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METO/ IJEHTU®IKAILII IPOIECIB Y BATATOBUMIPHUX
JANHAMIYHUX OB’EKTAX, IO AOITYCKAIOTH JITIHEAPU3ALIIO,
MATEMATHYHUMHU MOAEJSIMHU HE BUILIE TPETHOI'O ITOPAIKY,
EKBIBAJIEHTHUMMH 3A YACTOTOIO 3P13Y

3anpononosano memood idenmugpixayii npoyecie y 0a2amoSUMIDHUX OUHAMIYHUX 00 €KmMax, wo
donyckaioms AiHeapu3ayito i npayioms y pesrcumi npsamoi nepeoayi CUueHary, MamemMamuidHumMu MoOeusImMu
He gullje Mpemboco NOPSOKY, eKGIGACHMHUMU 3a YACMOMON 3pi3y. Anieopumm Memooy IPYHMYEMbCs HA
cucmemi piBHsAHbL, 0OHA YACMUHA SIKUX CUHME3VEMbCS 3 YPAXYBAHHAM SPAHUYHUX VMO8, WO 3a0aI0MbCsl
4ACMOmMOoI0 3pi3y, A IHWA YACMUHA CUHME3YEMbCA 3d CMAHOAPMHOIO NPOYedypoio Memoody HAUMEHUIUX
K8a0pamie 8iOHOCHO T02APUPDMIYHUX YACTHOMHUX XAPAKMEPUCTUK.

Knrouoei cnoea: ounamiuna cucmema, MamemMamuyHa MOOelb, HACMoma 3pizy, ougpepenyiaivhe
PIBHAHNS, eKBI6ANCHMYBANHHS, MEMOO HAUMEHWUX K8AOPAmIE.

IlocTanoBka 3aBAaHHS i BUXiJIHI epe1yMOBHU

VY pobGoti [1] BU3HaueHO yYMOBH, 3a SKHX MPOIECH B AMHAMIYHMX 00’€KTax, M0 JOMYCKAIOTh
JIHEeapu3alil0 Ta ONUCYIOThCS AU(PEpEeHUIAIbHUMU PIBHAHHSIMH BUCOKUX MOPSAAKIB, TOOTO
IuQepeHiaIbHUMU PIBHAHHSAMU, 10 MalOTh BUTJISL

n n—1

and y+an_,—_)]}+...+a,ﬂ+yzl(x, n>3, (1)
dt" dt" dt

y Jiana3oHi 3MIHM KOOPAMHAT PyXy MOKHa €KBIBAJIEHTHO (0€3 BHECEHHS CYTTEBUX IOXHOOK)
onucyBaTH Ju(EepeHLiaTbHUMU pIBHAHHAMU 3 TIOPAJKOM, HE BHUUIMM TPETbOro, TOOTO
IuQepeHiaIbHUMU PIBHAHHSAMU, 10 MalOTh BUTJISL

d’y d’y  dy

a,——+a +a,—+y=Kx, 2
3P 272 U Yy 3 (2)
abo BUTIIAL
d’y dy
a,—+a—+y=K,x, 3
2" 2 U Yy 2 (3)
YW HABITh BUTIA
dy
alz+y:K]x. 4)

[li yMOBH 3BOJATHCS 10 TOTO, IO JIUIIE JUIS THX AMHAMIYHUX OO0 €KTIB, MiJ Yac moJadi Ha BXIf
SIKAX OJIMHUYHOTO BXITHOTO CUTHAITY

x(t)=1(t) = {1’ £29, (5)
0,r<0,
U1 IXHBOT peakllii y(?) € cripaBeJIMBUMH BUPA3H:
'(0) =0, (6)
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y'(t)#0, Vte[0,0) (7)

y SKOCT1 €KBIBAJIECHTHOT MO/I€JI1 MO’KHA BUKOPUCTOBYBATU AU(epeHIalIbHI PIBHSIHHS BUTIALY (4).
SKmio x i peakuii y(7) IMHaAMIYHOTO 00’ €KTa € CIIpaBeIJIMBUMU BUPA3U:

¥'(0)=0 (8)
V'(t,)=0, t €[0,0), 9)

TO B SIKOCTI €KBIBaJIGHTHOI MOJEJ MOXHA BUKOPUCTOBYBATU AU(EpEHIIabHI PIBHIHHS BUTJISILY
(3). A ko 1 peakiii y(¢?) JMHaAMIYHOTO 00’€KTa € cripaBeayiuBUMHU Bupasu (6) 1(9), To B sgKocTi
€KBIBAJICHTHOI MO/I€JIi MOKHA BUKOPUCTOBYBATH AU(epeHIialibH1 PIBHAHHS BUTISAY (2).

VY Tiii ke poOoTi [1] mokazaHO, IO Ui CHUHTE3y E€KBIBAJEHTHHX MOJEejeld 0araTOBUMIPHUX
OUHAMIYHUX OO’€KTIB y Kiacax piBHAHb (2) — (4) ymoBu (6) — (9) € HeoOxigHUMH, ajne He
JOCTaTHIMM, 1 BHU3HAYEHO JIOCTaTHI YMOBHM €KBIBAICHTYBaHHS JMHAMIYHUX OO’€KTIB 13
BUKOPUCTAHHAM iXHIX JIOTapU(MIYHUX YACTOTHUX XapakTepucTMK — amiunryaHoi (JIAUX)
L(w)ta dazooi (JIOUX) ¢(w)([2], ki ans AUHAMIYHOTO OO0’€KTa, pyX SIKOIO B 3arajibHOMY
BUIJISIII  ONUCYIOTh JAU(EpPEHIIaIbHUM PIBHAHHAM #-TO TOpsAaKy (1), OpIEHTOBHO MO’KHa
[IPEJICTaBUTH TaK, SIK TOKa3aHO Ha puc. 1.

L) @)

®), ), L(o

e L(o) s (o)

1 2 3 7 lgo

0,01 0,01 1 1 10 10° ®
— TG -4 N\ N
o(m), o), )
pan pai Qo

Puc. 1. OpienropHi rpadiku JIAUX ta JIOUX nuHaMigHOTO 00°€KTa 1-20 TOPSIKY

Haragaemo mpo e, mo, neperBoprotoun audepeHmianbai piBasHasS (1) — (4) 3a Jlamutacom [2],
MOKEMO MEPEeNTH J0 TXHIX €KBIBAJIEHTIB HA KOMIUIEKCHIN MJIOIIKMHI — NepeJaToOuyHuX QyHKIiH — y
BUTJISAIL:

W)= K , (10)
x(p) ap"+a, p" +..+ap+l
K
W(p)=—"—, (11)
ap+l1
K
W,(p)=—75—""—, (12)
a,p”+ap+l1
K
Wi(p) = ) (13)

3 2 1’
ap ta,p - +ap+

I AKHUX CIIPaBEAJINBO:
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W) =Wi(p) - =Ri(@)+ jO(@) =A@, i=13, (14)
p =

4(@) =R @) +0' @), ¢(0)- arctg%, (15)

L(w)=201g 4 (). (16)

Haranaemo Takox mpo Tte, mo y Bupaszax (16) wist JIAUX 1 JIOUX npupoctu KpyroBoi 4aCTOTH @
BIJIKJIQ/IAI0THCS HA YaCTOTHIM OCl B IeKa1ax.

