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For continuous on [x0,+∞) functions α and β increasing to +∞ we say that
an analytic in D = {z : |z| < 1} characteristic function ϕ of a probability law F

belongs to the generalized convergence αβ-class if

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r

)
dr < +∞,

where M(r, ϕ) = max{|ϕ(z) : |z| = r}. Conditions on α, β and F are found
under which the function ϕ belongs to the generalized convergence αβ-class if

and only if

∞∫
x0

α′(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, where β1(x) =

∞∫
x

dt

β(t)
and

WF (x) = 1− F (x) + F (−x).
Key words: analytic function, probability law, characteristic function,

generalized convergence class.

1. Introduction

A continuous on the left on (−∞, +∞) non-decreasing function F is said [1, p. 10]
to be a probability law if lim

x→+∞
F (x) = 1 and lim

x→−∞
F (x) = 0, and the function ϕ(z) =

∞∫
−∞

eizxdF (x) de�ned for real z is called [1, p. 12] a characteristic function of this law. If

ϕ has an analytic continuation on the disk D = {z : |z| < 1} then we call ϕ an analytic in
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D characteristic function of the law F . Further we always assume that D is the maximal
disk of the analicity of ϕ. It is known [1, p. 37�38] that ϕ is an analytic in D characteristic
function of the law F if and only if for every r ∈ [0, 1)

(1) WF (x) =: 1− F (x) + F (−x) = O(e−rx), x→ +∞.

Hence it follows that

(2) lim
x→+∞

1

x
ln

1

WF (x)
= 1.

For 0 ≤ r < 1 we put M(r, ϕ) = max{|ϕ(z)| : |z| = r}, and if ϕ has the order

% = lim
r↑1

ln ln M(r, ϕ)

− ln (1− r)
> 0

a convergence class is de�ned [2] by the condition

(3)

1∫
r0

(1− r)%−1 ln M(r, ϕ)dr < +∞.

For % = 2 this condition is su�cient [3, p. 50] in order that ϕ belong to the class of
Mac-Lane.

For an analytic in D characteristic function ϕ of the order % > 0 in [4] it is proved
that in order that ϕ belong to convergence class it is necessary and in the case when the

function v(x) = ln
1

WF (x)
is continuously di�erentiable and v′ increases it is su�cient

that

(4)

∞∫
x0

{(
1 +

1

x
ln WF (x)

)+
}%+1

dx < +∞.

Generalizing this result in [5] the concept of the convergence Φ-class is introduced
as follows.

Let Ω(1) be the class of positive unbounded on (0, 1) functions Φ such that the
derivative Φ′ is positive continuously di�erentiable and increasing to +∞ on (0, 1).

As in [5], we say that ϕ belongs to a convergence Φ-class if

(5)

1∫
r0

Φ′(r) ln M(r, ϕ)

Φ2(r)
dr < +∞,

and by V (1) we denote the class of positive continuously di�erentiable on (0,+∞) functi-
ons v such that v′(x) ↑ 1 as x→ +∞.

The following theorem was proved in [5].

Theorem 1. Let Φ ∈ Ω(1),
Φ′(r)

Φ(r)
be a function, nondecreasing on [r0, 1), Φ′(r) >

1

1− r

Φ′
(
r +

1

Φ′(r)

)
≤ H1Φ′(r) and

Φ′′(r)Φ(r)

(Φ′(r))2
≤ H2 for all r ∈ [r0, 1), where Hj = const >
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0, and

1∫
r0

Φ′(r) ln Φ′(r)

Φ2(r)
dr < +∞. Suppose that ϕ is an analytic in D characteristic

function on a probability law F such that lim
x→+∞

WF (x)ex = +∞.

Then in order that ϕ belong to a convergence Φ-class it is necessary and, in the case

when ln
1

WF (x)
= v(x) ∈ V (1), it is su�cient that

(6)

∞∫
x0

dx

Φ′
(

1

x
ln

1

WF (x)

) < +∞.

Corollary 1. Let 0 < % < +∞ and ϕ be an analytic in D characteristic function of a

probability law F such that lim
x→+∞

WF (x)ex = +∞. Then in order that (3) holds it is

necessary and, in the case when ln
1

WF (x)
= v(x) ∈ V (1), it is su�cient that

∞∫
x0

(
ln (WF (x)ex)

x

)%+1

dx < +∞.

