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II. 1. YepHusk

JOCJLI)KEHHSA 3BIDKHOCTI METOAY CKIHUEHHUX CMYT IIJ] YAC
PO3B’SI3AHHS IIVIOCKOI 3AJIAYI TEOPII IPYKHOCTI

Y ecmammi nasedeno ancopumm po3paxynky niockoi 3a0avi meopii Bpy’CHOCMI 3G MeMoOOM CKIHUEHHUX
cMye, MOKa3amo 1o2o ocobausocmi ma nepesacu. Buxowano awnaniz pezynomamie y NopigHAHHI 3
pe3VIbMAmamu, OMpUMAHUMU 34 MEMOOOM CKIHUEHHUX eleMeHmI8.

Knrouoei cnosa: cxinuenna cmyea, MemooO CKIiHUEHHUX CMYe, MemOO CKIHYEHHUX eneMeHmis, NIOCKUll
HanpysceHuti Cma.

AKTYAJIBHICTB 3a1a4i J0CTiTZKEeHHS

JIist po3B’SI3Ky JESKUX 3a1a4 Teopii MPYKHOCTI, 00’€KTOM AOCIIKEHHS SKUX € KOHCTPYKIIIl 3
MOCTIAHUMH (PI3UKO-T€OMETPUUHUMHU XapaKTEPUCTHUKAMU Ta MPOCTUMU TPaHUYHUMHU YMOBAMH,
HalledekTuBHIMM € MeTo] cKiHueHHUX cMyr (MCC). OcobnuBo edekTUBHMM BIH y 3a1adax, e
OJIMH po3Mip € Habarato OUTBIINK 3a Ipyruil. Y TakuX 3aJadax MO>KHA BBECTH JESKiI CIIPOIICHHS,
BUKOPUCTOBYIOUM 3arajibHi anpoKCUMyBaJibHI (QyHKUI. BuKOpuUCTaHHS anpoKCUMYBaJbHUX
GyHKUIN € cnulbHUM sIK a1 MeTtonxy ckiHueHHux enemeHTiB (MCE), tak 1 gns MCC, 3 Tiero
BiIMIHHICTIO, 1m0 32 MCC y mO3I0BXXHHOMY HAIPsIMKY PO3B’S3yIOTh KOHTUHYQJIbHY 3a/iady 3
BUKOPUCTAHHSM JIMIIE TPUTOHOMETPUUHUX (YHKINIH, 6e3 auckperusalii Ha mpocTimi QyHKui. Y
MONIEPEYHOMY HAINPSIMKY PO3B’A3YIOTh JAUCKPETHY 3ajauy, sika YyTBOPIOEThCS LUISIXOM PO30UTTS Ha
CKIHYE€HHI CMYT'H PO3JAUIEHI BY3JIOBUMU JIHIAMH, poOOTa SAKUX OMUCYETHCS JIHIMHUMHU (YHKLIIIMU
¢dbopmu 3a ananoriero 1o MCE (puc. 1a).

Mupokwuit 6i6miorpadiunuil orisa po3Butky MCC Bukonano y crarti [3]. MCC npocratHbo
JETAIBHO OMKCaHo B MOHOTpadisx [1, 2].

Metoro cTarTi € JNOCHKEHHS 30DKHOCTI pe3yibTaTiB IJIOCKOI 3ajayl Teopii MPYKHOCTI Ha
MPUKIIAJIl pO3PaXyHKY KOHCOJIbHOT IJTACTUHKU METOJIOM CKIHUEHHUX CMYT.