Ax Bimomo 3 pobotu [2], musa JIAUX 1 JIOUX € xapakTepHUMH JIBl 9YaCTOTH — YacTOTa 3pi3y
®,, Ta KPUTUYHA YaCTOTA @, , SIKi 3HAXOIATH 13 PIBHSHB:

L(®,) =0, (17)

p(o,)=-n (18)

Ta MaroTh rpadiyHy IHTEpIpeTalliio, npeacTaBieHy Ha puc. 1.
3rigHo 3 kputepiem Haitkicta [2], sKmio, sIK TOKa3aHO Ha pUC. la, A7 CTIMKOTO TWHAMIYHOTO
00’€eKTa BUKOHYETHCSI yMOBa

o, <0,,, (19)

TOAl BIH 3QJMIIAETHCS CTIAKMM 1 MICHS 3aMHUKaHHS WOTro OJMHUYHUM BUI'€MHUM 3BOPOTHHUM
3B’s13Kk0M. TOOTO B TakoMy 00’€KTI XapakTep MPOIECiB 10 HOTO 3aMUKaHHS OJUHUYHUM B1Jl'€MHUM
3BOPOTHHUM 3B’A3KOM 1 MICJIsl 3aMUKAHHS HE 3MIHIOETHCA.

Skmo g AMHAMIYHOro 00’€KTa, CTIMKOrO B PO3IMKHYTOMY CTaHi, BUKOHYETHCSI yMOBa (JIMB.
puc. 10),

o, >0, (20)

TO BIH CTa€ HECTIMKUM ITICIISl 3aMUKAHHS HOTO OJJUHUYHUM Bill’€EMHUM 3BOPOTHHUM 3B’si3koM. ToOTO

y TakoMy O0’€KTi XapakTep MpOIECIB A0 MOro 3aMHKaHHS OJMHUYHUM BiJ’€MHHM 3BOPOTHUM
3B’SI3KOM 1 TICIIS 3aMUKaHHS 3MIHIOEThCH.

Tox nuie y pa3i BUKOHaHHs yMOBH (19) uis GaraToBUMIpHOro AMHAMIYHOTO 00’€KTa MOKHA

BUKOPUCTOBYBATH I OIMCAHHS IPOLECIB y HbOMY €KBIBaJIEHTHI Mojeni y Burisail (3) 1 (4),
OCKUTBKH JUISl IEPIIOT 13 HUX, SIK BIIOMO [2], cripaBeIJIMBOIO € HEPIBHICTh

q)](a)) > _%’ Vo e [O’OO)’ (21)

a 1715 APYroi 13 HUX CIIpaBeAJIMBOIO € HEPIBHICTh
0,(w)>-n, Vae[0,0). (22)
Axmo x g 0araTOBUMIPHOTO JWHAMIYHOTO 00’€KTa BUKOHYEThCs ymoBa (20), To st
ONMCAHHS TPOIECIB Y HbOMY HE MOXHA BUKOPHCTOBYBAaTH €KBiBajeHTHI mozeni (3), (4), a

HEOOX1THO BUKOPHCTOBYBAaTH €KBIBAJECHTHY MOJEb (2), OCKUIbKM JIMIIE A7 HEl CIPaBeAIUBOIO €
cUCTeMa HepiBHOCTEN
¢ ()2 -7, Voell0,] (23)
p(@)<-m, Voe(a,,»),
3 SIKOTO 30IraeThest HepIBHICTH (20) B OKOJII KPUTUYHOT YaCTOTH @, , .

I3 puc. 1 BumHO, MO I AUHAMIYHOTO O0’€KTa 7-TO TOPSAKY CIPABEIJIUBOIO € CHCTEMa
HEpIBHOCTEH
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L(w) >0, Vo el0,a,,],

(24)
L(w) <0, Voe(w

3p’w)’
BepxHs HepiBHICTH 13 cuctemu (24) CBIAYUTH MpO T€, L0 HA YaCTOTaX JO YacTOTH 3pi3y

TUHAMIYHUN 00’ €KT Bene cebe SK MiICUITIOBAY, IS SIKOTO € CIIPaBEIJIMBOI0 HEPIBHICTD
A(w) =1, (25)

a HIDKHSI HEPIBHICTH 13 cUcTeMH (24) CBIIUUTH PO T€, IO 3a 3HAUY€Hb YaCTOTH, OUIBIIOT YaCTOTU
3pi3y, JMHaMIYHUHN 00’ €KT Besie cede K PUIbTp, Ui IKOTO € CIIpaBeAJIuBOIO HEPIBHICTh

Alw)<1. (26)

[3 BUIIEBHKIIAZIEHOTO BUIUIMBAE, IO i Yac CUHTE3y €KBIBAJEHTHOI MaTEMAaTUYHOI MOJEN1 JJis
0araTOBUMIPHOTO JIMHAMIYHOTO O00’€KTa, KU (YHKIIOHYE B PEXHUMI IEPETBOPIOBaYa BXITHOTO
CUTHAIY Yy BHUXIIHMM 0€3 HEOOXIIHOCTI HWOTro 3aMHKaHHS OJWHUYHUM BiI €EMHUM 3BOPOTHUM
3B’SI3KOM, OOOB’S3KOBO HEOOXIZIHO BpaxoByBatu yMoBH (25), (26). A mig dYac CHHTE3Y
€KBIBAJICHTHOI MaTeMaTU4YHOI Mojeil A 0araroBUMIPHOTO AMHAMIYHOTO 00’€KTa, KEepyBaHHS
SIKUM 3IMCHIOBATUMETHCS 3 BHUKOPHUCTAHHSIM OJWHUYHOTO BII €MHOTO 3BOPOTHOTO 3B’SI3KY,
000B’s13K0BO HEOOX11HO BpaxoByBatu yMoBH (20), (23).

VY miif ctarTi MM NPEACTAaBISIEMO METOJ CHUHTE3y €KBIBAJIEHTHOI MAaTEMaTU4YHOI MOJAENl Jyis
0araTOBUMIPHOTO JIMHAMIYHOIO O00’€KTa, KU (YHKIIOHYE B PEKHUMI MEPETBOPIOBaYa BXITHOTO
CUTHAJy Y BUXIJTHUI, a METOJ] CUHTE3y €KBIBAJIEHTHOT MaTEMaTHUYHOT MOJIEN1 JIIsl 6araTOBUMIPHOTO
JUHAMIYHOTO O00’€KTa, KEpyBaHHS SKHUM 3]1MCHIOBATUMETHCS 3 BUKOPUCTAHHSAM OJMHUYHOIO
BiJI’€MHOTO 3BOPOTHOTO 3B’S3KY, Oy/i€ IpeICTaBICHHI y Hallllil HACTYIHIN CTATTI.

Po3B’a3aHusa nocTraBJieHol 3aga4i

Ockutbku JUisi 6araTOBUMIPHOTO JUHAMIYHOTO 00’€kTa, 110 (YHKIIOHYE B peXuMI Ieperadi
CUTHATY 31 BXOJly Ha BHXIJ, IiJ] 4aCc HOTO €KBIBAJICHTYBaHHS HEOOXITHO 3a0€3MEUYUTH OJHAKOBICTH
XapakTepy po3B’s3KIB OCHOBHOI MaTeMaTH4HOI Mojemi (1) Ta exBiBaJIeHTHOI MOJENi 13 MHOKHHHU
(2) — (4), IKUMHU MU OTTUCYBATUMEMO IIPOIIECH B IIOMY 00 €KTI SIK Y 4aCTOTHINA 00JIaCTi MJICUIICHHS
CUTHAJIIB, TakK 1 B YaCTOTHIN 001acTi ixHboi (uibTpanii, To 1 rpadiku JIAUX L(w) ocHOBHOI Moeni

(1), 1 rpadikn acumnrormunux JIAUX L (@), L,(w), L;(w) eKBIBaIEHTHHX MOJEeH
(2) — (4) noBUHHI MOYMHATHCS 3 OJHIET 1 TI€T K TOYKM 332 HAHIMEHIIIOTO OYaTKOBOT'O 3HAYEHHS @,

4acTOTH @, Y SIKIA
Lw)=L(w,)=L(0,)=L(0,), (27)

1 IPOXOJIUTH Yepe3 OAHY M Ty K TOUKY Ha 4acTOTl 3pi3y @, , TOOTO MaTu OPIEHTOBHUMN BUIJIS,

3p
MOKa3aHUW Ha puc. 2.

