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In the paper we describe the group Aut (47z) of automorphisms of the
extended bicyclic semigroup 47 and study the variants ;" of the extended
bicycle semigroup %z, where m,n € Z. In particular, we prove that Aut (4z) is
isomorphic to the additive group of integers, the extended bicyclic semigroup
%7, and every its variant are not finitely generated, and describe the subset of
idempotents E(%;"™) and Green’s relations on the semigroup 4, "". Also we
show that E(%;"") is an w-chain and any two variants of the extended bicyclic
semigroup %7 are isomorphic. At the end we discuss shift-continuous Hausdorff
topologies on the variant (fg’o. In particular, we prove that if 7 is a Hausdorff
shift-continuous topology on %ZO‘O then each of inequalities a > 0 or b > 0
implies that (a,b) is an isolated point of (%ZO’O,T) and construct an example
of a Hausdorff semigroup topology 7* on the semigroup %ZO’O such that all its
points with ab < 0 and a + b < 0 are not isolated in (%", 7*).
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1. Introduction and preliminaries.

We shall follow the terminology of [7, 11, 20, 37]. In this paper all spaces are assumed
to be Hausdorff. By Z, Ny and N we denote the sets of all integers, non-negative integers
and positive integers, respectively.

A semigroup is a non-empty set with a binary associative operation.

If S is a semigroup, then we shall denote the Green relations on S by #Z, £, 7, 2
and 47 (see [11]). For every a € S by R, L, and H, we denote the #-, Z- and J#-class
in S which contains the element a, respectively. A semigroup S is called simple if S does
not contain proper two-sided ideals and bisimple if S has only one Z-class.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If E(S) is closed under multiplication, we shall refer to E(S) a as band (or the band of
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S). The semigroup operation on S determines the following partial order < on E(S):
e < fifand only if ef = fe = e. This order is called the natural partial order on E(S). A
semilattice is a commutative semigroup of idempotents. A semilattice E is called linearly
ordered or a chain if its natural order is a linear order. A mazimal chain of a semilattice
E is a chain which is not properly contained in any other chain of E.

The Axiom of Choice implies the existence of maximal chains in every partially
ordered set. According to [35, Definition II.5.12], a chain L is called an w-chain if
L is isomorphic to {0,—1,—2,-3,...} with the usual order < or equivalently, if L is
isomorphic to (Np, max).

The bicyclic semigroup (or the bicyclic monoid) € (p,q) is the semigroup with the
identity 1 generated by two elements p and ¢ subject only to the condition pg = 1. The
bicyclic monoid € (p,q) is a combinatorial bisimple F-inverse semigroup (see [34]) and
it plays an important role in the algebraic theory of semigroups and in the theory of
topological semigroups. For example the well-known O. Andersen’s result [1] states that
a (0-)simple semigroup is completely (0-)simple if and only if it does not contain the
bicyclic semigroup. The bicyclic semigroup cannot be embedded into the stable semi-
groups [33].

An interassociate of a semigroup (S, ) is a semigroup (.9, ) such that for all a,b, c €
S,a-(bxc)=(a-b)*xcand ax(b-c) = (axb)-c. This definition of interassociativity
was studied extensively in 1996 by Boyd, Gould, and Nelson in [6]. Certain classes of
semigroups are known to give rise to interassociates with various properties. For example,
it is very easy to show that if S is a monoid, every interassociate must satisfy the condition
axb=a-c-bfor some fixed element ¢ € S (see [6]). This type of interassociate was called
a variant by Hickey [28]. Variants of semigroups of binary relations have been studied by
Chase [8, 9, 10]. Variants of transformation semigroups and their representations have
been studied [16, 17, 18, 31, 36]. A general theory of variants has been developed by a
number of authors; see especially [28, 29, 32]. For a recent study of variants of finite full
transformation semigroups, and for further references and historical discussion, see [16]
and also |23, Chapter 13]. Variants of semilattices were studied in [12, 22]. The articles
[13, 14, 15, 16] initiated the study of general sandwich semigroups in arbitrary (locally
small) categories. In addition, every interassociate of a completely simple semigroup is
completely simple [6]. Finally, it is relatively easy to show that every interassociate of a
group is isomorphic to the group itself.

In the paper [24] the bicyclic semigroup % (p, q) and its interassociates are investi-
gated. In particular, if p and ¢ are generators of the bicyclic semigroup % (p, ¢) and m and
n are fixed nonnegative integers, the operation a *,, , b = a - ¢"p™ - b is known to be an
interassociate. It was shown that for distinct pairs (m,n) and (s,t), the interassociates
(€(p,q),*mn) and (€ (p,q), *s,+) are not isomorphic. Also in [24] the authors generalized
a result regarding homomorphisms on % (p, ¢) to homomorphisms on its interassociates.
Later for fixed non-negative integers m and n the interassociate (€' (p, q), *m,n) of the
bicyclic monoid % (p, q) will be denoted by €, ».-

A (semi)topological semigroup is a topological space with a (separately) continuous
semigroup operation. A topology 7 on a semigroup S is called:

e shift-continuous if (S, 7) is a semitopological semigroup;
e semigroup if (S, 7) is a topological semigroup.
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The bicyclic semigroup admits only the discrete semigroup topology and if a
topological semigroup S contains it as a dense subsemigroup then %(p,q) is an open
subset of S [19]. Bertman and West in [5] extend this result for the case of Hausdorff
semitopological semigroups. The stable and I'-compact topological semigroups do not
contain the bicyclic semigroup [2, 30]. The problem of embedding of the bicyclic monoid
into compact-like topological semigroups studied in [3, 4, 27]. Also in the paper [21]
it was proved that the discrete topology is the unique topology on the extended bi-
cyclic semigroup %7 such that the semigroup operation on %7 is separately continuous.
Amazing dichotomy for the bicyclic monoid with adjoined zero 6° = €'(p,q) L {0} was
proved in [25]: every Hausdorff locally compact semitopological bicyclic semigroup with
adjoined zero € is either compact or discrete.

