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We consider behaviour of critically strained reactive system under external
harmonic perturbation. While a reactor works nearby such a state, the role of
external fluctuations increases. Because of non-linearity of the system response
on external perturbations, the reactor crosses over from a steady operative state
into an unsteady one, which is explosive. Then a question arises of how the
value of the perturbation provoking the conversion from the steady state to
the unsteady one, depends on its frequency. It is shown that in the immediate
vicinity of the critical state, the basic equation of the reactor warming-up can
be brought to the Riccati equation with a harmonic source. It is found with
the parametric calculation method that, under condition of constant amplitude,
the transition time increases with increasing frequency. A linear dependence
of the external transition energy on the perturbation frequency is revealed.

Key words: reactor, external harmonic perturbation, nonlinear system, crit-
ical state, Riccati equation.

The productivity of the system, which can be, for example, a homogeneous reactor
or just a particle of combustible, increases on approaching the critical state. However
nearby the critical state the risk of a stability loss of the reactor operating condition
grows under the perturbation e�ect that provokes the conversion to the unsteady and
di�cult controlled state. By this reason, from the scienti�c point of view the response
of the reactor as a nonlinear system on external harmonic perturbation is the most
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interesting [1]. In the works [2,3] the similar task was examined in a wide temperature
range.

The task of a present work is to �nd out a connection between the perturbation
parameters, which are amplitude and frequency, when the system converts from the
steady state to the unsteady one.

Taking into account the heat supply due to reactions and heat sink from the
system to the environment the equation of the homogeneous reactor warming-up can
be expressed as:

dT

dt
=

QρcV

cpm
ze−

E
RT − αS

cpm
(T − T∞) +

αS

cpm
TA cosωt, (1)

Here the �rst and second summands in a right part of the equation (1) de�ne
physically the heat supply and the heat sink of the system accordingly, the third
summand is a source of the external harmonic perturbation. In these expressions Q is
a reaction thermal e�ect; z is a particle generation rate in a reaction; ρ is a density of
agent, c is its concentration; E is an activation energy, i.e. that energy which the mole
of substance must possess to be responded; R is a universal gas constant; T is a reactor
temperature; α is a heat-transfer coe�cient; T∞ is an environment temperature; V
is a volume where a reaction takes place; S is a surface area limiting the volume; ω
is the external perturbation frequency; TA is an amplitude, i.e. a peak temperature
of the external perturbation; cp is a speci�c heat capacity at constant pressure; m is
mass of the reactive system.

Supposing that the reactive volume has a spherical form for which, as is generally
known, the Nusselt number approximates by 2. Then the equation (1) has the next
type

dT

dt
=

Q

cp
zce−

E
RT − 3λ

cpρr2
(T − T∞) +

3λ

cpρr2
TA cosωt. (2)

Such denotations are here accepted: λ is an environment heat conductivity coe�cient,
r is a size of the reactor core.

We will make the equation (2) dimensionless. For this purpose we will do the
known change of variables by Frank-Kamenetskii [4]:

θ =
E

RT 2
∞
(T − T∞), β =

RT∞

E
. (3)

Considering expressions (3) the equation (2) can be brought to the dimensionless
temperature form:
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=
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where τr =
cpρr
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3λ
is relaxation time; τx =

cpRT 2
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RT∞ is time of the chemical

reaction.



E. Kondratyev, A. Gerasymenko, K. Merkotan, V. Rusov

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óí-òó. Ñåðiÿ ôiçè÷íà. 2011. Âèï. 46 65

For the wide row of substances a dimensionless parameter β is negligible quantity
about 0.05.

Taking into account the in�nitesimal parameter β and insertion of dimensionless
time τ the equation (4) can be presented like that:

dθ

dτ
= κeθ − θ + θA cosω′τ. (5)

Such denotations are here accepted: κ =
τr
τx

is a Semenov's parameter, θA = TA
E

RT 2
∞

is a dimensionless amplitude of the external harmonic perturbation, τ = t/τr is di-
mensionless perturbation time, ω′ is dimensionless frequency

ω′ = ωτr. (6)

The dimensionless frequency by its physical meaning is a ratio of two characteristic
process times which are the relaxation time and period of the perturbation e�ect.

As is generally known [4], critical conditions are implied by not only equality of
functions of heat supply and heat sink in tangency point but also their derivatives:

{κ∗
eθ

∗
= θ∗, κ∗eθ

∗
= 1. (7)

From (7) we �nd the critical parameters θ∗, κ∗ as follows:

{ θ ∗
= 1, κ∗ = e−θ∗

= e−1. (8)

Then the equation corresponds to the system that is reactive nearby a critical state:

dθ

dτ
= eθ−1 − θ + θA cosω′τ. (9)

Because of a littleness of θ − 1 we will expand the exponent in a Taylor series up
to second order. Thus nearby criticism the equation (9) is brought to the Riccati
equation with a source of external harmonic perturbation:

dθ

dτ
=

1

2
(θ − 1)

2
+ θA cosω′τ. (10)

An analytical solution of the equation (10) does not exist because the right part
contains the source written in a harmonic form. Therefore in the work the numeri-
cal parametric calculation of the equation solution with a variation of temperature
amplitude θA and frequency ω′ of the perturbation has been carried out (�g. 1).