JlIs TOAanbIOro po3B’s3aHHsS 3ajadi BBaKATUMEMO, II0 B HAc € MOXJIHMBICTh IOJaTH Ha BXilI
JMHAMIYHOTO O00’€KTa, CKBIBaJICHTHY MAaTeMaTHYHY MOJIENb SKOTO MH CHHTE3YEMO, OIUHUYHUIH
CXOJMHKOBUH curHan (5), peakilis Ha SIKUH JTO3BOJISIE BU3HAYUTH, SIKi 3 BUMOT (6) — (9) BUKOHYIOTBCS, 1 €
MOKJIUBICTh €KCIIEPUMEHTANbHO 3HATH amiutitynHy A(w) ta ¢dasoBy (@) 4acTOTHI XapaKTEpHCTHKH

00’exTa y BUrIi nocuinosHocreit A(@,), ¢(w,), s =1,2,..., N 3a 10noMOroiw CTaHZapTHOTO KOMILIEKTY

NpHUIaaiB, IO CEpifHO BHUIYCKAIOTh 1 SIKUH CKIQJA€Thcs 3 TeHepaTtopa CHHYCOIadbHHUX CHTHAIIB,
MOJBITHOTO TKOBOTO BOJIETMETPA Ta YacTOTOMipa-hazomeTpa Ta JIOMOBHIOETHCS MPUCTPOSMH CHPSKEHHS
LUX TPUIATIB 31 BXOJOM 1 BUXOJO0M JAMHAMIYHOIO 00’ €KTa. A /10 Jlorapu(pMIYHUX YACTOTHUX XapaKTEPUCTHK
00’e€KTa HAM J0MOMAararTh rnepeitu criBBignomenust (16). Tox, maroun JIAUX L(w), 3a m10mOMOroro

CIiBBiAHOMICHH (17) MU JIErKO 3HAXOAMMO YaCTOTy 3pi3y (,, AMHAMIYHOIO 00’€KTa.
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-

L(®). Li(w)

L
1B [ ]

J(@) Lyw) Li(w) Lio) L(o)
i

O
';' 1 2 3 4 10 lgo
—rt : : } : B
0,01 0.1 1 10 100 10° o

Puc. 2. OpienroBHuii Burisia rpadika JIJAUX ocHOBHOT Mozielni 6araToBUMipHOTO AMHAMIYHOTO 00’€KTa Ta rpadikiB
acumnToTnaHux JIAUX #oro ekBiBaJIeHTHUX MoJIeiei

Sk BiTOMO 3 Teopii aBTOMAaTUYHOTO KepyBaHHs [2] 1 moka3zaHo Ha puc. 2, rpadik aCUMITOTUYHOI
JIAUX L,(w) MaTeMaTH4HOI MOJEINI IEPIIOTO MOPAJKY Ma€ JIMIIE 1BA MPSIMOIIHINHUX BIAPI3KH —
MOYAaTKOBHM 13 HYJIbOBUM HaxwioM 1 KiHueBuil 3 Haxuiom 20 nb nHa nekamy. ['padik
acumnToTuyHoi JIAUX maremMatuyHoi MOJeNi JPyroro MopsiaKy mae abo JBa MPSAMOIHIHHUX
BIIPI3KM (SKIIO IMOJIIOCAaMM IepeaarovyHoi ¢yHkuii (12) € mapa KOMIUIEKCHO CHPSKEHUX YHCEN),
NEepUINi 13 SIKMX Ma€ HyJIbOBMM Haxwil, a Apyruil mae Haxua 40 nb Ha nexany — ue rpadik L, (@)
Ha puc. 2, abo TpH NPAMOIHITHUX BIAPI3KM (SKILO MoJrocaMu nepenatouHoi pyskuii (12) e mapa
TIACHUX BIJ’€MHUX 4YMCEN), NEpUIUH 13 SKUX Mae HYJIbOBUN Haxuj, Apyruil Mae Haxui 20 nb na
nekafy, a Tpetiii — Haxwun 40 1b Ha mexany (ue rpadik L) (@) Ha puc. 2). padik ackMITOTHYHOI
JIAUX maremMaTtuyHOi MOJENl TPEThOro HOPAAKY Mae ado TpHU HPSIMOJIHIMHUX BIAPI3KHU (SIKIIO
norocamMu niepefatounoi ¢Gyskmii (13) € omHe [iiicHe BiA€MHE YHCIO 1 JBa KOMIUIEKCHO
CHPSDKEHUX YMCEN), NepIIni 13 SKUX Ma€ HyJbOBUM Haxui, Apyrud Mae Haxui 20 nb Ha nexanmy
(abo 40 nb Ha nekany), a Tperii Mae Haxui 60 nb Ha nekany (ue rpadik L,(w) Ha puc. 2), abo
YOTUPHU MPSAMOJNIHIMHUX BIIPI3KK (AKIIO mMojrocamMu rnepenatouHoi ¢yHkuii (13) € Tpu naiiicHi
BIJI’€MHI 4Kcia), NMEpIIMA 13 SKUX Mae HYJIbOBMM Haxwi, Ipyruil mae Haxun 20 nb Ha nekany,
Tperiit Mae Haxui 40 1b Ha nekany, a yerBepTHit Mae Haxwi 60 1b Ha nekany (ue rpadik L (w) Ha

puc. 2). I3 1poro BChOro 3amam’siTaEMo JIMIIE Te, 110 HAXWJI OCTAaHHBOTO MPSMOJIIHIHOTO Bifpi3Ka
rpadika acumnroruyHoi JIAUX, skuil nepeTwHae YacTOTHY BiCh y Todlli @, Mis 00’€KTa 3

Mozemto 1-ro nopsaaxy (4) nopisHioe 20 1b Ha nekany, Ui 00’€KTa 3 MOJEIUIIO 2-T0 MOpsaky (3)
nopiaioe 40 1b Ha nekany, a s 00’ekta 3-ro nopsanky (2) nopisaroe 60 1b Ha nekany.
A nai, ckopuctaBmuch Bupasamu (11) — (16), 3naitnemo, 1o

L(0) =201Ig A (w) =20Ig K, —=101g(1 + a/»?),

(28)
b, (o) = —arctg(a]a));

Ly (@) =201g 4y () = 201g K, —101g|(1 ~ a,0°)? + a’er? ]
(29)

a0 |
¢, (w) = —arctg ———;
l-a,w
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Ly(0) =201g A, () = 201g K5 — 101g|(1— a,07)? + (@,0 - a50° )2
P (30)
a,w—a,o
@3(w) = —arctg ——.