In the paper [26] we studied semitopological interassociates (€(p,q), *m.n) of the
bicyclic monoid % (p, ¢) for arbitrary non-negative integers m and n. Some results from
[5, 19, 25] obtained for the bicyclic semigroup to its interassociate (€ (p,q), *m.n) were
extended. In particular, we showed that for arbitrary non-negative integers m, n and
every Hausdorff topology 7 on %, such that (%, »,7) is a semitopological semigroup,
is discrete. Also, we proved that if an interassociate of the bicyclic monoid %, , is a dense
subsemigroup of a Hausdorff semitopological semigroup (S, -) and I = S\ €, # @ then
I is a two-sided ideal of the semigroup S and show that for arbitrary non-negative integers
m, n, any Hausdorff locally compact semitopological semigroup %), ,, (47, ,, = €mnU{0})
is either discrete or compact.

On the Cartesian product ¢z = Z x Z we define the semigroup operation as follows:

(a—b+cd), if b<c
(1) (a,b) - (¢,d) = (a,d), if b=rg
(a,d+b—c), if b>c,

for a,b,c,d € Z. The set 67 with such defined operation will be called the extended
bicyclic semigroup [38].

In the paper [21] algebraic properties of 6z were described and it was proved therein
that every non-trivial congruence € on the semigroup %7 is a group congruence, and
moreover the quotient semigroup %7/€ is isomorphic to a cyclic group. Also it was shown
that the semigroup %7 as a Hausdorff semitopological semigroup admits only the discrete
topology and the closure cly (%%) of the semigroup %7 in a topological semigroup T was
studied.

In this paper we describe the group Aut (%¢7) of automorphisms of the extended
bicyclic semigroup 47 and study a variant 6" = (6%, %m,n) of the extended bicycle
semigroup 6z, where m,n € Z, which is defined by the formula

(2) (@, b) % p (c,d) = (a,b) - (m,n) - (c,d).

In particular, we prove that Aut (%7%) is isomorphic to the additive group of integers,
the extended bicyclic semigroup %7 and every its variant are not finitely generated, and
describe the subset of idempotents E(%,"") and Green’s relations on the semigroup
%, "". Also we show that E(%,"") is an w-chain and any two variants of the extended
bicyclic semigroup %7z are isomorphic. At the end we discuss shift-continuous Hausdorff
topologies on the variant ‘Kg 0 In particular, we prove that if 7 is a Hausdorff shift-
continuous topology on ‘fZO ¥ then each of inequalities a > 0 or b > 0 implies that (a,b) is
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an isolated point of (‘Kg ’0, 7') and constructe an example a Hausdorff semigroup topology
7* on the semigroup %ZO’O such that all its points with the properties ab < 0and a+b <0
are not isolated in (%%, 7*).

2. On the group of automorphisms of the extended bicyclic semigroup.

Lemma 1. For arbitrary integer k the set
Gt ={ij) eGij>k)
with the induced from €7 semigroup operation is isomorphic to the bicyclic semigroup
% (p,q) by the mapping hy: € (p,q) — %fk, ¢p’ = (i+kj+k).
Proof. Since

mon i g\ _ ) )
ha (47" - a'P') {hk(q"pm”ﬂ), ifm>i
f im=—n+i+kj+k), ifm<yg
Tl (n+km—it+j+k), fm>i
and
hi (q™p") - b, (¢'p7) = (m+k,n+ k) - (i + k,j + k) =
f im=n+i+kj+k), fm<i
Tl (n+km—it+j+k), ifm>i
for any ¢™p", ¢'p? € €(p,q) we have that the so defined map hi: €(p,q) — 6" is a

homomorphism, and simple verifications imply that it is a bijection. O

Theorem 1. For an arbitrary integer k the map hy: €z — €z defined by by the formula
is an automorphism of the extended bicyclic semigroup ¢z and every automorphism
h: €z — Gz of €y has form (3). Moreover, the group Aut (47z) of automorphisms of 67
is isomorphic to the additive group of integers Z(+) and this isomorphism $: Z(+) —
Aut (¢z) is defined by the formula $H(k) = hy, k € Z.
Proof. For any (m,n), (i,j) € €z we have that
oy Ak (m—n+14,7)), ifm<i
hy ((m,n) . (Z,J)) = { Ry ((n,m—i—i—j)), if m >
f m=n+i+kj+k), fm<i
Tl (nt+km—i+j+k), fm>i
and
hi ((m,n)) - by ((i,5)) = (m+k,n+k)- (i +k,j+ k) =
f m—n+i+kj+k), fm<i
Tl (mt+km—i+j+k), fm>i.
Simple verifications imply that for every integer k£ the so defined map hy is a bijection,
and hence it is an automorphism of the extended bicyclic semigroup é7.
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Let b: €7 — %7 be an arbitrary automorphism of %7%. Since (0,0) is an idempotent
of ¢z, H((0,0)) is an idempotent of €7 as well, and hence by Proposition 2.1(¢) from [21]
we have that §((0,0)) = (k, k) for some integer k. Since (1,1) is the maximum of the
subset

