà

(32) |uxy(x, y, t)| ≤M3, (x, y, t) ∈ Qt2 .

Ç (28), (32) âèïëèâà¹

(33) ‖b‖Cγ,0([0,h]×[0,T0]) ≤ B2 <∞,

äå T0 := min{t1, t2}, à ñòàëà B2 âèçíà÷à¹òüñÿ âiäîìèìè âåëè÷èíàìè.
Ïîäàìî ðiâíÿííÿ (19) ó âèãëÿäi

(34) b(x, t) = Pb(x, t),

äå

Pb(x, t) :=
µ32(x, t)

uy(x, 0, t)
.

Îïåðàòîð P ðîçãëÿíåìî íà ìíîæèíi N := {b ∈ Cγ,0([0, h] × [0, T0]) : B0 ≤ b(x, t) ≤
B1, ‖b‖Cγ,0([0,h]×[0,T0]) ≤ B2}. Ç îöiíîê (29), (33) âèïëèâà¹, ùî îïåðàòîð P ïåðåâî-
äèòü ìíîæèíó N â ñåáå. Ùîá ïåðåêîíàòèñü, ùî îïåðàòîð P ¹ öiëêîì íåïåðåðâíèì,
äîñòàòíüî äëÿ äîâiëüíèõ ε > 0, b ∈ N âñòàíîâèòè îöiíêè

|Pb(x1, t)− Pb(x2, t)| < ε, |Pb(x, t1)− Pb(x, t2)| < ε ∀x1, x2 ∈ [0, h], t1, t2 ∈ [0, T0].

Ïåðøà ç íåðiâíîñòåé îòðèìó¹òüñÿ ç (32) òà ïðèïóùåíü (A1), à äðóãà âñòàíîâëþ¹òüñÿ
ÿê â îäíîâèìiðíîìó âèïàäêó [7]. Îòæå, çà òåîðåìîþ Øàóäåðà ïðî íåðóõîìó òî÷êó
öiëêîì íåïåðåðâíîãî îïåðàòîðà íà ìíîæèíi N iñíó¹ íåðóõîìà òî÷êà îïåðàòîðà P .
Òèì ñàìèì äîâåäåíî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (34), çàäà÷i (12)-(16), i îòæå, i
çàäà÷i (1)-(4).

Òåîðåìà. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè (À1)-(À3). Òîäi ìîæíà âêàçàòè

òàêå ÷èñëî T0 ∈ (0, T ], ùî ðîçâ'ÿçîê (a(y, t), b(x, t), u(x, y, t)) çàäà÷i (1)-(4) iñíó¹

äëÿ x ∈ [0, h], y ∈ [0, l], t ∈ [0, T0] i íàëåæèòü Cγ,0([0, l] × [0, T0]) × Cγ,0([0, h] ×
[0, T0])×C2+γ,2+γ,1(QT0

), ïðè÷îìó a(y, t) > 0, (y, t) ∈ [0, l]× [0, T0], b(x, t) > 0, (x, t) ∈
[0, h]× [0, T0].

�äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(4) äîâåäåíî â [3].
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INVERSE PROBLEM FOR TWO-DIMENSIONAL HEAT

EQUATION WITH TWO UNKNOWN COEFFICIENTS

Mykola IVANCHOV

Ivan Franko Lviv National University,

Universitetska Str., 1, 79000 Lviv, Ukraine

e-mail: mykola.ivanchov@lnu.edu.ua

An inverse problem for the heat equation in a rectangle with two unknown
leading coe�cients depending on time and space variables is considered. The
problem is reduced to two inverse problems for the heat equation with one of
unknown coe�cients. Conditions of existence of smooth solution are establi-
shed.

Key words: inverse problem, two-dimensional heat equation, two unknown
leading coe�cients .