Puc. 1. MeTon CKiHYEHHHX CMYT: a) CKIHUEHHO-EIEMEHTHA MOJIEIb; 0) CKIHYeHHa CMyTa

BuxkJjaneHHsi 0CHOBHOI'0 MaTepiaay

Posrnsnarots 130TpOIIHY, TOHKY, 3 MOCTIHHOI TOBIIMHOK IUIACTHHY, HA OJHWH 13 KIHIIB SKOT
HaKJIaJeHl Bs3l, 0 3a00pOHSAIOTH Oynb-fKi MEpEeMIIlleHHS B IUIOMIMHI X Ta ), IHIIMN KIHELb
nepeMillyeTbcsi BUIbHO. HaBaHTa)keHHs MpUIHATE y BUIJISAL PIBHOMIPHO-PO3MOJAUIEHOIO Ha
OJIMHULIIO 00’eMy MaTepiaiy, SKe JIi€ B HaPsAMKY BIIMIOBIAHOMY JI0 HANPsIMKY BEKTOPY MEepPEMIILIEHb
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— OY. HanpyxeHo-aepopMoOBaHUN CTaH IMJIACTUHU OMUCYIOThH IIOCKOIO 33/1a4€l0 TE€Opii MPYKHOCTI
Ta 3HaxolATh 3a jonomororo MCC y mnepeMmillleHHSX, TOOTO BUKOPHCTOBYIOTh €KBIBaJEHTHHM
MPUHIMI MIHIMyMY OTEHLIAIbHOI €HEePrii, SIKUM BUPAXKa€ThCs Yepe3 M0Jie MOKIIMBUX IEPEMIIICHb
3amanoi hopmu.

Po3rasiHeMo CKIHUEHHY CMYTY S, OBEAIHKY SIKOT OIUCYIOTh MEPEMILLIEHHSM BY3JIOBUX JIIHIH i Ta

J (puc. 16).
VY Mexax CKIHYEHHOI CMYI'M S KOMIIOHEHTH IEpEeMIIEeHb u, V alpOKCUMYEMO (YHKLIAMHU Yy

Burisia u(x,y) Ta v(x,y) [1]:
)] | &
bH“J’ }Elym )

) G Ere.

m=1

; (1)

Jie ¥ — KUIbKICTh JIOJAHKIB WIEHIB psiAy; L —JOBXXHHA CKIHUEHHOT CMYT'H, b — IIUPUHA CKIHUEHHOT
CMYTH, i, j—BIINOBIIHO IHIEKCH BY3JIOBHX JIHIA f1, =m7T.

Y, ()= Z[l cos (Mﬂ @)

m=1

Crix 3a3HAa4UTH, 110 32 PaXyHOK BHOOPY GYHKIN (popMu 3a0e3MMeuyroTh YMOBHU 3aKPITUICHHS Ha
KIHISAX Ta YMOBH HETIEPEPBHOCTI HA TPAHUIISIX CKIHUYEHHOT CMYTH.

Oynkuii (1) mogaemMo y BUrIIsAL
{t} = [V}a 3)

ne [N ] — maTpuus GyHKIIH Gopm; {d } — BEKTOp NepeMIlIEHb.
VY BUNAJKY MJIOCKOTO HAMPYKEHOTO CTaHy BEKTOp Jedopmaliiii MOXKHA 3amUcaTH 4epe3 BEKTOP
nepeMilieHb y BUTIISIL

£ du/éx
el=1¢,=1 a/y =[Blld}, (4)
V| /Oy +dv) o

ne [B ] — MaTpHIls NOXITHUX B QYHKLIN (opM.
Oi3U4HI XapaKTEPUCTUKU IJJACTUHKU BPAXOBYIOTh 3a JIOIIOMOTOI0 MATpHUIll IPYKHOCTI [D]
po3mipom 3x3 Ta BUpaxkaroTh uyepe3 Moayib FOura — E ta xoedimient [lyaccona — v:
D. D 0
[D]=|D, D, o0 | (5)
0 0 D,
v E

D E D £ D £ D
(-v2) 7 2] T 2 T (102

Toai BEKTOp HaNpyXeHb Ma€ TaKUM BUTIISL;
to}=Dle}=[p]5lda} (6)