{(n,n) € E(€z): (n,n) < (0,0)}\ {(0,0)}
of the poset (E(%%), <) and b: 6z — %7 is an automorphism of 6z we get that h ((1,1)) =
(k4 1,k +1) because (k + 1,k + 1) is the maximum of the subset
{(n,n) € E(%z): (n,n) < (k, k) = b ((0,0)} \ {(k, k)}
of the poset (E(%7%),<). Then by induction we obtain that b ((i,i)) = (¢ + k,i + k) for
every positive integer i. Also, since (—1,—1) is the minimum of the subset
{(n,n) € E(¢z): (0,0) < (n,n)} \ {(0,0)}
of the poset (E(¢7),<) and b: 67 — €7 is an automorphism of %7 we obtain that
h((-1,-1)) = (k—1,k — 1) because (k — 1,k — 1) is the minimum of the subset
{(n,n) € E(¢z): (k,k) =15 ((0,0)) < (n,n)} \ {(k,k)}

of the poset (E(%z),<). Then by induction we get that b ((—i, —3)) = (—i + &k, —i + k)
for every positive integer 1.

Since h: 7 — %7 is an automorphism of %7, %7 is an inverse semigroup and by
Proposition 2.1(iv) of [21] every s#-class in %7 is a singleton, the equalities

Lij =Ly,  Ray=Raiy and  Hgj =Li ) NRe )

ij

imply that
Lyig) = Loy Rowag)) = Reaay  and He,j)) = Lo, N R,

and hence we have that

{6((4,7))} = Hy((i.5)) = L) " Reoig)) = Ltk j+r) N Rk jary = {G@+k,j+k)},

for all integers i and j. This completes the proof of the first statement of the theorem.
For arbitrary integers k1 and ko we have that

(hiy © hiy) (3, 5) = hg, (hay ((3,7))) =
= hp, (1 + ko, j +k2)) =
Z(i+k2+k1,j+k2+k1) =
= Ny 4k, (4, 5),

ho: 67 — %z, (i,5) — (4,7) is the identity automorphism of %7 and h_y, : 6z — %z,
(i,7) = (i — k1,j — k1) is the converse map to the map hy, : 67 — éz. This completes
the proof of the second statement of the theorem. O

Serhii Bardyla asked the following question on the Seminar on S-act Theory and
Spectral Spaces at Lviv University.

Question. Are the semigroups ¢ and €;"", m,n € Z, finitely generated?

Later we shall give a negative answer to this question.



ON VARIANTS OF THE EXTENDED BICYCLIC SEMIGROUP
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 84 27

Lemma 2. For every finite subset F' = {(i1,1),..., (in,Jn)} of the extended bicyclic
semigroup %z there exists a subsemigroup S of €z such that S is isomorphic to the
bicyclic semigroup and S contains the semigroup (F) which is generated by the set F.
Moreover (F) is a subsemigroup of %;k, where k = min {i1, j1,. ., in, jn}-

Proof. By Lemma 1, ‘522 ¥ is an inverse subsemigroup of %7 for any integer k and formula

(1) implies that (F) is a subsemigroup of %fk for k = min {1, j1,-..,%n,Jn} O

The following theorem is a consequence of Lemma 2.
Theorem 2. The extended bicyclic semigroup 67 is not finitely generated as an inverse
semigroup.
Corollary 1. The extended bicyclic semigroup 6z is not finitely generated as a semi-

group.

3. Algebraic properties of the semigroup %,"".

Since a semigroup S is simple if and only if SsS = S for every s € S we have that
S(ese)S = S for all s,¢ € S. Since the extended bicycle semigroup %7 is simple, the
above arguments imply the following property of the semigroup %,"".

Proposition 1. 6,"" is a simple semigroup for all m,n € Z.

Proposition 2. Let m and n be arbitrary integers. Then an element (a,b) of the semi-
group 6, " is an idempotent if and only if (a,b) = (n+i,m + i) for some i € Ny.
Proof. (<) Suppose that a =n + 4 and b = m + ¢ for some i € Ng. Then
(@, b) % (@, 0) = (n+i,m+13) - (m,n)-(n+i,m+i)=
=Mn+i,m+i—m+n)-(n+i,m+i)=
=Mn+ii+n)-(n+im+1i)=
=Mn+im+i)=
= (a,b).
(=) Formulae (1), (2), and items (iz) and (z) of Proposition 2.1 [21] imply that for
any element (a,b) of the semigroup %" we have that
(a,b) % €, " = (a,b) - (m,n) - €z =
{ (a,b—m+n) bz, ifb>m;
" (a=b+m,n)- -6z, ifb<m

_ {(z,y) €€"": x> a}, ifb>m;
T\ {(zy) e e za—b+m}, ifb<m

(4)

and
%Zm,n o (a, b) =%y - (m’ n) . (a7 b) =
[ Ga-n+mb), fasm
(5) T\ % (mn—a+tb), ita<n

_ {(z,y) €6,y > b}, if a > n;
{(z,y) €€, ":y=2n—a+b}, ifa<n.
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Since
(a,b) = (a,b) *mn (a,b) C (a,b) #pmn €7 NE"" %1 (a,b),
formulae (4), (5) imply that b > m and a > n. Then
(@, b) % (@, 0) = (a,b) - (m,n) - (a,b) =
=(a,b—m+n)-(a,b) =
f 2a—=b—n+mb), ifazb-—m+n;
| (@,26—a—m+n), fa<b—m+n

and hence the equality (a,b) #p, n (a,b) = (a,b) implies that a — b = n — m. Since a
and b are integers such that b > m and a > n the equality a — b = n — m implies that
(a,b) = (n+ 4, m + i) for some non-negative integer i. O