Let L be a class of continuous increasing functions α such that α(x) ≥ 0 for x ≥ x0,
α(x) = α(x0) for x ≤ x0 and on [x0,+∞) the function α increases to +∞. We say that
α ∈ L0 if α ∈ L and α(x(1 + o(1))) = (1 + o(1))α(x) as x→ +∞.

Let α ∈ L and β ∈ L. We say that an analytic in D function ϕ belongs to the
generalized convergence αβ-class, if

(7)

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.

If α(x) ≡ x and β ≡ x%+1 for x0 ≤ x < +∞ then (7) implies (3). Here we examine a
problem of the belonging of the analytic characteristic function of probability law to the
generalized convergence αβ-class.

2. Auxiliary results

Let I(r, ϕ) =

∞∫
0

WF (x)exrdx and µ(r, ϕ) = sup{WF (x)exr : x ≥ 0} be the maxi-

mum of integrand. Suppose that M(r, ϕ) ↑ +∞ as r ↑ 1. Then [5]

ln µ(r, ϕ) ≤ (1 + o(1)) ln M(r, ϕ) ≤ (1 + o(1)) ln I(r, ϕ), r ↑ 1.

Hence it follows that if α ∈ L0 then

(8)

1∫
r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤
1∫

r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤
1∫

r0

α(ln I(r, ϕ))

(1− r)2β( 1
1−r )

dr.
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On the other hand

I(r, ϕ) =

∞∫
0

WF (x)exrdx =

∞∫
0

WF (x) exp

{
r + 1

2
x

}
exp

{
−1− r

2
x

}
dx ≤

(9) ≤ µ
(
r + 1

2
, ϕ

)
2

1− r
.

In [6] it is proved that if α ∈ L0 then α is RO-varying and, thus [7, p. 86],
1 ≤ α(lx)/α(x) ≤ M(l) < +∞ for each l ∈ [1, +∞) and all x ≥ x0(l). Therefore,
from (9) we obtain

α(ln I(r, ϕ)) ≤ α
(

2 max

{
ln µ

(
r + 1

2
, ϕ

)
, ln

2

1− r

})
≤

≤M(2)α

(
max

{
ln µ

(
r + 1

2
, ϕ

)
, ln

2

1− r

})
=

= M(2)

(
max

{
α

(
ln µ

(
r + 1

2
, ϕ

))
, α

(
ln

2

1− r

}))
≤

≤M(2)

(
α

(
ln µ

(
r + 1

2
, ϕ

))
+ α

(
ln

2

1− r

))
,

whence for β ∈ L0 using the cite of result from [6] we obtain

1∫
r0

α(ln I(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤M(2)

 1∫
r0

α
(
ln µ

(
r+1
2 ϕ

))
(1− r)2β( 1

1−r )
dr +

1∫
r0

α
(

ln 2
1−r

)
(1− r)2β( 1

1−r )
dr

 =

= 2M(2)

1∫
r0

α
(
ln µ

(
r+1
2 , ϕ

))
4(1− (r + 1)/2)2β( 1

2(1−(r+1)/2) )
d
r + 1

2
+M(2)

1∫
r0

α
(

ln 2
1−r

)
(1− r)2β( 1

1−r )
dr ≤

(10) ≤ K1

1∫
t0

α(ln µ(t, ϕ))

(1− t)2β( 1
1−t )

dt+K2

∞∫
x0

α(ln x)

β(x)
dx.

From (9) and (10) the following statement follows.

Proposition 1. Let α ∈ L0, β ∈ L0 and

∞∫
x0

α(ln x)

β(x)
dx < +∞. Then (7) holds if and

only if

(11)

1∫
r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.
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The function ln µ(r, ϕ) may be bounded. It is easy to show that µ(r, ϕ) ≤ K < +∞
for all r ∈ [0, 1) if and only if WF (x)ex ≤ K < +∞ for all x ≥ 0. Thus, µ(r, ϕ) ↑ +∞ as
r ↑ 1 if and only if lim

x→+∞
WF (x)ex = +∞. In [5] was proved that the function ln µ(r, ϕ)

is convex on [0, 1) and there exists a nondecreasing on [0, R) function ν(r, ϕ) such that
(ln µ(r, ϕ))′ = ν(r, ϕ) for all r ∈ (0, R) with the exception of an at most countable set,
i.e.

(12) ln µ(r, ϕ) = ln µ(r0, ϕ) +

r∫
r0

ν(x, ϕ)dx, 0 ≤ r0 ≤ r < 1.