At each set of parameters induction time τi was found, under which duration of
the nonlinear critically strained system transition is implied from the stable initial
state to the unsteady one that is explosive.

The results of dependence of the induction time τi on amplitude θA and frequency
ω′ of the external perturbation are presented in the �g. 2�3 accordingly.

In the �rst of them the drop-down dependence of the induction time on the
perturbation amplitude is visible at the di�erent �xed frequencies. This result looks
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obvious because for the nonlinear system of the exothermic reactive environment its
response on the phase of warming-up is stronger than the response on the phase of
the system cooling down.

On the contrary, in a �g. 3 there is an increase of the induction time with growth
of frequency at the �xed external perturbation amplitude. It is consequent that wi-
th growth of frequency the nonlinear system response on the external perturbation
decreases by virtue of its thermal inertia (6).

Thus the induction time is a function of amplitude and frequency τi = τi(θA, ω
′)

of the perturbation. At the �xed transition time the dependence of amplitude on
frequency is found out. A form of this dependence is brought in the �g. 4 for di�erent
transition times. It is shown that curves 1�3 approximate with high accuracy (∼ 1%)
by a linear function.

In the �g. 5 we can see the cross-section of 3D plot by planes at constant induction
time. The general property of heavy lines is the linear dependence between perturbati-
on energy and frequency.

So, the energy of the external perturbation, which is enough for the system
conversion from the initial steady state to the unsteady explosive one, is proportional
to the perturbation frequency. This result calls to the well known quantum-mechanical
relation in which also, as in our case, energy is in proportion to frequency in the �rst
degree.

Fig. 1. Temperature-time curve of the strained system under the external perturbation with
θA = 0, 2, ω′ = 1,3
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Fig. 2. Dependence of induction time on external perturbation temperature at �xed
frequency. Values of frequencies 0,8, 1, 1,3 correspond to the curves 1, 2, 3

Fig. 3. Dependence of induction time on external perturbation frequency at �xed amplitude.
Values of amplitudes 0,1, 0,15, 0,2 correspond to the curves 1, 2, 3
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Fig. 4. Dependence of amplitude on frequency of external perturbation of the strained
system, for which a transition from initial steady to the unsteady explosive one happened in
same induction time. Induction time 55, 74, 96 correspond to the curves 1, 2, 3

0.05

0.1

0.15

0.2

0.25

0.3 0.5

1

1.5

2

0

50

100

150

200

250

300

350

400

ω’

θ
A

τ i

Fig. 5. The set of solutions τi = τi(θA, ω
′) of the equation (10) forms 3D plot. Heavy lines

correspond to the curves of dependences of amplitude on frequency of external perturbation
in cross-sectional planes at constant induction time



E. Kondratyev, A. Gerasymenko, K. Merkotan, V. Rusov

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óí-òó. Ñåðiÿ ôiçè÷íà. 2011. Âèï. 46 69

1. Æàáîòèíñêèé A.Ì. Êîëåáàíèÿ è áåãóùèå âîëíû â õèìè÷åñêèõ ñèñòåìàõ /
A.Ì.Æàáîòèíñêèé, Õ.Îãìåð, Ð.Ôèëä ; ïåð. ñ àíãë. � Ì. : Ìèð, 1988. � 720 ñ.

2. Kondratyev E.N. Frequency Response of Ignition for a Mg-particles under Peri-
odic Thermal Perturbation / E.N.Kondratyev, À.V.Êîrîbkî, À.N. Zîlîtkî //
XXV International Symposium on Combustion. � USA, Irvine, 1994. � P. 1.

3. Êîíäðàòüåâ Å.Í. ×àñòîòíûé îòêëèê êðèòè÷åñêè îáîñòðåííîé ñèñòåìû íà
âíåøíåå ãàðìîíè÷åñêîå âîçäåéñòâèå / Å.Í.Êîíäðàòüåâ, À.Ì. Ãåðàñèìåíêî,
Ê.Ê.Ìåðêîòàí // ÕÕIV íàó÷íàÿ êîíôåðåíöèÿ ñòðàí ÑÍÃ �Äèñïåðñíûå ñè-
ñòåìû�. � Îäåññà, 2010.

4. Ôðàíê-Êàìåíåöêèé Ä.À. Äèôôóçèÿ è òåïëîïåðåäà÷à â õèìè÷åñêîé êèíåòèêå
/ Ä.À.Ôðàíê-Êàìåíåöêèé. � Ì. : Íàóêà, 1987. � 502 ñ.