Since E(¢,"") = {(n+1i,m+1i): i € Ny} we denote the idempotent (n + i, m + 1)
of €;"" by e; for arbitrary i € N.
Lemma 3. Let m and n be arbitrary integers. Then e; < e; in E(€,"") if and only if
J <'i and hence E(€;"") is an w-chain.
Proof. If ¢; < e; in E(€;"") then
€i*mne; =Mm+i,m+1i)-(m,n) - (n+jm+j) =
=Mn+in+i)- (n+jm+j) =
=n+i,m+1i)=
=e¢;
and
€ *mmn e =Mm+jm+j)-(mn) (n+i,m+i)=
=n+jn+j)- (n+im+i)=
=Mn+im+i)=

imply that j < i. The converse statement follows from the semigroup operation of ;"""
An isomorphism ¢: E(¢;"") — (Np,max) we define by the formula ¢(e;) = 1,
1 € Np. O

The following proposition describes Green’s relations on the semigroup %,"".

Proposition 3. Let m and n be arbitrary integers, (a,b) and (c,d) be elements of €;""
Then the following statements hold.

(1) (a,0)%(c,d) <= (a=c)A((b=d)V (b,d=m)).
(a,0)Z(c,d) <= (b=d)A((a =)V (a,c>n)).

(2)

(3) (a,b)#(c,d) <= (a,b) = (c,d).

4) (a,b)%2(c,d) <= (a,b) = (c,d) V (a,c=n)V (b,d = m).
(5) (a,b)_7(c,d) for all (a,b),(c,d) € €,"".

Proof. By formula (4) we get that

{(z,y) € €"": x> a}, ifb>m

{(a,0)} U (a,b) *m,n‘fzm’nZ{ (@b} U{(z,y) €€ 2 >a—b+m}, ifb<m.



ON VARIANTS OF THE EXTENDED BICYCLIC SEMIGROUP
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 84 29

The above formula implies statement (1). The proof of statement (2) is similar.
Statement (3) follows from (1) and (2).
For the proof of assertion (4) we consider the following three cases.

(1) If a < n and b < m then by statements (1) and (2) we have that

(,y)%#(a,b) < (z,y) = (a,b)
and

(z,y)Z(a,b) <= (z,y) = (a,b),
for (x,y) € €,"", and hence in this case we get that

(¢, d)%(a,b) < (c¢,d) = (a,b).

(ii) If @ = n then by statements (1) and (2) we obtain that the Z-class L, ) of the
element (a,b) intersects the #-class R, ) of any element (z,y) with y > m.

(é¢i7) If b > m then by statements (1) and (2) we obtain that the %-class Ry, ;) of the
element (a, b) intersects the Z-class L(,,, of any element (x,y) with = > n.

Thus, in the case of (i7) or (i7i) we have that
(a,0)P(c,d) <= (a,c=zn)V (b,d>=m)

which with case (¢) implies statement (4).
Proposition 1 implies statement (5). O

Lemma 4. For arbitrary idempotents (i,4) and (j,7) of the extended bicyclic semigroup
€y, variants €' and €7 are isomorphic.
Proof. By Theorem 1 for every positive integer k the map
hi: €z — €z, (G, N—=(i+kj+k)
is an automorphism of the extended bicyclic semigroup %7. This implies that the map hy

determines the isomorphism by : ‘KZO 0 %Zk * of variants chO ¥ and ‘sz * for every integer
k. Indeed, we put by ((a,b)) = hy ((a,b)) for each (a,b) € ‘50’0. Then

br ((a b) *(0,0) (¢, d) ) —hk( a,b) *0,0) (¢, d))
= hi ((a,b) - (0,0) - (¢, d)) =
= hi ((a,0)) - by ((0,0)) - b (e, d)) =
=(a+kb+k) (kk) (c+k,d+k)=
=(a+kb+k)*gp (c+k,d+ k)=
= hy ((a,0)) *(,x) hi ((c,d)) =
= b ((a,0)) *x.x) br ((c,d)),
for arbitrary (a,b), (¢,d) € %ZO 0 Since for any positive integer k the map
hi: €7 — 6z, (t,j)— (i +k,j+Ek)

as a self-mapping of the set %7 is bijective, we conclude that by : %ZO 0y %Zk’k is an

(c
+

isomorphism of variants %”ZO 0 and %Zk *_This completes the proof of the lemma. O

Lemma 5. For an arbitrary integer v and an arbitrary positive integer p the variants
Cy" and €, 7" of the extended bicyclic semigroup €7, are isomorphic.
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Proof. Fix an arbitrary integer r and an arbitrary positive integer p. We define a map
h: €," — €, 7" by the formula

h((r+i,r+7)=+ir+7j+Dp).
Then for arbitrary (r + 4,7+ j), (r + k,r +1) € ¢, we have that
h((r+i,r+7) *rr (Pt ke +0))=b((r+ir+35) (r,r) (r+kr+l))=
_{ h((r+i—g,r)-(r+kr+1), if r+5j<r

h((r+ir+35) - (r+kr+l), if r+j>r
h((r+i—gor+l—Fk), if r+j<r and r+k<r

O((r i =gtk D), W raj<r and rek>r
b((r+i,r+j—k+1), if r+j>r and r+k<r+j;
b((r+i—j+kr+D), if r+j>r and r+k>r+j
h((r+i—j,r+1—k)), if j<0 and k<0

_ ) b((r+i—=j+kr+1), if j<0 and k>0; _

) b(r+ir+i—k+1D), if >0 and k<
h((r+i—j+kr+1), if j>0 and k>j
(r+i—j,r+l—k+p), if j<0 and k<O0;

