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There is a universal spaceK∞ for the class of compact metric spaces of �nite
f.-d. derivative. We consider the question of preservation of K∞-manifolds by
some functorial constructions. We also consider a universal map ϕK : R∞ →
K∞ and discuss some of its properties, in particular, its preservation by some
functors.
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Introduction

Recall that the kω-spaces are the countable direct limits of compact Hausdor�
spaces. By R∞ we denote the direct limit of the sequence

R→ R2 → R3 → . . .

and by Q∞ the direct limit of the sequence

Q→ Q2 → Q3 → . . . ,

where Q = [0, 1]ω is the Hilbert cube.
Let A be a topological space. The f.d.-derivative of A is the set

A(1) = A \ {x ∈ A | there is a neighborhood U of x such that dimU <∞}.

Clearly, A(1) is a closed subset in A. By induction, we de�ne A(n) = (A(n−1))(1), for
n > 1.

Let K denote the class of compact metrizable spaces A such that A(n) = ∅, for some
natural n. LetM(ω) denote the class of �nite-dimensional compact metrizable spaces.
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T. Banakh [1] considered the following construction. Given n ∈ N, let

Kn =
[
− 1
n ,

1
n

]n × {(0, 0, . . . )} ⊂ `2.
Let K =

⋃
i∈NKn ⊂ `2. Clearly, K is a compact metric space and K(1) = ∗ = (0, 0, . . . ).

Let C be a class of topological spaces. A topological space X is said to be strongly

C-universal if, for every pair (A,B) of topological spaces, where A ∈ C and B is a closed
subset of A, every embedding f : B → X, there is an embedding f̄ : A→ X that extends
f .

It is proved in [1] that the space K∞ = lim−→Kn is strongly K-universal.
Recall that a space X is called a K∞-manifold if X is locally homeomorphic to K∞.

We assume that all K∞-manifolds under consideration are kω-spaces.
The theory of K∞-manifolds is developed by T. Banakh [1]. It turned out that this

theory is parallel to the theories of R∞- and Q∞-manifolds.
We will consider the question of preservation of K∞-manifolds by some functori-

al constructions. Similar questions for another classes of in�nite-dimensional manifolds
were considered in publications of di�erent authors (see, e.g., [10] and the bibliography
therein).

The functors are assumed to be close to being normal. The notion of normal functor
acting in the category of compact Hausdor� spaces is introduced by Shchepin [9]. In
the sequel, we will use the terminology of [9]. In particular, the notions of monomorphic
functor and functor that preserves intersections as well as of degree and support can be
found in [9] (see, e.g., [10]).

By Fk(X) we denote the set of points of degree ≤ k in F (X). Note that Fk is a
subfunctor of F .

If F is a normal functor, X is a kω-space, X = lim−→Xi, then we de�ne F (X) =

lim−→F (Xi).

1. Results

Lemma 1. Let F be a monomorphic functor that preserves intersections and the degree

of F equals n ∈ N. If F (n) is a �nite-dimensional space, then F (X) ∈ K, for every

X ∈ K.

Proof. We will prove by induction on the degree of the functor. If n = 1, then F (X) = X
and there is nothing to prove. Consider a ∈ F (X) with deg(a) = n. Then there is a
neighborhood U of a in F (X) homeomorphic to V1×· · ·×Vn×W , where Vi, i = 1, . . . , n,
are open subsets of X and W is an open subset of F (n) (see [5]). Therefore, there exists
m ∈ N such that F (X)(m) ⊂ Fn−1(X). Then we can apply induction. �

The following lemma is proved in [1].

Lemma 2. Let X be a K∞-manifold. If A ⊂ X be a compact subset, then there is an

embedding i : A×K → X such that i(a, ∗) = a for every a ∈ A.

We will need the following its corollary.

Corollary 1. Let X be a K∞-manifold. If A ⊂ X be a compact subset, then for every

n ∈ N there is an embedding i : A×Kn → X such that i(a, ∗, . . . , ∗) = a for every a ∈ A.
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Theorem 1. Let X be a K∞-manifold and let F be a functor of �nite degree that

preserves ANR-spaces and �nite-dimensional spaces. Then F (X) is a K∞-manifold.

Proof. Represent X as lim−→Xi, where Xi are compact ANR-spaces. Clearly, Xi ∈ K.
Then F (X) = lim−→F (Xi). By Lemma 1, F (Xi) ∈ K.

We are going to demonstrate the strong local K-universality of F (X). Let (A,B) be
a pair of compact metrizable spaces with A ∈ K and let β : B → F (X) be an embedding.
Then there exists n ∈ N such that β(B) ⊂ F (Xn). Since F (Xn) is an ANR-space, there
is an extension α′ : U → F (Xn) of β onto a closed neighborhood U of B in A.