ÏÎÂÅÄIÍÊÀ ÍÅËIÍIÉÍÎ� ÐÅÀÃÓÞ×Î� ÑÈÑÒÅÌÈ
ÏIÄ ÇÎÂÍIØÍIÌ ÃÀÐÌÎÍIÉÍÈÌ ÂÏËÈÂÎÌ

ÏÎÁËÈÇÓ ÊÐÈÒÈÊÈ

�. Êîíäðàòü¹â1, À. Ãåðàñèìåíêî1,
Ê. Ìåðêîòàí2, Â. Ðóñîâ2

1 Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. I.Ìå÷íèêîâà

âóë. Äâîðÿíñüêà, 2, 65026 Îäåñà, Óêðà¨íà

e-mail: kenphys@ukr.net

2 Îäåñüêèé íàöiîíàëüíèé ïîëiòåõíi÷íèé óíiâåðñèòåò

ïðîñï. Øåâ÷åíêà, 1, 65044 Îäåñà, Óêðà¨íà

e-mail: merkotankir@ukr.net

Ðîçãëÿíóòî ïîâåäiíêó êðèòè÷íî çàãîñòðåíî¨ ðåàãóþ÷î¨ ñèñòåìè ïiä âïëèâîì
çîâíiøíüîãî ãàðìîíiéíîãî çáóðåííÿ. Ïiä ÷àñ ðîáîòè ðåàêòîðà ïîáëèçó êðè-
òè÷íîãî ñòàíó çðîñòà¹ ðîëü çîâíiøíiõ ôëóêòóàöié. Âíàñëiäîê íåëiíiéíîñòi
âiäãóêó òàêî¨ ñèñòåìè íà çîâíiøíié âïëèâ ðåàêòîð ïåðåõîäèòü çi ñòiéêî-
ãî ðîáî÷îãî ñòàíó äî íåñòiéêîãî � âèáóõîâîãî. Âèâ÷à¹òüñÿ ïèòàííÿ çâ'ÿç-
êó âåëè÷èíè çáóðåííÿ ç ÷àñòîòîþ éîãî âïëèâó ïiä ÷àñ ïåðåõîäó ðåàêòîðà
äî íåñòiéêîãî ñòàíó. Ïîêàçàíî, ùî áåçïîñåðåäíüî ïîáëèçó êðèòèêè îñíîâíå
ðiâíÿííÿ ðîçiãðiâàííÿ ðåàêòîðà ìîæíà ïðèâåñòè äî ðiâíÿííÿ Ðiêêàòi ç ãàð-
ìîíiéíèì äæåðåëîì. Ìåòîäîì ïàðàìåòðè÷íîãî ðîçðàõóíêó çíàéäåíî, ùî çà
íåçìiííî¨ àìïëiòóäè çîâíiøíüîãî çáóðåííÿ ÷àñ ïåðåõîäó çðîñòà¹ ç ïiäâèùå-
ííÿì ÷àñòîòè. Âèçíà÷åíî ëiíiéíó çàëåæíiñòü çîâíiøíüî¨ åíåðãi¨ ïåðåõîäó
âiä ÷àñòîòè âïëèâó.

Êëþ÷îâi ñëîâà: ðåàêòîð, çîâíiøí¹ ãàðìîíiéíå çáóðåííÿ, íåëiíiéíà ñè-
ñòåìà, êðèòè÷íèé ñòàí, ðiâíÿííÿ Ðiêêàòi.
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Ðàññìîòðåíî ïîâåäåíèå êðèòè÷åñêè îáîñòðåííîé ðåàãèðóþùåé ñèñòåìû ïîä
âîçäåéñòâèåì âíåøíåãî ãàðìîíè÷åñêîãî âîçìóùåíèÿ. Ïðè ðàáîòå ðåàêòî-
ðà âáëèçè êðèòè÷åñêîãî ñîñòîÿíèÿ âîçðàñòàåò ðîëü âíåøíèõ ôëóêòóàöèé.
Âñëåäñòâèå íåëèíåéíîñòè îòêëèêà òàêîé ñèñòåìû íà âíåøíåå âîçäåéñòâèå
ðåàêòîð ïåðåõîäèò èç óñòîé÷èâîãî ðàáî÷åãî ñîñòîÿíèÿ â íåóñòîé÷èâîå �
âçðûâíîå. Èçó÷àåòñÿ âîïðîñ ñâÿçè âåëè÷èíû âîçìóùåíèÿ ñ ÷àñòîòîé åãî
âîçäåéñòâèÿ ïðè ïåðåõîäå ðåàêòîðà â íåóñòîé÷èâîå ñîñòîÿíèå. Ïîêàçàíî,
÷òî íåïîñðåäñòâåííî âáëèçè êðèòèêè îñíîâíîå óðàâíåíèå ðàçîãðåâà ðåàêòî-
ðà ìîæåò áûòü ïðèâåäåíî ê óðàâíåíèþ Ðèêêàòè ñ ãàðìîíè÷åñêèì èñòî÷-
íèêîì. Ìåòîäîì ïàðàìåòðè÷åñêîãî ðàñ÷åòà íàéäåíî, ÷òî ïðè íåèçìåííîé
àìïëèòóäå âíåøíåãî âîçìóùåíèÿ âðåìÿ ïåðåõîäà óâåëè÷èâàåòñÿ ñ ðîñòîì
÷àñòîòû. Âûÿâëåíà ëèíåéíàÿ çàâèñèìîñòü âíåøíåé ýíåðãèè ïåðåõîäà îò
÷àñòîòû âîçäåéñòâèÿ.
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