B (r+i—j+kr+i+p), if <0 and k>0

) +ir+i—k+l+p), if j>0 and k<j;
(r+i—j+kr+i+p), if >0 and k>j

and
h(r+i,r+7) %rapr H((r+k,r+1)) =
=@r+ir+jij+p)-(r+pr)-r+kr+l+p =
:{(r+i—$ﬂ-ﬁ+hr+l+w,ifr+j+p<r+n
(r+ir+3)-(r+kr+l+p), if r+j+p>r+p

r+i—gr+l—k+p), if r+j+p<r+p and r+k<r
r+i—j+kr+l+p), f r+j+p<r+p and r+k>r;
r+i,r+j—k+i+p), if r+j+p>r+p and r+k<r+g;
r+i—j+kor+i+p), if r+j+p>r+p and r+k>r+j

(
(
(
(
(r+i—j,r+l—k+p), if <0 and k<0
(
(
(

r+i—j+kr+i+p), if <0 and k>0
r+ir+j—k+l+p), if j>0 and k<
r+i—j+kr+i+p), if >0 and k>,

because b ((r,1)) = (r,7 +p), and hence h: €,"" — €, 7" is a homomorphism. Also, the
definition of the map bh implies that it is a bijection, and thus b is an isomorphism. [

Lemma 6. For an arbitrary integer v and an arbitrary positive integer p the variants
€y" and €, "7 of the extended bicyclic semigroup €7 are isomorphic.

Proof. We define a map b: €, — €,"" 7 by the formula
b((r+ir+34))=(r+ir+j+p).

The proof that so defined map h is an isomorphism, is similar as in Lemma 5. O



ON VARIANTS OF THE EXTENDED BICYCLIC SEMIGROUP
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 84 31

Lemmas 4, 5 and 6 imply the following theorem.
Theorem 3. Any two variants of the extended bicyclic semigroup 6z are isomorphic.

Theorem 4. The variant %ZO’O of the extended bicyclic semigroup %z is not finitely
generated.

Proof. Formulae (4) and (5) imply
T,y et r>al, ifb>0;
{(a,0)} U (a,b) %00 6, " = {( e 0,0 }
{(a,b)}U{(m,y) €6y :x}a—b}, ifb<0
and
{(a@y)effzo’ozy)b}, if a > 0;

00 0.0 (a,b) =
{(a. )} Uz x0,0 (a,) {(a,b)}U{(m,y)e%g’ory>b—a}, if a <0.

Hence for every finite subset F' of the semigroup %ZO ¥ we have that the set

{(z,y) € ‘KZO’O: z,y <0} \ (F)

is infinite, where (F') is a subsemigroup of %; 0 generated by the set F, which implies
the statement of the theorem. O

Theorems 3 and 4 imply the following corollary.

Corollary 2. For any integers m and n the variant €;"" of the extended bicyclic semi-
group 7, is not finitely generated.

4. Shift-continuous topologies on the variant ‘(o”zo’o.
Simple calculations and formula (1) imply the following lemma.

Lemma 7. If (a,b) - (¢,d) = (i,7) in 6z thena—b+c—d=1i—j.
Lemma 7 implies the following proposition.

Proposition 4. Let m and n be arbitrary integers. If (a,b) %m, pn (¢, d) = (i,7) in ;"""
then
a—b+m—-n+c—d=i—j.

Corollary 3. If (a,b) %0 (c,d) = (4,]) in ‘52’0 thena —b+c—d=1i—j.
Later, for every (a,b) € ‘fg’o by Aap) and pep) we denote left and right shift
(translation) on the element (a,b) in the semigroup %", respectively, i.c.,
)‘(a,b): %ZO’O — %2,0’ ({E,y) = (av b) *0,0 ($,y)
and

P(a,b)* %2070 - (620703 (‘T,y) — (xa y) *0,0 (CL, b)

Proposition 5. Let 7 be a Hausdor[f shift-continuous topology on the semigroup CKZO’O.
Then the following assertions hold:

(i) (a,b) is an isolated point in (%”ZO’O,T) for any positive integers a and b;
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(ii) for any integers a and b the set {(a —i,b—1i): i € No} is open in (%ZO’O,T);
(#i%) (a,b) is an isolated point in (‘KZO’O, 7) for any positive integer a and any integer b;
(iv) (a,b) is an isolated point in (‘520707 7) for any integer a and any positive integer b.

Proof. (i) Fix an arbitrary point (a,b) in (%ZO’O,T) such that ¢ > 0 and b > 0. Since
by Lemma 1 the set %220 = {(4,j) € €z: i,j = 0} with the induced semigroup from %z
operation is isomorphic to the bicyclic semigroup % (p,q) and by Proposition 1 of [5]
every shift-continuous Hausdorff topology on the bicyclic semigroup % (p, ¢) is discrete,
there exists an open neighbourhood Uy, ) of the point (a, b) in (¢,°,7) such that Ulap)N
%7° = {(a,b)}. Since

(L@m@@w%—@wwﬂX%w—@JX%m—{

for any non-negative integer i, we have that {(s,l+s—k): s <k,s € Z} is the set of
solutions of the equation (k,1) = (k,k) *,0 (z,y) for all non-negative integers k and I.
Then the separate continuity of the semigroup operation in (%ZO ’0, T), Hausdorffness of

(i,i—z+y), ifz <
(z,y), ifox>i

(%ZO’O, ’7') and above arguments imply that the set

{(s,b+s—a):s<a,scZ}=\" {a—1,6—-1)})