Let U/B denote the quotient space of U obtained when we identify all the points
of U to a single equivalence class leaving all the other points of B equivalent only to
themselves. Note that U/B ∈ K. Let q : U → U/B denote the quotient map. There exists
an embedding γ : U/B → Km, for some m ∈ N, such that γ(A) = (∗, . . . , ∗) (see [1]). Let
q : U → U/B denote the quotient map.

Using Corollary 1, one may assume that Xn × Km ⊂ X and x = (x, ∗, · · · ∗) ∈
Xn ×Km for every x ∈ Xn. For any y ∈ Km, denote by iy : Xn → Xn ×Km the map
de�ned by the formula iy(x) = (x, y), x ∈ Xn.

Given x ∈ U , de�ne α(x) = F (iγ(q(x)))(α
′(x)).

Let us verify that α is an embedding that extends β. Indeed, the continuity of α
is a consequence of Propositions 2.2 and 2.4 from [7]. Next, if x ∈ B, y ∈ U \ B, then
supp(α(x)) ⊂ Xn and

supp(α(y)) ⊂ Xn × (Km \ {(∗, . . . , ∗)})
and we conclude that α(x) 6= α(y). If x, y ∈ U \B, x 6= y, then

supp(α(x)) ⊂ Xn × {γq(x)}, supp(α(y)) ⊂ Xn × {γq(y)},
and therefore α(x) 6= α(y). �

Recall that a free topological group of a Tychonov space X is a topological group
F (X) satisfying the following conditions:

(1) X is a subspace of F (X);
(2) for any continuous map f : X → G, where G is a topological group, there exists

a unique continuous homomorphism f̄ : F (X)→ G that extends f .

It is well-known (see, e.g., [6]) that a topological group exists and is unique up to
isomorphism.

One can similarly prove the following theorems. Note that its proof relies on the
fact that, for any compact Hausdor� space X, the free topological group F (X) is
homeomorphic to the countable direct limit lim−→Fn(X), where Fn(X) stands for the

words of length ≤ n in F (X). Actually, Fn is a functor for which the assumptions of
Lemma 1 are satis�ed (see [11]).

Theorem 2. Let X ∈ K be a compact metric space such that X contains a topological

copy of K. The free topological group of the space X is a K∞-manifold.

Theorem 3. The free topological group of the space K is a K∞-manifold.

The previous results are counterparts of the results of the second number author on
free topological groups of ANR-spaces (see [11]).
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By (M(ω),K) we denote the class of continuous maps f : X → Y , where X ∈M(ω),
Y ∈ K.

Given two maps, f : X ′ → X ′′ and g : Y ′ → Y ′′, we say that a pair i = (i′, i′′),
where i′ : X ′ → Y ′, i′′ : X ′′ → Y ′′ are maps, is a morphism in the category of maps if the
diagram

X ′
i′ //

f

��

Y ′

g

��
X ′′

i′′
// Y ′′

is commutative. In this case we say that i is an embedding if both i′, i′′ are embeddings.
Also, if X ′′ ⊂ X ′, Y ′′ ⊂ Y ′, g = f |X ′′ : X ′′ → Y ′′, then we say that a pair of maps (f, g)
is given.

A map f : R∞ → K∞ is said to be (M(ω),K)-universal if, for every pair (g, h) of
maps with g, h ∈ (M(ω),K) and every embedding i : h → f , there exists an embedding
j : g → f that extends i.

Proposition 1. There is a (M(ω),K)-universal map R∞ → K∞.

Proof. Let ϕ : R∞ → Q∞ be a universal map described in [12]. We suppose that K∞ ⊂
Q∞ and let

ψ = ϕ|ϕ−1(K∞) : ϕ−1(K∞)→ K∞.

Consider the composition

R∞ ' // ϕ−1(K∞)→ K∞

(that ϕ−1(K∞) is homeomorphic to R∞ easily follows from the fact that K∞ is a kω-
space which is an absolute retract as well as from the universality of the map ϕ.)

Let us denote the obtained map by ϕK . We are going to prove that ϕK is (M(ω),K)-
universal. Suppose that we have a pair (g, h) of maps g : X ′ → X ′′, h : Y ′ → Y ′′ with
g, h ∈ (M(ω),K) and an embedding i = (i′, i′′) : h→ ϕK .

By the characterization theorem for K∞ (see [1]), there exists an embedding
j′′ : X ′′ → K∞ ⊂ Q∞ which is an extension of the embedding i′′ : Y ′′ → K∞ ⊂ Q∞.
By the universality property of ϕ, there exists an embedding i′ : X ′ → R∞ such that
j′|Y ′ = j′′ and ϕj′ = j′′. Then i′(X ′) ⊂ ϕ−1(K∞) and this �nishes the proof. �

The following is a characterization theorem for the map ϕK .