Hence it follows that if µ(r, ϕ) ↑ +∞ as r ↑ 1 then ν(r, ϕ)↗ +∞ as r ↑ 1.

If ln
1

WF (x)
= v(x) ∈ V (1) then for every r ∈ (0, 1) the function ln WF (x) + rx =

= −v(x) + rx has a unique point of the maximum x = ν(r, ϕ), which is a continuous on
(0, 1) function increasing to +∞, and

ln µ(r, ϕ) = max{ln WF (x) + rx : x ≥ 0} = ln WF (ν(r, ϕ)) + rν(r, ϕ),

whence

(13)
1

ν(r, , ϕ)
ln

1

WF (ν(r, ϕ))
= r − ln µ(r, ϕ)

ν(r, ϕ)
≤ r.

From (12) it follows that

ln µ(r, ϕ) = ln µ(r0, ϕ) + ν(r, ϕ)(r − r0) ≤ ln µ(r0, ϕ) + (1− r0)ν(r, ϕ),

and if α ∈ L0 then α(ln µ(r, ϕ)) ≤ K1α(ν(r, ϕ) for all r ∈ [r0, 1).
On the other hand for r ≥ r0

ln µ

(
1 + r

2
, ϕ

)
≥ ln µ(r0ϕ) +

(1+r)/2∫
r

ν(x, ϕ)dx ≥ ln µ(r0, ϕ) + ν(r, ϕ)
1− r

2
,

and if α(ex) ∈ L0 then as above we obtain

α(ν(r, ϕ)) ≤ α
(

exp

{
ln

2

1− r
+ ln ln µ

(
1 + r

2
, ϕ

)})
≤

≤ α
(

exp

{
2 max

{
ln

2

1− r
, ln ln µ

(
1 + r

2
, ϕ

)}})
≤

≤ K2

(
α

(
ln µ

(
1 + r

2
, ϕ

))
+ α

(
ln

2

1− r

))
.

Thus,
1∫

r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤ K1

1∫
r0

α(ln ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤

≤ K1K2

1∫
r0

α(ln µ((r + 1)/2, ϕ))

(1− r)2β( 1
1−r )

dr +K1K2

1∫
r0

α(ln (2/(1− r)))
(1− r)2β( 1

1−r )
dr,
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whence as above we obtain the following statement.

Proposition 2. Let α(ex) ∈ L0, β ∈ L0,

∞∫
x0

α(ln x)

β(x)
dx < +∞ and ln

1

WF (x)
=

= v(x) ∈ V (R). Then (11) holds if and only if

(14)

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.

Thus, the problem of belonging of ϕ to the generalized convergence αβ-class is
reduced to the problem of the ful�lment of (14).

3. Main result

Using Propositions 1 and 2 we may prove the following main theorem.

Theorem 2. Let α(ex) ∈ L0, β ∈ L0,

∞∫
x0

α(ln x)

β(x)
dx < +∞ and

xβ′(x)

β(x)
≥ 2 + h for all

x ≥ x0. Suppose that ϕ is an analytic in D characteristic function on probability law F
such that WF (0) = 1, ln 1

WF (x) = v(x) ∈ V (1) and lim
x→+∞

WF (x)ex = +∞.

Then in order that ϕ belongs to a generalized convergence αβ-class it is necessary

and su�cient that

(15)

∞∫
x0

α(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, β1(x) =

∞∫
x

dt

β(t)
.

Proof. Clearly,

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr = −
1∫

r0

α(ν(r, ϕ))dβ1

(
1

1− r

)
=

(16) = −α(ν(r, ϕ))β1

(
1

1− r

) ∣∣∣1
r0

+

1∫
r0

α′(ν(r, ϕ))β1

(
1

1− r

)
dν(r, ϕ).

At �rst we suppose that (15) holds. Then, from (16) and (13), in view of the nonincreasing
of β1, we have

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤ K +

1∫
r0

α′(ν(r, ϕ))β1

 1

1− 1

ν(r, ϕ)
ln

1

WF (ν(r, ϕ))

 dν(r, ϕ) =

= K +

∞∫
x0

α′(ν(r, ϕ))β1

(
ν(r, ϕ)

ln (WF (ν(r, ϕ)x)eν(r,ϕ))

)
dν(r, ϕ) < +∞,

because the function ν(r, ϕ) is continuous. The su�ciency of (15) is proved.
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Now we prove its necessity. From (14) for each ε > 0 and all r ∈ [r0(ε), 1) we have

ε >

1∫
r

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≥ α(ν(r, ϕ))

1∫
r

dr

(1− r)2β( 1
1−r )

= α(ν(r, ϕ))β1

(
1

1− r

)
,

that is from (14) and (16) we obtain

1∫
r0

α′(ν(r, ϕ))β1

(
1

1− r

)
dν(r, ϕ) < +∞.