(a—1,a—1)
is closed in ((520’07 T) and the set
{(s,b+s—a):s<a,s€Z}= )\(_al’a)(U(a,b))

is open in ((52’0, 7), which implies that (a,b) is an isolated point in (%ZO’O, 7).
(#4) The proof of item (4) implies that the set

{sbts—a)s<as el =2, Uan)

a,a)

is open in (‘KZO ’0,7‘) for any positive integers a and b, because there exists an open
neighbourhood Uy, 3 of the point (a,b) in (%ZO’O,T) such that U, ) N ¢7° = {(a,0)}. If
we put i = a — s then

{(a—i,b—i): i €No} = A, (Uaw)

is an open subset of (%, 7). It is obvious that for arbitrary integers a and b there
exists a positive integer k(, ;) such that a + k) > 0 and b + k(4 ) > 0. Hausdorffness

of (%ZO 0 7) implies that every point is a closed subset of (%”ZO 0 7) and hence the set
{(a—i,b—4):i€Not = AL (Uap) \ {(a+ 1,0 +1),..., (a+ kap) b+ kap)

is open in (%ZO 0 7), which implies the required statement.
(#4i) Since

@@m@@w%4LMQ®®wF4@M%w={

for any non-negative integer i, we have that {(s,l+s—k): s < k,s € Z} is the set of
solutions of the equation (k,l) = (k,k) %00 (x,y) for every non-negative integer k& and

(i,i—x+y), ifx<i;
(z,y), ifex>1
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every integer [. Then the separate continuity of the semigroup operation in (%ZO 0, T) and
Hausdorffness of (‘52 0 7) imply that the set

{(s.04+s—k): s <hkseZ} =21, ({(kD)})

is closed in (%,"’, ) for every non-negative integer k and every integer I. Fix an arbitrary
positive integer a and an arbitrary integer b. Then the above arguments and assertion
(7i) imply that

{(@.b)} = {(a—i,b—i):i € No}\ AL, .y ({(a— Lb—1)})

is an open subset of (%ZO’O, 7).
(tv) Since
(#29) 00 (i21) = (#:)0.0)0.0) = (2.0) i) = { {17 N
for any non-negative integer i, we have that {(I+s—k,s): s < k,s € Z} is the set of
solutions of the equation (I,k) = (z,y) %00 (k, k) for every non-negative integer k and
every integer [. Then the separate continuity of the semigroup operation in (%ZO ’0, T) and
Hausdorffness of (%g 0 7) imply that the set

{((I+s—ks):s<kseZ} =gy (LR}

is closed in (%%, 7) for every non-negative integer k and every integer I. Fix an arbitrary
integer a and an arbitrary positive integer b. Then the above arguments and assertion
(79) imply that

(@)} ={(a—ib—i):i € N} \ gty ({la—1b-1)})
is an open subset of (%ZO’O, 7). O
We summarize the results of Proposition 5 in the following theorem.
Theorem 5. Let 7 be a Hausdorff shift-continuous topology on the semigroup ‘52’0. Then
each of the inequalities a > 0 or b > 0 implies that (a,b) is an isolated point of (%ZO’O,T).

The following example shows that the statement of Theorem 5 is complete and it
cannot be extended on any point (a,b) with the properties a < 0 and b < 0.
Example 1. We define the topology 7* on CKZO’O in the following way. Put

(7) (a,b) is an isolated point of (‘Kg’o, 7*) if and only if at least one of the following
conditions holds a > 0 or b > 0;

(i) if ab =0 and a +b < 0 we let A,y = {(a—14,b—1i): i€ No} be an arbitrary
Hausdorff space and A(, ;) be an open-and-closed subset of (‘KZO’O, 7).

It is obvious that (%,"°,7*) is a Hausdorff space.
Proposition 6. (%2’0,7'*) is a topological semigroup.

Proof. Since (a,b) is an isolated point of (%2’0,7'*) in the case when a > 0 or b > 0,

it is complete to show that the semigroup operation of (‘52 ’O,T*) is continuous in the
following three cases:



Oleg GUTIK, Kateryna MAKSYMYK

34 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bumyck 84
(1) (a,b) *0,0 (¢,d), when a < 0,56 <0,c<0and d < 0;
(2) (a,b) *0,0 (c,d), when a <0, <0, and ¢ >0 or d > 0;
(3) (a,b) *0,0 (¢,d), when ¢ <0 and d < 0, and a > 0 or b > 0.
In case (1) we have that
( )*00( ) (a,b)(0,0)(c,d)z(a—b,O)(c,d)z(a—b,d—c).

Also, in this case since
a—1i,b—1)(0,0)(c—j,d—j)=
a—1—>b+1,0)(c—j,d—j)=

(@ —i,b—1i)*00 (c—j,d—j)=(

= (
=(a—b,0)(c—j,d—j)=
( .
(

for any i, j € No, we obtain that A, p) *0,0 A(c,q) = {(@ —b,d —¢)}, and hence in case (1)
the semigroup operation in (%,°, 7*) is continuous.
Suppose that case (2) holds. Then we have that
(a,b) *0,0 (¢,d) = (a,0)(0,0)(c,d) =
= (a - b,O)(C, d) =
[ (a—bd—c), ifc<O0;
| (c—a+bd), ifc>0.