3rigHo 13 3arajJbHONPUUHATUM MIAX0J0M Yy Teopii ineHTu¢ikauii [3] B s[KOCTI KpuUTepiiB
€KBIBAJICHTYBAHHS B HaIllll 3a/1a4l MU TE€X CKOPUCTAEMOCS CTAHJIAPTHUMHU KPUTEPIIMU HaMEHIIUX
KBaJIpaTiB y HAIIOMY BHIIaJKy BIIHOCHO eKcrepuMeHTanbHO 3HATOI JIAUX OGaraToBUMIpHOIO
ob0’exta L(w,), s=1,2,...,N ta JIAUX exBiBaneHTHHX Mojeneh L,(w), L,(®), Ly(®), T0oOTO

CKOpHUCTAEMOCS (PYHKIIOHATIAMU:

> (L(@) = Li(@)) 31)

Mz

%)=

©“
I

(L(co )—Ly(,)) (32)

M
1=

©
Il

(L(co )— Ly(,)), (33)

Mz

2,

©
Il

HICTaBIAOYM B skl Bupasu and L (w), L,(w), Ly(w), B34Ti 13 cniBBigHomeHs (28) — (30),

MAaTHUMEMO.
N
%, =3 (L(e,) - 201g K, +101g(1+a2a?)f | (34)
s=1
N
= 3 (L(@,) ~201g K, +101g((1- 2,02)? +a20?)) (35)
s=1
N
= 3 (L(@,) ~201g Ky +101g((1 - ay02)? + (0,0, —as0’))) . (36)

Jlaii 3rigHO 31 CTaHAApPTHOIO MPOLEIYypPOI0 METOJAa HaWMEHIIMX KBaJpaTiB y pasl, SKIIO MU B
SIKOCT1 €KBIB&JICHTHOI MaTeMaTH4YHOI MoOjenl BuOMpaeMo audepeHiiaipHe piBHSIHHA (4), TO
NOBUHHI Oynu O y34TH 4YacTUMHHI NOXiOHI BiA X, 3a HeBlIoMMMH KoediuieHtamu K, a,,
MPUPIBHATH LI MOXIIHI A0 HYJSA 1, pO3B’A3aBUIM OTPUMaHy CUCTEMY JABOX PIBHSIHb BIIHOCHO JIBOX
HeBitoMux K, a,, OTpUMaTH YUCIIOBI 3HAUEHHS LIUX JBOX HEBIIOMMX KOE(IIIEHTIB.

AHanoriyHo B pasi, SKUI0 MM B SIKOCTI €KBIB&JIEHTHOI MaTeMaTW4YHOI MOJENl BUOHMpaeMo
nudepeHuianbHe piBHAHHA (3), TO MOBUHHI OyinM O y3sTM YaCTMHHI NOXIJHI Bil X, 32 HEBIIOMUMU
koegiuieHramu K,, a,, a,, NPUPIBHATH LI MOXIAHI 10 HYJS 1, pO3B’S3aBIIM OTPUMAHy CUCTEMY
TPbOX pIBHSHb BIIHOCHO TpbOX HeBinomux K,, a,, a@,, OTPUMATH UHUCIOBlI 3HAYEHHS LHX
HEBIZIOMUX KOE(ILIIEHTIB.

A SKIIO MU B SKOCTI €KBIB&JICHTHOI MaTE€MaTW4YHOI MOJeni BuUOWUpaemo audepeHIiaibHe
piBHSAHHA (2), TO NOBHUHHI Oy O y3sTH 4aCTHHHI IOXIJIHI B X, 32 HEBIIOMUMH Koe(IlieHTaMH
K5, a,, a,, ay, IPUPIBHATH Ll HOXiOHI IO HYJA 1, PO3B’A3aBIIM OTPUMaHy CHCTEMY YOTHPbOX
pIBHSAHB BITHOCHO 4YOTHPBOX HeBIOMHMX K,, a,, a,, a;, OTPUMATH YHUCIOBl 3HAYEHHSA IMX
HEBIZJIOMUX KOE(ILIEHTIB.

Ane SKII0 MU TaKk BYMHMMO, TO OTPUMAEMO MOJENI NPOLECIB y OUHAMIYHUX O00’€KTax,

PO3B’S3KM SIKUX HaOIMXKATUMYTbCS 10 pEajbHUX IPOLECIB Yy CEPEIHbOMY KBaJpaTHUYHOMY, HE
30Iraounch 31 3HAUEHHSMM pealbHUX MpPOLECIB Ha KIHLAX MAlana3oHIB, SKi B YaCTOTHIA 00acTi
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3aJ1aBaTUMYThCS YaCTOTAMU @, Ta @,, 1 VISl SIKUX TIOBMHHI BUKOHYBATHCs BUMOTH (17) ta (27), ski

I1/1 Yac €KBIBAJICHTYBaHHsI [IOBUHHI BUKOHYBAaTUCh 000B’SI3KOBO.

Tox BHXOAWTH, IO T Yac EKBIBAJEHTYBaHHS MAaTEMAaTHYHOI MOJell 0araTOBUMIPHOTO
JTUHAMIYHOTO 00’€KTa MaTeMaTUYHOIO MOJIEIUTIO (4), 110 MICTUTSH JIMIIIE JIBa HEBIIOMUX MapaMeTpu
K,, a;, nua iX BHM3HAYCHHs NOTPIOHO MaTH CHUCTEMY JMIIE 13 JBOX PIBHSAHb, Ky MOJKHA
noOynyBatu i 6e3 y34TTS YaCTUHHUX MOXIIHUX BiA Bupasy (34), a CKOPUCTABIIMCh TPAaHUYHUMHU
ymoBamu (17), (27), amxe 13 (27) uepes MalicTh @, BUTIKAE, 1110

L(o,)=201gK, (37)
a 13 (17) Burikae, mo
201g K, -201gaq, - 20lgw,, =0. (38)
Po3B’si3yroun cucremy piBusiHb (37), (38), MaTuMeMo:
Li@,) 1 Hew
K =10 * , a=—-10 % . (39)
0]

3p
OpHak Mg 4Yac eKBIBAJIGHTYBAHHS MAaTe€MaTU4YHOI MoJeNi 0araTOBHUMIPHOTO JUHAMIYHOTO
00’€KTa MaTeMaTH4YHOO MOJEIIIO (3), 0 MICTHTh TPH HEBIIOMHUX napamerpu K, a,, a, , 1 ix
BU3HAUEHHS MOTPIOHO MaTH CHUCTEMY 13 TPbOX PIBHSHbB, SIKYy MOOYIyBaTH, CKOPUCTABUIMCH JIUIIIE
rpaHnyHUMHU yMoBaMmu (17), (27), yxe He BAAcTbCs, OCKUIbKY 11 TPAaHUYHI YMOBH Jal0Th HaM JIUIIIE
JIBa PIBHSIHHS, a CaMe:

L(w,)=201gK,. (40)
201g K, -20lga,-40lgw,, =0, (41)
13 IKMX MaTUMEMO:
L(w,) 1 L(w,)
K,=10 * | a,=—-10 20 (42)
10}

3p

A 1m0 X A0 TPEeThOro HEBIIOMOIO MapaMerpa a,, TO B LbOMY pa3i A HOro BU3HAUYEHHS BXKe

HEoOX1THO OpaTu YacTMHHY MOXIAHY 32 HUM Bia BHpasy (35) 1 oTpuUMyBaTH, IPUPIBHSABLIU L0
MOXIZHY JI0 HYJIS, Y JOTIOBHEHHS J10 PIBHSAHD (42) 111e i TpeTe pIBHSIHHSI —

N 10K2 o

L(@)-1 i —0 — 43
L L) o a1 (@ 24,0 1 dia ()

1

HEJIHINMHE, aje 3 OJIHUM HEBIIOMUM q,, AJIs PO3B’S3aHHS SIKOT0, HAPUKIIAJ, Y IaKeTl IPUKIIAJIHUX

nporpam Mathcad, 3aknaneno ctanaapTHY MPOLETYPY.
[Ilo % mo eKBIBaJICHTYBAaHHS MAaTEMAaTHYHOI MOJENi 0araTOBUMIPHOTO TWHAMIYHOTO 00’ €KTa
MaTeMaTHYHOI MOJEIO (2), 110 MICTHTh YOTHPH HEBIIOMHX napamerpu K, a,, a,, a,, TO i

iX BU3HAUEHHS NOTPIOHO MAaTH CHUCTEMY 13 YOTHUPHOX PIBHSHB, SIKy NMOOYyIyBaTH, CKOPUCTABIINCH
nuiie rpaHuuHuMU ymoBami (17), (27), Tex He BOacTbCsl, OCKUIbKH 111 IPaHUYH1 YMOBH JAal0Th HAM
JIMILIE 1BA PIBHSHHS, a caMe:

L(w,)=201gK;, (44)
201gK; -20lga, -60lgw,, =0, (45)

13 SIKUX MaTAMEMO:
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L(w,) 1 L(w,)
K,=10 * | a,=—10 » . (46)

w,,

A 1mo X A0 1€ ABOX HEBIIOMUX NapaMeTpiB a,, d,, TO B LIbOMY pa3l AJs IX BU3HAUYEHHS BXKe
HeoOXx1IHO OpaTH /1Bl YaCTUHHI MOXIAHI 32 HUMU Bia Bupa3sy (36) il oTpuMyBaTH, NPUPIBHABLIM 1Ii
MOXITHI 10 HYJISA, Y IOMIOBHEHHS 10 PIBHSAHB (46) 111€ 1Ba PIBHSIHHS:

N 10K2
Z {L(a)s)—lg 2 2 23 4, 2 6:|.
l 1+ (a; —2a,)0; +(a; —2a,a,)0; + a5,
2 4
’ 2 6121603 2613603 4. 2 6 0, (47)
1+ (a; —2a,)0; +(a; —2a,a;)0, +a;0,
il 10K; o —a,0;
Z{L(a)s)—lgl 2, 2 2 4, 2 6:| 2 2 2 4, 2 6:0’(48)
p +(a a,)o; +(a; —2a,a;)o; +a;0. |1+(a; —2a,)o; +(a; —2a,a;)0; + a3,

PO3B’s3aBIIM SIKI SIK CHUCTEMY JIBOX HEJIHIMHMX DPIBHSHb 3 JBOMAa HEBIJOMHMHM 3a CTaHAAPTHOIO
MPOIEAYPOIO B TAKETl MpUKIagHuX mporpam Mathcad mu i oTpuMaemMo B JOMOBHEHHS JO BKE
3HAIeHUX paHile 3a BUpa3aMu (40) 4MCEIbHHMX 3HAYeHb MapaMeTpiB K, a; TaKOXK 1 YHCENIbH1

3HAYEHHs apaMeTpiB a,, d, .

Ane BU3HA4YEHHSIM MOBHOI MHOXXMHHM MapaMeTpiB €KBiBaJIeHTHUX Mojenel (2), (3) uu (4) He
3aBEPIIYETHCS TPOLIEIypa CHHTE3y EKBIBAJIEHTHOI MAaTeMaTHYHOI MOJem ©0araToBUMIPHOTO
JUHAMIYHOTO 00’€KTa, a/pKe MOTPIOHO OLIHUTH 1€ ¥ MOXUOKY €KBIBAJICHTYBaHHS, 10 MPOLELYpU
MoOyI0BM METOUKHA BU3HAYCHHS SIKO1 MU U MepeniemMo.

OuiHoBaHHS NOXNOKH eKBiBaJleHTYBaAHHA

Ax BumHO 3 pucC. 3, MOXMOKY eKBIBaJCHTYBaHHS MojensiMu (2) — (4) OGaraToBUMIPHOTO

IUHAMIYHOTO 00’€KTa B YaCTOTHIN 00/1aCTI MOYKHA 3aIIMCAaTH TaK:
AY,(Jo)=Y(jo)-Y,(jo)=W(jo)X(jo)-W,(jo)X(jo)= (49)
=W (jo)-W,(jo)X(jo)=W,(jo)X(jo), i=1, 2,3,

ne A®UYX pgunamiyHOro o0’e€kTa 3a NOXMOKOI eKBiBaleHTyBaHHA W, (jw) Moxe OyrH

MIPEACTABJICHOO 1 TaK:
Wy (jo) =W (jo) = W,(jo) = A@)e’ - 4 (w)e™ =
= [A(w)cosp(w) — 4,(0)cosp, (@)]+ JLA(w)sin p(w) — 4,(@)sin g, ()] = Ay (@)e’*¥ ), (50)
i=1,2,3,

€ aMmIUlTyiHa dYacToTHa xapakrepuctuka (AUYX) nuHamivHOTO 00’€KTa 32 TOXHOKOIO
€KBIBAJICHTYBaHHS — LI€:

Ay (@) = 4 (0) + 42 (0) = 2A(0) 4, () cos(p(@) — 9, (@), (51)

a ¢azoBa yactoTHa xapakrepuctuka (PUX) — me:

A(0)sin () — 4(@)sin g,()

@, = arct (52)

() c0sp(@) - 4,()c0sp, (@)
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X(w) Y(jom) AY(o)=Y(jo) - Yi(jo)
—e—» W(jo) — LS

Yi(jo)

= Wi(jo)

Puc. 3. CtpykrypHa cxema (hopMyBaHHS MOXUOKU €KBIBaJICHTYBaHHS 0araTOBUMipHOIO TMHAMIYHOTO 00’ €KTa

Skmo y Bupasi (49) 3amaTé BCl KOMIUIEKCHI BEJIMYMHU B MOKA3HUKOBIHA (OpMi, TO OTPUMAEMO
Yy
BHpa3 —
i@ (@ i .
AYl-(a))e'"pA}’( ) Ay, (a,)X(a,)e.l((pA,(w)pr(w))’ (53)
13 sxoro BuTikae, mo AYX auHamiYHOrO 00’€KTa 3a MOXMOKOIO €KBIBaJleHTyBaHHA AY (®)

JOPIBHIOBATUME —
AY, (@)= 4, (@)X (), (54)

ne X(w) — AYX BXiIHOTO CUTHAITy JUHAMIYHOTO 00’ €KTa.

Sk Binomo [4], BukopucroByroun piBHICTb IlapceBais, cepeHiil kBaapar HoXuOku Ay;(t), sKui

XapakTepu3ye ii CepeIHIO MOTYKHICTh, MO’KHA BUSHAUYUTHU 3 BUPaA3y:

Ay, (0 ==[[AY () do, (55)

S — 8

3=

MIICTaBJISAIOYM B SIKUM BUpa3 (54) Ta 3aMIHIOIOYM IHTETpall CyMOIO 3HAUE€Hb Y TOUKAX JAUCKpeTU3aLil
CIIEKTpa, OTPUMAEMO:

Aa) m
(0> —=2 [ Au (@)X (@)f =
s=1
_ Ao & [ 2 2 ] 2
=— 247 (@)+ 4 () =24() 4, () cos(p(@,) = 9, (@)| X7 (@), (56)
ne A@w — IHTepBal JUCKPETHU3allii 32 4acTOTOI B JIOrapu(MIiYHOMYy MacmTabl, @, — BEPXHA

4acTOTa CMYI'M MPOIYCKAaHHS JUHAMIYHOTO 00’€KTa, a KUIbKICTh AUCKPET M 3HaXOAATh 13 BUpa3y:
wmax — wn

Haii6inpmoro cepenns noxubka Ay,(f) Oyzae mijg yac BIANIPALIOBaHHA AMHAMIYHAM 00 €KTOM

CTpUOKOTIOMIOHOTO BXIAHOTO CUTHANY (5), VISl SIKOTO
X(jo)=——=1e 2. (58)
jo o
[MincraBnstoun X (w) 13 (58) y (56), matumemo:
— Ao &
Ayi(0) ==X Ay (0) X (0,)] =

s=1
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A0S L 0+ 4(@) - 24(0) 4 (@ c0s(0(@,) -9, @) ] 9)
s=1 ’

3a ananoriero 3 Bupazamu (55), (56), (58) ta (59) cepeanio moTyXHICTh )(f) BUXITHOTO CUTHAITY
y(t) nuHaMiYHOTO 00’€KTa K HOro peakiilo Ha BXAHUM OJMHUYHUN curHan (5) MoxHa
MIPEJCTaBUTH Y BUTIISII —

20 =~ [V (@ do ~ 223 [4(@,) X(0,)F =223 42(0,)— (60)
T 0 T =1 T =1 COS

3 ypaxyBanHsM BupasiB (59) i (60) BimHOCHMII cepeaHild KBaJpaT MOXWOKUA €KBIBAJICHTYBAHHS
0 y;(t), BUpaXEHUH y IPOLEHTAX, MOKHA IPEICTABUTH y BUTIISAI —

A D000, =13, 61)

y(®)
PospaxoByroun 3a Bupazom (61) 3 ypaxyBanusm BupasiB (59) i1 (60) BigHOCHHI cepemHii
KBaJIpaT NMOXMOKM EKBIBAJICHTYBAHHS, MM 1 MpUHMaTUMEMO DILICHHS 3aJ0BOJIbHSE HAac BHOpaHa
€KBIBaJIECHTHA MO/I€JIb 0araTOBUMIPHOTO AUHAMIYHOTO 00’€KTa Yu Hi.