Theorem 4. Let f : X → Y be a map of kω-spaces. Then the following are equivalent:

(1) X is a countable union of �nite-dimensional compact metrizable spaces, Y is a

countable union of spaces from the class K, and f is (M(ω),K)-universal.
(2) f is homeomorphic to ϕK .

Proof. Follows the proof of the main result in [12] concerning characterization of the
map ϕ : R∞ → Q∞ by its universality condition. �

Let Pn denote the functor of probability measures supported on the sets of cardinali-
ty ≤ n. This functor acts in the category of compact Hausdor� spaces. Any µ ∈ Pn(X)
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admits a representation of the form

n∑
i=1

αiδxi
, where αi ∈ [0, 1],

n∑
i=1

αi = 1, and δxi
is

the Dirac measure concentrated at xi ∈ X, i = 1, . . . , n.
By P∞ we denote the functor of probability measures of �nite support. Recall that

for any kω-space X = lim−→Xi, we put P∞(X) = lim−→Pi(Xi).

Proposition 2. The map P∞(ϕK) is homeomorphic to ϕK .

Proof. We modify the proof of Theorem 2 from [13], namely, we replace every copy Qn
of the Hilbert cube Q by Kn, n ∈ N, and thus Q∞ by K∞. The rest of the proof remains
unchanged. �

One can also prove a similar result for the functor of idempotent measures of �nite
support (see [14]) for the de�nition of idempotent measures).

2. Remarks and open questions

Is there a map from K∞ into Q∞ which is a counterpart of the universal map
R∞ → Q∞?

T. Banakh and O. Hryniv [2] characterized the spaces whose free topological semi-
groups in some classes are R∞-manifolds. Whether a counterpart of their result is valid
for the K∞-manifolds remains an open question. See also [3] for some related results
concerning free topological universal algebras.

The notion of f.d.-derivative can be extended over trans�nite numbers. This allows
us to consider the theories of in�nite-dimensional manifolds modeled over countable di-
rect limits of universal spaces for compacta whose f.d.-derivative of order < α is empty,
for given countable ordinal α. The case of �nite α corresponds to the theory of mani-
folds modeled on the countable direct limits of (n − 1)-dimensional Menger compacta
(injectively-Menger manifolds; see [8]).

The following questions arise in connection with the results of [4].

Question 1. Is there a linear realization of the map ϕK , i.e., a linear map of linear
topological spaces which is homeomorphic to ϕK?

Question 2. Is the map ϕK locally self-similar? Recall that a map f : X → Y is called
locally self-similar if, for any x ∈ X and any neighborhoods U , V of x and f(x) respecti-
vely, there exists a neighborhoodW of x such thatW ⊂ U , f(V ) ⊂ U , and the restriction
f |W : W → f(W ) is homeomorphic to the map f .

Acknowledgement

The authors are indebted to the referee for valuable remarks and some corrections.

References

1. T. O. Banakh, On one class of in�nite-dimensional manifolds, Visn. L'viv. Univ., Ser.
Mekh.-Mat. 36 (1991), 50�53 (Ukrainian).



46
Oryslava SHABAT, Mykhailo ZARICHNYI

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

2. T. Banakh and O. Hryniv, Free topological inverse semigroups as in�nite-dimensional mani-
folds, Algebraical Structures and their Applications, Kyiv, Inst. Mat. NANU, 2002, p. 132�
139.

3. T. Banakh and O. Hryniv, Free topological universal algebras and absolute neighborhood

retracts, Bul. Acad. �Stiin�te Repub. Mold., Mat. (2011), no. 1 (65), 50�59.
4. T. Banakh and D. Repov�s, On linear realizations and local self-similarity of the universal

Zarichnyi map, Houston J. Math. 31 (2005), no. 4, 1103�1114.
5. Â. Í. Áàñìàíîâ, Êîâàðèàíòíûå ôóíêòîðû, ðåòðàêòû è ðàçìåðíîñòü, Äîêë. ÀÍ ÑÑÑÐ,

271 (1983), no. 5, 1033�1036; English version: V. N. Basmanov, Covariant functors,
retracts and dimension, Sov. Math., Dokl. 28 (1983), 182�185.

6. Ì. È. Ãðàåâ, Ñâîáîäíûå òîïîëîãè÷åñêèå ãðóïïû, Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 12 (1948),
no. 3, 279�324.