In this case, since

(a—1,b—1) %00 (c,d) = (a—1i,b—1)(0,0)(c,d) =
=(a—i—b+1,0)(c,d) =
= (a—b,0)(c,d) =

(a—b,d—c), ifec<0;
(c—a+bd), ifc>0,

for every i € Ny we get that

[ {la=b,d—c)}, ifec<O0;
Aty *00 (e d)} = { {c—a+bd)}, ife>0,

which implies that the semigroup operation in (%ZO 0 7*) is continuous in case (2).
Suppose that case (3) holds. Then we have that
(a,b) *0,0 (¢,d) = (a,b)(0,0)(c,d) =
= (a,b)(0,d —c) =

_J (a=b,d—¢), ifb<O
] (a,b—c+4d), ifb>0.
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In this case, since

- (av )(O,d—C) =
_f (a—bd—c), ifb<O;
| (a,b—c+d), ifb>0,

for every j € Ny we obtain that

[ {(a=b,d—c)}, ifb<O;
{(a,b)}*o,o A(c,d) _{ {(a,b—C—Fd)}, if b> 0,

and hence in case (3) the semigroup operation in (¢,"°,7*) is continuous. O

Remark 1. A topological semigroup S is called T'-compact if for every z € S the closure
of the set {z,22,23,...} is a compactum in S (see [30]). Since by Lemma 1 the semigroup
%,° contains the bicyclic semigroup as a subsemigroup the results obtained in [2], [3],
[4], [30] imply that if a Hausdorff topological semigroup S satisfies one of the following
conditions:
(1) S is compact;

(#) S is T'-compact;

(ii2) the square S X S is countably compact;

(iv) the square S x S is a Tychonoff pseudocompact space,

then S does not contain an algebraic copy of the semigroup %2’0.

Acknowledgements. We acknowledge Serhii Bardyla, Alex Ravsky, and the referee
for useful important comments and suggestions.

REFERENCES

1. O. Andersen, Ein Bericht iber die Struktur abstrakter Halbgruppen, PhD Thesis, Hamburg,
1952.

2. L. W. Anderson, R. P. Hunter, and R. J. Koch, Some results on stability in semigroups.
Trans. Amer. Math. Soc. 117 (1965), 521-529.

3. T. Banakh, S. Dimitrova, and O. Gutik, The Rees-Suschkiewitsch Theorem for simple
topological semigroups, Mat. Stud. 31 (2009), no. 2, 211-218.

4. T. Banakh, S. Dimitrova, and O. Gutik, Embedding the bicyclic semigroup into countably
compact topological semigroups, Topology Appl. 157 (2010), no. 18, 2803—2814.

5. M. O. Bertman and T. T. West, Conditionally compact bicyclic semitopological semigroups,
Proc. Roy. Irish Acad. A76 (1976), no. 21-23, 219-226.

6. S.J.Boyd, M. Gould, and A. Nelson, Interassociativity of semigroups, Misra, P. R. (ed.) et
al., Proceedings of the Tennessee Topology Conference, Nashville, TN, USA, June 10-11,
1996. Singapore, World Scientific, (1997), pp. 33-51.

7. J. H. Carruth, J. A. Hildebrant, and R. J. Koch, The theory of topological semigroups, Vol.

I, Marcel Dekker, Inc., New York and Basel, 1983; Vol. II, Marcel Dekker, Inc., New York

and Basel, 1986.

K. Chase, Sandwich semigroups of binary relations, Discrete Math. 28 (1979), no. 3, 231-236

K. Chase, New semigroups of binary relations, Semigroup Forum 18 (1979), no. 1, 79-82.

©



Oleg GUTIK, Kateryna MAKSYMYK

36 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bumyck 84

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

. K. Chase, Mazimal groups in sandwich semigroups of binary relations, Pac. J. Math. 100
(1982), no. 1, 42-59.

A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, Vols. I and II, Amer.
Math. Soc. Surveys 7, Providence, R.I., 1961 and 1967.

O. O. Desiateryk, Variants of commutative bands with zero, Visn., Ser. Fiz.-Mat. Nauky,
Kyiv. Univ. Im. Tarasa Shevchenka (2015), no. 4, 15-20.

I. Dolinka, I. Durdev, and J. East, Sandwich semigroups in diagram categories, Preprint, in
preparation.

I. Dolinka, I. Durdev, J. East, P. Honyam, K. Sangkhanan, J. Sanwong, and W. Som-
manee, Sandwich semigroups in locally small categories I: Foundations, Preprint, 2017,
arXiv:1710.01890.

I. Dolinka, I. PDurdev, J. East, P. Honyam, K. Sangkhanan, J. Sanwong, and W. W. Som-
manee, Sandwich semigroups in locally small categories II: Transformations, Preprint, 2017,
arXiv:1710.01891.

I. Dolinka and J. East, Variants of finite full transformation semigroups, Int. J. Algebra
Comput. 25 (2015), no. 8, 1187-1222.

I. Dolinka and J. East, Semigroups of rectangular matrices under a sandwich operation,
Semigroup Forum 96 (2018), no. 2, 253-300.

J. East, Transformation representations of sandwich semigroups, Exp. Math. (2018) (doi:
10.1080,/10586458.2018.1459963, to appear).

C. Eberhart and J. Selden, On the closure of the bicyclic semigroup, Trans. Amer. Math.
Soc. 144 (1969), 115-126.

R. Engelking, General topology, 2nd ed., Heldermann, Berlin, 1989.

I. R. Fihel and O. V. Gutik, On the closure of the extended bicyclic semigroup, Carpathian
Math. Publ. 3 (2011), no. 2, 131-157.

O. G. Ganyushkin and O. O. Desiateryk, Variants of a semilattice, Visn., Ser. Fiz.-Mat.
Nauky, Kyiv. Univ. Im. Tarasa Shevchenka (2013), no. 4, 12-16.

