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Cross effects arising in a matrix of nanoscale emitters are studied. When the
tips are situated on the surface of the cathode sufficiently far from each other,
one can treat them as independent. However, when the tips are closely set, the
computation of the tunnelling current must take into account the cross effects
and the field strength on their spikes should be decreased accordingly. In this
paper we obtain the corresponding formulae.
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At present time in di�erent modern instruments, which principle of operation is
based on the phenomenon of cold emission, an idea arises to use several or even many
conducting tips instead of one, as well as necessity of consistent correct description of
their mutual in�uence, that is cross e�ects. Changing the shape and geometric sizes
of conducting probes, as well as the distance between them, one can achieve optimal
relations when using them simultaneously in the scanning tunneling microscope and
other analogous instruments with the purpose of the improvement of their work. Let
us note that recent papers in the �eld of scanning tunneling microscopy are devoted to
carbon nanotubes [1] and graphene [2�6], that is one of the most perspective directions
of modern physics.

Obviously, if tips are situated on the surface of the cathode su�ciently far from
each other (in other words, if the average distance l between them is much larger,
then the distance d between electrodes, that is l ≫ d), then we can neglect their
mutual in�uence and consider them as independent. At the same time cross e�ects
arise between closely set tips (that is for l ≪ d). They lead to decrease of the absolute
value E of strength E of the electric �eld close to a spike of every tip (emitter),
therefore the corresponding tunneling current also noticeably decreases.

Emitters have nanoscales, being favorable to considerable increase of the quantity
E close to them, and for correct determination of total cold emission current densi-
ty, generally speaking, calling of mathematical apparatus of quantum mechanics is
necessary. However, for not very little values of the distance l (in other words, for
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l2 ≫ S, where S is an e�ective surface area of one emitter) cross e�ects have not
quantum, but classic, electrostatic nature. In order to take them into account, it is
necessary to solve a problem of distribution of the potential φ and �eld strength
E between electrodes with highest possible accuracy. An attempt to do it, made
in [7], was not crowned with success, because the �rst order approximation with
respect to inhomogeneity of the �eld, obviously, is inapplicable close to the emi-
tter, and exactly this spatial domain is of greatest interest. Neither other theoreti-
cal attempts, nor methods of computational modeling with the help of the program
package �COMSOLMultiphysics� and others also brought desired results. Firstly, they
did not achieve adequate accuracy and, secondly, they were confronted by di�erent
unlikely surmountable di�culties.

In this connection, in this paper, reasoning from [8], we propose and substantiate
a su�ciently simple semiempirical formula, determining the quantity E on a spike of
a tip in presence of neighboring tips depending on their average surface density on
the plain surface of the cathode. This formula is in good agreement with experimental
data and allows determining tunneling current density.

Following [8], by the example of only one solitary tip let us demonstrate appreciable
increase of the quantity E close to its spike in comparison with the quantity U/d,
corresponding to the case of the homogeneous electric �eld in the spatial domain,
con�ned between two plain parallel electrodes, to which the voltage U is applied.

First of all, let us make use of a model of a tip in the form of a two-sheeted
hyperboloid, which canonical equation reads

x2

a2
+

y2

b2
− z2

d2
= −1 , (1)

where a, b, d are some positive constants. Assuming b = a, from (1) we obtain the
canonical equation of the hyperboloid of revolution:

x2 + y2

a2
− z2

d2
= −1 . (2)

Introducing the polar coordinate ρ =
√

x2 + y2 on the plane xy, from (2) we
obtain

ρ2

a2
− z2

d2
= −1,

z2

d2
− ρ2

a2
= 1 . (3)

This is the canonical equation of the hyperbola in coordinates (z, ρ). Its vertex
has coordinates z = d, ρ = 0, and the focus has coordinates z =

√
a2 + d2 ≡ f , ρ = 0.

Following [8], let us construct a family of confocal hyperbolas:

z2

λ2
− ρ2

f2 − λ2
= 1 , (4)

where λ is a parameter of the considered family. When λ = d we obtain the equation
(3) of the surface of the tip, when λ = 0 we obtain the equation z = 0 of the plain
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surface of the anode, and when 0 < λ < d we obtain the equation of the some
intermediate surface.

Obviously, the potential φ of the electric �eld in the considered case depends only
on the introduced parameter λ. Let us write down Laplace's equation △φ = 0, which
it satis�es, in cylindrical coordinates, taking into account the cylindrical symmetry of
the posed problem:

1

ρ

∂

∂ρ

(
ρ
∂φ

∂ρ

)
+

∂2φ

∂z2
= 0 . (5)

Switching from cylindrical coordinates (z, ρ) directly to the parameter λ, it can
be shown (see [8]) that on the spike of the tip (z = d, ρ = 0; λ = d) strength of the
electric �eld is directed along the axes z and is maximum with respect to the absolute
value:

E =
2Uf

(f2 − d2) ln[(f + d)/(f − d)]
=

U

d
· 2fd

(f2 − d2) ln[(f + d)/(f − d)]
. (6)

where U is the voltage between electrodes, f is the distance between the plane modeli-
ng the anode and the focus of the hyperboloid of revolution modeling the cathode.