6y (1) =

BucHoBxku

1. 3anponoHoBaHO MeTOJ 1IeHTUdIKALI] TpolieciB y OaraTOBUMIPHUX TUHAMIYHUX 00’ €KTaX, 1110
JIOTIYCKAIOTh JIIHEapU3allilo 1 MPalioTh y PeXuMl MpsAMOI Nepegadi CUrHaily, MaTeMaTUYHUMHU
MOJENSIMU HE BULIE TPETHOTO MOPSIJIKY, €KBIBAJIEGHTHUMH 32 YAaCTOTOIO 3pi3y.

2. AJITOpUTM METOJy IPYHTYETbCS Ha CUCTEMI pIBHSIHb, OJJHA YAaCTHUHA SKUX CHUHTE3YETHCS 3
ypaxyBaHHSIM T'PaHUYHHMX YMOB, IO 33/1al0ThCSI YaCTOTOIO 3pi3y, a 1HIIA YaCTHHA CHUHTE3YEThCS 3a
CTaHJAPTHOIO MPOIEAYPOI0 METOy HAWMEHIIUX KBAJpPATIB BITHOCHO JIOTApU(PMIYHHX YaCTOTHUX
XapaKTEePUCTHUK.

3. YV SKOCTI KpUTEPII0 MOKJIMBOCTI €KBIBAJEHTYBaHHS 0AaraTOBUMIPHOIO JIMHAMIYHOI'O 00’€KTa
BUOPAHOIO  EKBIBAJIEHTHOIO MaTeMAaTUYHOK MOJIEJUII0  3alpOIIOHOBAHO BUKOPHUCTOBYBAaTH
BIJTHOCHUN cepeHiil KBaJpaT MOXMOKU €KBIBAJIEHTYBAHHS, /ISl IKOTO OTPUMAaHO OOYMCIIIOBAJIbHY

popmy.
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O. B. Mokin, Dr. Sc. (Eng.), Prof.; V. B. Mokin, Dr. Sc. (Eng.), Prof.;
B. I. Mokin, Acad. NAPSU, Dr. Sc. (Eng.), Prof.; I. O. Chernova

METHOD OF PROCESSES IDENTIFICATION IN MULTIDIMENTIONAL

DYNAMIC OBJECTS, PERMITING LINEARIZATION, BY NOT HIGHER

THAN THIRD ORDER MATMEMATICAL MODELS, EQUIVALENT BY
THE CUT-OFF FREQUENCY

Method of processes identification in multidimensional dynamic objects, permitting linearization and
operating in direct signal transmission mode, by mathematical models of not higher than third order,
equivalent by the cut-off frequency is suggested. Algorithm of the method is based on the system of
equations, one part of which is synthesized, taking into account limiting conditions, set by cut-off frequency,
and the second part is synthesized by the standard procedure of the method of least squares relatively
logarithmic frequency characteristics.

Key words: dynamic system, mathematic model, cut frequency, differential, making equivalent, method of
least squares.

Problem set-up and initial preconditions

In [1] conditions are determined, under which processes in dynamic objects, permitting
linearization and described by differential equations of high orders, i. e., differential equations,
having the form

n n—1
dy+a d y+...+a1%

d T de!

a +y:Kx,n>3,

1)
in the range of motion coordinates change can equivalently (without introducing substantial errors)

be described by means of differential equations of the order, not greater than third, 1. e. differential
equations that have the form

&y dy - dy

ay—3 5 ta—+y=Kx
dt dt dt
(2)
or form
2
a2%+a1%+y =K,x
, (3)
or even the form
a, % +y=Kx
4)

These conditions are the following: only for these dynamic objects, when single input signal is
sent to their input

O=10) {1, t>0,
X = =
0,r<0,
&)
for their reaction y(?) expressions are valid:
y'(0)#0,
(6)
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y'(t)#0, Vte[0,0)

(7)
as equivalent model differential equation of the form (4) can be used.
If for y(?) reaction of the dynamic objects the expressions are valid:
y'(0)=0
®)
V'(t)=0 ’ t, €[0,00) ’ ©)

then as the equivalent model differential equations of the form (3) can be used. And if for y(?)
reaction of the dynamic object expressions (6) and (9) are valid, then as the equivalent model
differential equation of the form (2) can be used.

In the same research [1] it is shown, that for the synthesis of the equivalent models of
multidimensional dynamic objects in the classes of equations (2 — 4) conditions (6 — 9) are necessary
but not sufficient and sufficient conditions of equivalization of dynamic objects, using their
logarithmic frequency characteristics — amplitude (LAFC) L(w) and phase (LPFC) ¢(w) [2] which
for dynamic object, motion of which in general form is described by differential equation of the »"
order (1) approximately may be presented as it is shown in Fig. 1.

a)
L(w), L(w),
dB ) dB
0,01 0,01
-1 -
¢(m), o(m), )
rad rad 3

Fig. 1. Approximate LAFC and LPFC graphs of dynamic object of n” order

It should be noted, that transforming differential equations (1 — 4) by Laplace transform [2], we
may pass to their equivalents on the complex plane — transfer functions — in the form:

W(p):y(p): K
x(p) a,p"+a, p"+..+ap+] (10)
K
W(p)= L,
(p) ap+l
‘ (11)
K
W, =2
(P) ap2+ap+1
2 1 (12)
K
W, = 3 ,
(p) a,p’+a,p’ +ap+1
3 2 1 (13)

for which it is valid:
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W,(jo)=W,(p) . =R(0)+j0i(w)=4(w)e’"”, i=1,3
p=Jjo
: (14)
A(0) = \/ R} (@) + 0} (w), o, (w)=arctg 9(@) ,
R (@)
| (15)
L(w)=201g 4 (o), (16)

It should be remembered that in the expressions (16) for LAFC and LPFC the increments of
angular velocity @ are laid off on frequency axis in decades.

As it is known from [2], for LAFC and LPFC two frequencies are characteristic — frequency of
the cut-off @, and critical frequency @, , found from the equations:

cr?

L(w,)=0, (17)

p(o,)=-1 (18)

and have geographical interpretation, shown in Fig. 1.
According to Nyquists criterion [2], if, as it is shown in Fig. la, for stable dynamic object the

condition is satisfied

o, <0, (19)

2

then it remains stable after closing it by a single negative feedback. That is, in such an object the
character of processes to its closing by a single negative feedback and after closing does not change.
If for dynamic object, stable in open state, the condition is satisfied (see Fig. 1b),

COC >C()cr, (20)

then it becomes instable after closing it by a single negative feedback. That is, in such an object
character of processes to its closing by a single negative feedback and after closing changes.