O. Ganyushkin and V. Mazorchuk, Classical finite transformation semigroups, an introducti-
on, 9 of Algebra and Appl., Springer, London, 2009.

B. N. Givens, A. Rosin, and K. Linton, Interassociates of the bicyclic semigroup, Semigroup
Forum 94 (2017), no. 1, 104-122.

O. Gutik, On the dichotomy of a locally compact semitopological bicyclic monoid with adjoi-
ned zero, Visn. Lviv. Univ., Ser. Mekh.-Mat. 80 (2015), 33—41.

O. Gutik and K. Maksymyk, On semitopological interassociates of the bicyclic monoid, Visn.
Lviv. Univ., Ser. Mekh.-Mat. 82 (2016), 98-108.

O. Gutik and D. Repovs, On countably compact 0-simple topological inverse semigroups,
Semigroup Forum 75 (2007), no. 2, 464-469.

J. B. Hickey, Semigroups under a sandwich operation, Proc. Edinb. Math. Soc., II. Ser. 26
(1983), no. 3, 371-382.

J. B. Hickey. On variants of a semigroup. Bull. Austral. Math. Soc. 34 (1986), no. 3, 447—
459.

J. A. Hildebrant and R. J. Koch, Swelling actions of T'-compact semigroups, Semigroup
Forum 33 (1986), 65-85.

W. Huang, Matrices which belong to an idempotent in a sandwich semigroup of circulant
Boolean matrices, Linear Algebra Appl. 249 (1996), no. 1-3, 157-167.

T. Khan and M. Lawson, Variants of reqular semigroups, Semigroup Forum 62 (2001), no. 3,
358-374.

. R. J. Koch and A. D. Wallace, Stability in semigroups, Duke Math. J. 24 (1957), 193-195.



ON VARIANTS OF THE EXTENDED BICYCLIC SEMIGROUP
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 84 37

34. M. Lawson, Inverse semigroups. The theory of partial symmetries, World Scientific, Sin-
gapore, 1998.

35. M. Petrich, Inverse semigroups, John Wiley & Sons, New York, 1984.

36. V. Mazorchuk and G. Tsyaputa, Isolated subsemigroups in the variants of ,, Acta Math.
Univ. Comen., New Ser. 77 (2008), no. 1, 63-84

37. W. Ruppert, Compact semitopological semigroups: an intrinsic theory, Lect. Notes Math.,
1079, Springer, Berlin, 1984.

38. R. J. Warne, I-bisimple semigroups, Trans. Amer. Math. Soc. 130 (1968), no. 3, 367-386.

Cmamma: naditiwna do pedkoneeii 25.09.2017
doonpayvosana 10.05.2018
nputnama do dpyxy 24.05.2018

IIPO BAPIAHTHU PO3IINPEHOI BIITUKJ/IITYHOI
HATIIBI'PVIIN

Ouger I'VTIK, Karepuna MAKCHUMUK

JIveiecvrutl Haytonasvrul yrieepcumem iment leana Pparnka,
eys. Ynisepcumemcesvka 1, JIveis, 79000,
e-mails: oleg.gutik@Inu.edu.ua, ovgutik@yahoo.com,
kate.maksymyk15Q@Qgmail.com

Onmcyemo rpyny Aut (4%) aBromopdizmis posmmupenoi 6inuKk/iaHOT HATiB-
IpyImm 67 1 BUB9aeMo BapiaHTH 6, " PO3NIMPEHOi GIINKIIIYHOT HAMIBrpyIN 67,
ne m,n € Z. 3okpema, Mu mosesm, mo rpyna Aut (47) i3omopdna amuTuBHIA
rpymi Uiux Yucesi, po3nimpena OliuK/iYHa HamBrpyna %z i koxen 11 Bapiant
He € CKIHYeHHO MOPOIKEHNMH, OTMCAIN MiAMHOXKUHY imemnorentis E(6;"")
i Bigpomenus I'pina ma mamisrpymi ¢, "". Takox mosemu, mo E(%,"") € w-
JIAHITIOTOM 1 JIOBI/IbHI /Ba BapiaHTU PO3IMUPEHOI GINUKIIYHOI HAIBrpy i 67 €
i3omopdurvu. Ha 3aBeprrenus qOCILAMIN TPAHCISIHITHO HEIEpEepBHI TaycaIop-
¢oBi Tomosorii Ha BapiaHTi ‘KZO 0. Bokpema, mosenn, sKmo T — raycaopdosa
TPAHCJIAIIAHO HEeIlepepBHA TOIIOJIOris Ha %ZO ’0, TO 3 KOXKHOI 3 HepiBHOCTEH @ >
abo b > 0 BurmBag, mo (a, b) € i30/ILOBAHOIO0 TOUKOIO B TOIOJOTIIHOMY IIPOCTO-
pi (%”ZO ’07 7') Ta n00yI0BaHO MPUKIa, raycaopdoBol HamiBrpymnosoi Tomosorii 7~
Ha HAIBIpyui %ZO 0 TaKOIl, 110 iHmi TO4YKH, gKi 3a70B0bHAIOTH yMoBH ab < 0 1
a + b < 0 He € i3071b0BAHUME B IIPOCTOPI (‘KZO’O, T*).

Karwost caosea: HATIBrpyNla, IHTEPACOIIATUBHICT, HAMIBIPYIH, BapiaHT
HAIIBrpynu, OIMUKJIYHUI MOHOII, PO3MUpPeHa OINMWK/IIYHA HAMBrpyIa, HAIB-
TOTIOJIOTIYHA HAIBIPYTA, TOMOJIOTiYHA HAMIBIPYIIA.