Since ln
1

WF (x)
= v(x) ∈ V (1) and x = ν(r, ϕ) is a solution of the equation

−v′(x) + r = 0, we have r = v′(ν(r, ϕ)) and hence it follows that
∞∫
r0

α′(ν(r, ϕ))β1

(
1

1− v′(ν(r, ϕ))

)
dν(r, ϕ) < +∞,

i.e.

(17)

∞∫
x0

α′(x)β1

(
1

1− v′(x)

)
dx < +∞.

From a theorem proved in [8] it follows that if a(x) and µ(x) are continuous functions
on (0, +∞), −∞ ≤ A < a(x) < B ≤ +∞, µ(x)↘ µ ≥ 0 as x→ +∞, and for a positive
function f on (A, B) the function f1/p with p > 1 is convex on (A, B), then

(18)

y∫
0

µ(x)f

 1

x

x∫
0

a(t)dt

 dx ≤
(

p

p− 1

)p y∫
0

µ(x)f(a(x))dx, y ≤ +∞.

We choose µ(x) = α′(x), a(x) = v′(x), f(x) = β1

(
1

1− x

)
and show that the function

f1/p is convex for some p > 1.

It is easy to see that f1/p is convex for p > 1 if f(x)f ′′(x)− p− 1

p
(f ′(x))2 ≥ 0 that

is if

β1

(
1

1− x

)
β′′1

(
1

1− x

)
+ 2(1− x)β1

(
1

1− x

)
β′1

(
1

1− x

)
≥ p− 1

p

(
β′1

(
1

1− x

))2

,

and thus, if

β1(t)β′′1 (t) +
2

t
β1(t)β′1(t) ≥ p− 1

p
(β′1(t))2.

Since β1(t) =

∞∫
t

dx

β(x)
, the last inequality holds if

(19)

(
β′(t)− 2β(t)

t

) ∞∫
t

dx

β(x)
≥ p− 1

p
.
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Since β′(t)− 2β(t)

t
≥ hβ(t)

t
> 0, we have

(
β′(t)− 2β(t)

t

) ∞∫
t

dx

β(x)
≥
(
β′(t)− 2β(t)

t

) 2t∫
t

dx

β(x)
≥
(
β′(t)− 2β(t)

t

)
t

β(t)
≥ h.

Therefore, choosing p > 1 such that h− p− 1

p
≥ 0, we get inequality (19), i. e. the

function β
1/p
1

(
1

1− x

)
is convex and in view of (18)

(20)

∞∫
0

α′(x)β1

 1

1− 1

x

x∫
0

v′(t)dt

 dx ≤
(

p

p− 1

)p ∞∫
0

α′(x)β1

(
1

1− v′(x)

)
dx.

Since

x∫
x0

v′(t)dt = ln
1

WF (x))
, from (17) and (20) we obtain (15). Theorem 2 is proved.

�
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Äëÿ íåïåðåðâíèõ çðîñòàþ÷èõ äî +∞ íà [x0,+∞) ôóíêöié α i β áóäåìî
ãîâîðèòè, ùî àíàëiòè÷íà â D = {z : |z| < 1} õàðàêòåðèñòè÷íà ôóíêöiÿ ϕ
éìîâiðíiñíîãî çàêîíó F íàëåæèòü äî óçàãàëüíåíîãî αβ-êëàñó çáiæíîñòi,

ÿêùî

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r

)
dr < +∞. Çíàéäåíî óìîâè íà α, β i F , çà ÿêèõ

ôóíêöiÿ ϕ íàëåæèòü äî óçàãàëüíåíîãî αβ-êëàñó çáiæíîñòi òîäi i òiëü-

êè òîäi, êîëè

∞∫
x0

α′(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, äå β1(x) =

∞∫
x

dt

β(t)
i

WF (x) = 1− F (x) + F (−x).
Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, éìîâiðíiñíèé çàêîí, õàðàêòåðèñ-

òè÷íà ôóíêöiÿ, óçàãàëüíåíèé êëàñ çáiæíîñòi.
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