That is why if the condition (19) is satisfied for multidimensional dynamic object equivalent
models in the form (3) and (4) can be used, as for the first of them, as it is known [2] inequality is
valid

¢mm>—%,Vwemw;
@2y
and for the second inequality is valid
o,(w)>-n, Vwe[0,0)
(22)
If for multidimensional dynamic object the condition (20) is satisfied, then for the description of

the processes taking place in it equivalent models (3), (4), cannot be used, but it is necessary to use
the equivalent model (2), as the system of inequalities is valid for it

o;(w)z2-n, Voell,o,],
o;(w)<-n, Voe(o,,), (23)
with which an inequality (20) coincides near critical frequency @, .

From Fig. 1 it is seen that for dynamic object of n” order the following system of inequalities is
valid
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L(w) >0, Vo el0,0,],

L(w) <0, \v4 ,00).

(@) o € (@,,0) o)

Upper inequality from the system (24) testifies that the dynamic object behaves as an amplifier on
the frequencies up to the frequency of the cut-off, the following inequality is valid for it

Alw) =1,
(25)
and lower inequality from the system (24) testifies that at the values of frequency, greater than

frequencies of the cut, the dynamic object behaves like a filter, for which the following inequality is
valid
Alw)<1
(26)

It follows from the above-mentioned, that while synthesis of the equivalent mathematical model
for multidimensional dynamic object, which functions in the mode of input signal converter into
output signal without the necessity of its closing by a single negative feedback, the conditions (25),
(26) must be taken into account. While synthesis of the equivalent mathematical model for
multidimensional dynamic object, control of which will be performed by means a single negative
feedback, conditions (20), (23) must be taken into account.

In the given paper we present the method of equivalent mathematic model synthesis for
multidimensional dynamic object, that functions in the mode of input signal converter into output
signal, and the method of equivalent mathematical model synthesis for multidimensional dynamic
object, the control over which will be performed using single negative feedback, we will present in
our next paper.

Solution of the set-up problem

As for multidimensional dynamic object, functionning in signal transmission mode from the input
to output, while its equivalenting it is necessary to provide identical character of the main
mathematical model solution (1) and equivalent model from the set (2 — 4), by which we will
describe processes in this object, both in frequency region of signal amplification and in frequency
region of their filtration, then the graphs of LAFC L(w) of the basic model (1) and graphs of

asymptotic LAFC L,(w), L,(®), Ly(®w) of the equivalent models (2) — (4) must start from one and

the same point at the least initial value @, of the frequency w, in which

L(a)n) = L] (a)n) = L2 (a)n) = L3 (a)n)’ (27)
and pass across one and the same point at the frequency cut w,, 1. e., have approximate form, shown
in Fig. 2.

For further solution of the problem we will assume that we have the possibility to provide at the input of
dynamic object equivalent mathematic model of which we synthesis, single stepwise signal (5), response to
which allows us to determine, which of the requirements (6)—(9) are realized and there is a possibility to
measure experimentally amplitude A(w) and phase @(w) frequency characteristics of the object in the form
of sequences A(w,), (w,),s=1,2,...,N by means of standard set instruments, that comprises sinusoidal

signals generator, double peak voltmeter, frequency meter-phase meter and is equipped with intercoupler
devices with input and output of dynamic object. Relations (16) will help up to pass to logarithmic frequency
characteristics of the object. That is why, having LAFC L(w), by means of relation (17) we easily find cut-

off frequency @, of the dynamic object.
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L(®).A Li(®) L,(®) Ly®) L;(®) L) L(w)
/

dB [ .

Op Myp
‘ 1 2 - 2 ‘ 9 10 lgo)
: } : : ” . - : : B
0,01 0.1 1 10 100 10 10° 10° 10 100 o

Fig. 2. Approximate view of LAFC graph of the basic model of multidimensional dynamic object and graphs of
asymptotic LAFC of its equivalent models

As it is known from the theory of automatic control [2] and is shown in Fig. 2, the graph of
asymptotic LAFC L,(®) of mathematical model of the first order has only two straight line segments

— initial with zero slope and final with 20 dB slope per decade. Graph of asymptotic LAFC of the
second order mathematical model has either two straight line segments (if the poles of transfer
function (12) is the pair of complex conjugate numbers), the first of which has zero slope, and the
second one has the slope of 40 dB per decade — this is graph L,(®) in Fig. 2 or three straight line

segments (if the poles of transfer function (12) is the pair of real negative numbers), the first of
which has zero slope, the second has 20 dB slope per decade and the third one has 40 dB slope per

decade — this is graph L) () in Fig. 2. The graph of asymptotic LAFC of the mathematical model

of the third order has two or three straight line segments (if the poles of the transfer function (13) is
one real negative number and two complex conjugate numbers) the first of which has zero slope, the
second had 20 dB slope per decade (or 40 dB per decade) and the third has 60 dB slope per decade

— this 1s graph L,(w) in Fig. 2, or four straight line segments (if poles of the transfer function (13)

are three real negative numbers), the first of which has zero slope, the second has 20 dB slope per
decade, the third has 40 dB slope per decade, and the fourth has 60 dB slope per decade — this is

graph L;(®) in Fig. 2. We will only remember that the slope of the last straight line segment of
asymptotic LAFC graph, crossing frequency axis in point @, for the object with the first order model

(4) equals 20 dB per decade, for the object with second order model (3) equals 40 dB per decade
and for the third order object (2) equals 60 dB per decade.
Further, using the expressions (11) — (16), we will find that

L(0) =201Ig A (w) =201g K, —-101g(1 + a/w?),
q)] (a)) = _aFCtg(a]a)); (28)
Ly (@) =201g 4y () = 201g K, —101g|(1 ~ a,0°)? + aler?
a,0
0, (@) = —arctg ——;

l-a,w (29)
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Ly(0) =201g A, () = 201g K5 — 101g|(1— a,07)? + (@,0 - a50° )2

3
W) =—-arctg —————.
§03( ) 8 1—a2w2 (30)

In accordance with generally adopted approach in the theory of identification [3], as equivalenting
criteria in our problem we will make use of standard criteria of the least squares, in our case,
relatively experimentally measured LAFC of multidimensional object L(w,), s=1,2,...,N and

LAFC of equivalent models L,(w), L,(®), L;(®), that is, we will make use of the functionals:

N
T =Y (L(@,) - Li(w,))
s=1

, 31
N
2, =2 (Uw,) - Ly(o,))
s=1 , (32)
N
2y =2 (L(w,) - Ly(@,))
s=1 , (33)

substituting in which the expressions for L,(w), L,(®), L;(w), taken from the relations (28) —
(30), we will obtain:

Mz

5, =3 (L(w,) - 201g K, +101g(1 + af))z
= (34)
N
%, = 3 (L(w,) - 201g K, +101g((1- a,0%)* + a)z))z
= (35)
N
= (L(0,) ~201g K; +101g(1- 4,07 + (@0, —a3w3>2>)2
= (36)

Further, according to standard procedure of the least square method, in case if we select as
equivalent mathematic model differential equation (4), then partial derivatives from X, with respect
to unknown coefficients K,, a,, would have to be taken, equated with zero, and having solved the
obtained system of two equations with respect to two unknown K, a,, obtain numerical values of
these two unknown coefficients.

Similarly, in case, when we select as the equivalent mathematical model differential equation (3),
then, we would have to take partial derivatives from X, with respect to unknown coefficients
K,, a,, a,, equate these derivatives with zero and having solved the obtained system of three
equations with respect to three unknown K,, a,, a,, and obtain numerical values of these unknown
coefficients.

If we select as the equivalent mathematical model differential equation (2), we would have to take
partial derivatives from X, with respect to unknown coefficients Kj, a,, a,, a;, equate these
derivatives with zero and having solved the obtained system of four equations with respect to four
unknown X,, a,, a,, a;, and obtain numerical values of these unknown coefficients.