Thus, the quantity E on the spike of the tip, in accordance with (6), exceeds

the quantity U/d in
2fd

(f2 − d2) ln[(f + d)/(f − d)]
times. For little di�erence between

quantities f and d (in other words, for big curvature and, accordingly, a small radius
of curvature of the spike) this number is su�ciently big. However, it appreciably
decreases, if the considered tip is not solitary and there are other, neighboring tips
close to it. Therefore, the corresponding current of cold emission also decreases.

In order to take into account cross e�ects, arising between closely set tips, we shall
consider one of the most widespread basic cases, when their position on the cathode
is approximately uniform. Then their same number on average falls on every element
of its surface.

Let us introduce an average surface density of tips σ, equal to the ratio of their
total number to the total surface area of the cathode, and assume that a critical value
σc exists and for σ < σc, that is for su�ciently large distances between neighboring
tips, the absolute value E of strength of the electric �eld on the spike of each of them
is determined by the formula (6) and for arbitrary σ � by the modi�ed formula

E =
U

d
+

{
2Uf

(f2 − d2) ln[(f + d)/(f − d)]
− U

d

}
θ(σ), θ(σ) =

{
1, σ 6 σc

σc/σ, σ > σc

. (7)

When σ → 0, that is for very large distances between neighboring tips or, in other
words, for very large surface area of the cathode, falling on one tip, from (7) we obtain
θ(σ) = 1 and the formula (6). Thus, in this limiting case tips are independent and
cross e�ects are imperceptible.

In the opposite case, when σ → +∞, that is for very small distances between
neighboring tips or, in other words, for their very big number, falling on the unit of
the surface area of the cathode, from (7) we obtain θ(σ) → 0 and E → U/d. Thus,
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in this limiting case tips are not independent and cross e�ects are so perceptible that
the electric �eld is practically homogeneous and the absolute value E of its strength
is determined by the standard ratio U/d.

Therefore, the proposed formula (7) demonstrates correct asymptotic behavior for
very rare and very thick positions of tips on the surface of the cathode. Let us note
that it is in good agreement with experimental data and allows determining tunneling
current density, and the approach itself, leading to it, can �nd application in the �eld
of scanning tunneling microscopy.

Obtained in this paper results allow to draw the following conclusion: we have
proposed and substantiated the semiempirical formula (7) for the absolute value of
strength of the electric �eld on the spike of one tip in presence of neighboring tips,
taking into account cross e�ects between them and demonstrating correct asymptotic
behavior.
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Äîñëiäæåíî ïåðåõðåñíi åôåêòè, ùî âèíèêàþòü ó ìàòðèöi íàíîðîçìiðíèõ
åìiòåðiâ. ßêùî ãîëêè ðîçòàøîâàíi íà ïîâåðõíi êàòîäó äîñòàòíüî äàëåêî
îäíà âiä îäíî¨, ìè ìîæåìî ââàæàòè ¨õ íåçàëåæíèìè. Ïðîòå ÿêùî ãîëêè ¹
ðîçòàøîâàíi áëèçüêî, äëÿ ðîçðàõóíêiâ òóíåëüíîãî ñòðóìó ïîòðiáíî áðàòè
äî óâàãè ïåðåõðåñíi åôåêòè òà âiäïîâiäíî çìåíøèòè íàïðóæåíiñòü ïîëÿ íà
¨õíiõ âiñòðÿõ. Ó öié ñòàòòi îòðèìàíî âiäïîâiäíi ôîðìóëè.
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Èññëåäîâàíû ïåðåêðåñòíûå ýôôåêòû, âîçíèêàþùèå â ìàòðèöå íàíîðàçìåð-
íûõ ýìèòòåðîâ. Åñëè èãëû ðàñïîëîæåíû íà ïîâåðõíîñòè êàòîäà äîñòàòî-
÷íî äàëåêî äðóã îò äðóãà, ìû ìîæåì ñ÷èòàòü èõ íåçàâèñèìûìè. Îäíàêî
åñëè èãëû áëèçêî ðàñïîëîæåíû, äëÿ ðàñ÷åòà òóííåëüíîãî òîêà ñëåäóåò ïðè-
íèìàòü âî âíèìàíèå ïåðåêðåñòíûå ýôôåêòû è ñîîòâåòñòâóþùèì îáðàçîì
óìåíüøèòü íàïðÿæåííîñòü ïîëÿ íà èõ îñòðèÿõ. Â äàííîé ñòàòüå ïîëó÷åíû
ñîîòâåòñòâóþùèå ôîðìóëû.
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