7. Â. Â. Ôåäîð÷óê, Ìÿãêèå îòîáðàæåíèÿ, ìíîãîçíà÷íûå ðåòðàêöèè è ôóíêòîðû, ÓÌÍ
41 (1986), no. 6(252), 121�159; English version: V. V. Fedorchuk, Soft maps, multi-
valued retractions, and functors, Russian Math. Surveys 41 (1986), no. 6, 149�197.
DOI: 10.1070/RM1986v041n06ABEH004227

8. D. Repov�s and M. Zarichnyi, Topology of manifolds modeled on countable direct limits of

Menger compacta, Topology Appl. 153 (2006), no. 17, 3230�3240.
DOI: 10.1016/j.topol.2006.01.014

9. Å. Â. Ùåïèí, Ôóíêòîðû è íåñ÷åòíûå ñòåïåíè êîìïàêòîâ, ÓÌÍ 36 (1981), no. 3(219),
3�62; English version: E. V. Shchepin, Functors and uncountable powers of compacta,
Russian Math. Surveys 36 (1981), no. 3, 1�71.
DOI: 10.1070/RM1981v036n03ABEH004247

10. A. Teleiko and M. Zarichnyi, Categorical topology of compact Hausdor� spaces, Math. Stud.
Monogr. Series, 5, VNTL Publishers, Lviv, 1999.

11. M. M. Çàðè÷íûé, Ñâîáîäíûå òîïîëîãè÷åñêèé ãðóïïû àáñîëþòíûõ îêðåñòíîñíûõ ðå-

òðàêòîâ è áåñêîíå÷íîìåðíûå ìíîãîîáðàçèÿ, Äîêë. ÀÍ ÑÑÑÐ, 266 (1982), 541�544;
English version:M. M. Zarichnyj, Free topological groups of absolute neighborhood retracts
and in�nite-dimensional manifolds, Sov. Math., Dokl. 26 (1982), 367�371.

12. M. Zarichnyi, Functors generated by universal maps of injective limits of sequences of Menger

compacta, Matematika. Nauchnyje trudy. 562 (1991), Riga, 95�102 (Russian).
13. M. M. Zarichny��, On universal maps and spaces of probability measures with �nite supports,

Math. Stud. 2 (1993), 78�82.
14. Ì. Ì. Çàðè÷íûé, Ïðîñòðàíñòâà è îòîáðàæåíèÿ èäåìïîòåíòíûõ ìåð, Èçâ. ÐÀÍ. Ñåð.

ìàòåì. 74 (2010), no. 3, 45�64; English version: M. M. Zarichnyi, Spaces and maps of

idempotent measures, Izv. Math. 74 (2010), no. 3, 481�499.
DOI: 10.1070/IM2010v074n03ABEH002495

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 07.11.2018

äîîïðàöüîâàíà 10.12.2018

ïðèéíÿòà äî äðóêó 26.12.2018



FUNCTORS AND MANIFOLDS MODELED ON SOME kω-SPACE
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85 47

ÔÓÍÊÒÎÐÈ ÒÀ ÌÍÎÃÎÂÈÄÈ, ÌÎÄÅËÜÎÂÀÍI ÍÀ ÄÅßÊÈÕ
kω-ÏÐÎÑÒÎÐÀÕ

Îðèñëàâà ØÀÁÀÒ1, Ìèõàéëî ÇÀÐI×ÍÈÉ2

1Óêðà¨íñüêà àêàäåìiÿ äðóêàðñòâà,

âóë. Ïiäãîëîñêî 19, 79020, Ëüâiâ
2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà 1, 79000, Ëüâiâ

e-mail: shabor@ukr.net, zarichnyi@yahoo.com

Iñíó¹ óíiâåðñàëüíèé ïðîñòið K∞ äëÿ êëàñó êîìïàêòíèõ ìåòðè÷íèõ
ïðîñòîðiâ ñêií÷åííî¨ ñêií÷åííîâèìiðíî¨ (f.-d.) ïîõiäíî¨. Ìè ðîçãëÿäà¹ìî
ïèòàííÿ çáåðåæåííÿ K∞-ìíîãîâèäiâ äåÿêèìè ôóíêòîðiàëüíèìè êîíñòðóê-
öiÿìè. Ìè ðîçãëÿäà¹ìî òàêîæ óíiâåðñàëüíå âiäîáðàæåííÿ ϕK : R∞ → K∞

i îáãîâîðþ¹ìî äåÿêi éîãî âëàñòèâîñòi, çîêðåìà, éîãî çáåðåæåííÿ äåÿêèìè
ôóíêòîðàìè.

Êëþ÷îâi ñëîâà: óíiâåðñàëüíèé ïðîñòið, íåñêií÷åííîâèìiðíèé ìíîãîâèä,
ôóíêòîð.
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