But if we act in this way, then we will obtain models of the processes, taking place in dynamic
objects, solutions of which will approach to real processes in root-mean-square, not coinciding with
the values of real processes at the end of ranges, which in frequency area will be set by the
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frequencies @, and ,, for which the requirements (17) and (27) must be satisfied, that at
equivalenting , must be satisfied obligatory.

That is why, it follows that while equivalenting mathematical model of multidimentional dynamic
object by mathematical model (4), containing only two unknown parameters K,, a,, for their
definition we should have the system, consisting only of two equations, that can be built without
taking partial derivative with respect to the equation (34), but making use of limiting conditions (17),
(27), because from (27) due to the small value of w,, it follows, that

from (17) it follows that
Solving the system of equations (37), (38), we will obtain:
L(w;) 1 L(w;)
K, =10 %, a=—10 %
@e . (39)

However, while equivalenting mathematical model of multidimensional dynamic object by
mathematical model (3), containing three unknown parameters K,, a,, a,, for their determination
we must have the system, consisting of three equations, but we can not build this system using only
limiting conditions (17), (27), as these conditions give us only two equations, namely:

from which we will get:
L(w,) 1 L(w,)
K,=10 | a,=—10
@ . (42)

Regarding the third unknown parameter ¢, in this case for its determination partial derivatives
must be taken from the expression (35) and obtain, having put this derivative to zero, in addition to
equations (42), still the third equation —

ol 10K o}

L(w)—-1g ‘ ~0
; 1+ (af —2a,)0 +a30; |1+ (af —2a,)0! + a0,

(43)
non-linear equation, but with one unknown, for solution of which, for instance, standard procedure is
put in the package of applied programs Mathcad

Regarding equivalenting  mathematical model of multidimensional dynamic object by
mathematical model (2), containing four unknown parameters K, a,, a,, a,, for their determination

we must have the system consisting of four equations, which can not be built using only limiting
conditions (17), (27), as these conditions give us only two equations, namely:

L(a)n):201gK3’ (44)

we will get from them:
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1 L(w,)
10 20

L((‘)n) a3 = —3

K,=10 | ;

(46)
Regarding two unknown parameters a,,a,, in this case for their determination two partial

derivatives must be taken with respect to expression (36) and obtain, having put these derivatives
equal to zero, in addition to equations (46) two equations more:

%{L(a)s)—lg 10K3 }

1+ (af —2a,)0! +(a5 —2a,a,)0; +a;0°

ala)32 _03“’3
’ 2 2 2 4, 2 =0,
1+(a; —2a,)0; +(a; —2a,a;)0, +a;0, (47)
il I | 10K O} —a,0! 3
Z (ws)_gl 2_ 5 2 2_5 4.2 6 2 2 2 4, 2.6
=1 +(a; —2a,)0; +(a; —2a,a;)0; +as0, |1+(a; —2a,)0; +(a; —2a,a;)0, +a;0, (48)

having solved them as the system of two non-linear equations with two unknown, using standard
procedure in the package of applied programs Mathcad, we obtain in addition to already found by
the expressions (46) numerical values of parameters K, a; numerical values of parameters

a,, a,.

But the procedure of the synthesis of the equivalent mathematical model of multidimensional
dynamic object is not over when the full set of equivalent models (2), (3) (4) parameters have been
determined, the error of equivalenting must be evaluated, we will pass to the procedure of
determination technique construction.

Evaluation of equivalenting error

As it is seen from Fig. 3 equivalenting error by models (2) — (4) of multidimensional dynamic
object in frequency region, can be written as:

AY,(jo)=Y(jo)=Y,(jo)=W(jo)X(jo)-W,(jo)X(jo)=

=(W(jo)-W,(jo)X(jo)=Wy(jo)X(jo), i=1,2,3, (49)

where APFC of dynamic object by equivalenting error W,,(j®) may be presented as:
Wy (jo) =W (jo)=W,(jo) = A@)e™ - 4,(0)e’" =
=[4(@)cosp(w) - 4, (@) cosp,(@)]+ jTA(@)sin (o) — 4, (@)sing,(@)] = 4y, (@)’
i=1,2, 3, (50)

where amplitude frequency characteristic (AFC) of dynamic object by equivalenting error — it is:

Ay (@) = 42 (@) + 47 (@) ~2A(@) 4 () cos(p(@) - ,())

: (51
and phase frequency characteristic (PFC) —it is:
o0 — areig A@3Sn9(@) = A(@)sin g, (@)
A(@)cosp(e) - 4(w)cosp, () )
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X(w) Y(jo) AY(o)=Y(jo) - Yi(jo)
—e—» W(jo) 4@ = -
1=1,2,:

Yi(jo)

= Wi(jo)

Fig. 3. Structural diagram of equivalenting error formation of multidimensional dynamic object

If all complex values in demonstrative form are set in the expression (49), then we obtain the
expression —

AY (@)™ = 4, (0) X (0)e/®5(@+0x (@) )

from which it follows that AFC of the dynamic object by equivalenting error AY,(w) will be equal to

AY (@) = 4y (@)X (@) (54)

where X (w) — AFC of dynamic object input signal.
As it is known [4], applying Parserval equality, root-mean-square error Ay;,(¢), characterizing its
average power, can be determined from the expression:

1 o0
_ —([av(e)]de
Ayi(t):ﬂ”(l). (55)

2

substituting in it the expression (54) and replacing the integral by the sum of values in the points of
spectrum quantization, we obtain:

M0 =223 [y 0 X (@] =
s=1

Aa) m
=208 () + A (@,) - 24(,) 4 (0,)coslp(@,) 0, (0,)] X*(@,)
T s=
: (56)
where Aw — quantization interval by frequency in logarithmic scale, @, , — upper frequency of
the bandwidth of the dynamic object, the number of discretes m is found from the expression:
o, . —0

— max n
m=———--"

Aw (57)

Mean error Ay,(t) will be the greatest while processing by the dynamic object jump-like mput
signal (5), for which

X(jw)= ]Lco _ ie‘jz
(58)

Substituting X (w) from (58) into (56) we will have:

2 (0~ 223 4y (0) X (@)f =

s=1
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= %i [A2 (a)s ) + A12 (a)s) - 214((05 )Al (a)s ) COS(qD(COS ) - qu (a)s )):ILZ
T o5 (59)

By analogy with the expressions (55), (56), (58) and (59) average power m of initial signal
y(t) of the dynamic object as its reaction on the input single signal (5) can be presented in the form

0

Y0 =~ [[V (@ do =223 [0, X(0,)F =223 4 (0,)—
T T 5= T =1 w

s (60)

Taking into account the expressions (59) and (60), relative root-mean-square error of

equivalenting & y,(¢), expressed in per cent, may be presented in the form —

Ay, —
_Qéﬁillooee, i=1,3

5y,(t) =
yi(1) 0 | .

Calculating by the expression (61), taking into account the expressions (59) and (60) relative
root-mean-square of equivalenting error, we will take a decision if the selected equivalent model of
multidimensional dynamic object satisfies us or not.

Conclusions

1. Method of processes identification in multidimensional objects, allowing linearization and
operating in direct signal transmission mode, by means of mathematical models of not higher than
the third order, equivalent by the cut-off frequency is suggested.

2. Algorithm of the method is based on the system of equations , one part of which is synthesized,
taking into account limiting conditions, set by the frequency of the cut-off and the second part is
synthesized by the standard procedure of the least square method relatively logarithmic frequency
characteristics.

3. As the criterion of equivalenting possibility of multidimensional dynamic object by the selected
equivalent mathematical model it is suggested to use relative root-mean-square of equivalenting
error, for which computational form is obtained.
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