Martpuus KOpCTKOCTI ISl OJTHOTO CKIHYEHHOI'O eJIeMEeHTa [k]e Ma€ BUTJIA

Haykosi npaui BHTY, 2014, Ne 4 2



BYAIBHUIITBO

kp= )
k.. k.|
JUo
JUis  130TpOnHOI IUIACTUHU TMOCTIMHOI TOBIIMHM Ha OCHOBI BapilalliiHOTO MPUHLHUITY,
YPaxoOBYIOUH CITIBBITHOIIIEHHS [Bi] Ta lB jJ’ MaTpHILS [k] Ma€ Takui BUTIISIA [S]:

kl.j =¢ i [BZ.F[D][BJLZA, (8)

ne i, j—I1HJIEeKCH KOMIIOHEHT MEePEMIIIEHb Y HAPSAMKY X Ta ) BIAMOBIIHO.

Buxonasiu neperBopenHs (1) — (5), MoXHa 3amucaTé MaTPULIIO )KOPCTKOCTI B IBHOMY BUTJISIL

2 2
DD b, DIyD Ly 6D D KL DD,
3b 2 6b 2
2 2
Dis+Dylg DL I Ds=D I D b+6D I
K= 6D I 3) b1 D.I 3?) I 3D I 3) b1 D.I 611)) 1| ©)
3 Fa xy 2 13 “xy'4 1t xy 3 1'3 “xy'4
6b 2 3b 2
2 2
Ds=Dylg DY =6D I Dg+D T D 143D I
i 2 6b 2 3h |

[ [ [

/
=t(j)YmuYnudy; I3 = t(j)Ymuandy; Iy = t(j)Ymuandy; I5 = t(j)Yvanudy;

/ / /
Ig =t (j) y Y dys I =t (j) Y Y dys Ig =t (j) y Y dy.

[

ne I =t(j)YmuYnudy; 12

VYpaxoBylO4ul BIIACTUBOCTI OPTOTOHAIBHOCTI, JUISl BUMAJKY LIAPHIPHO 3aKpIUIEHOT CMYrd Ha
KIHIISIX JUISL M # 1 OTPUMAEMO:

/
[Y Ydy=0
omn
/ . (10)
Y” Y” —
(j) " ndy 0

BekTop exBiBaJIeHTHUX CUJI 30CEPEKEHHX Y By3JaX CKIHYEHHOI CMYT'H {F }e , Ma€ TaKUM BUTIIA]

[5]:
{1y =[N g}, (11)

ne [g] - Bexrop 06 emunx cu.

JUis TUIOCKOTO HAmpy>KEHOTO CTaHy, YpPaxOBYIOUM JIHIMHMM pO3MOJUT MEepeMilieHHS B
MONIEPEYHOMY HAIPSIMKY, BEKTOp €KBIBaJEHTHHUX CUJ y BUIAAKY Jii PIBHOMIPHO PO3MOJALIEHOIO
HABAaHTAXXCHHS Ma€ TaKUW BUTJISIA:
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/
Y
Qx(J; mdy
L
q, —|Y' dy
l , (12)
‘Ix(J;Ymdy
/

/
qy — 1Y dy
y,umo m

{fq}e:

N | S

i€ ¢y Ta ¢, — KOMIOHCHTH BEKTOPA HABAHTAXCHHS BIAMIOBIIHO B HATIPSMKY X Ta ).

Ha mincrasi BapialiiiHOTO NPUHLUITY MOKJIMBUX mepeMiuieHb Jlarpamxka 3a aHanoriero 1o
METO/1y CKIHUEHHHUX €JIEMEHTIB [5] OCHOBHE PIBHSHHS Ma€ TaKUM BUTIISAL:

[Kldj=1F} [K]=X]* {FI=21r), (13)

e e

ne [K],{F } — MaTpulsd JKOPCTKOCTI Ta BEKTOpP €KBIBAJIGHTHUX HAaBaHTa)XeHb, OTPUMaHI B
pe3ynbTaTi aHcaMOIIOBaHHS.

IIpukaan po3paxyHKy IJ10CKoi 3aJa4i Teopii MPY’KHOCTI METOAOM CKiHYEHHHX CMYT

O0’exTOM JOCHKEHHS € TOHKAa IUIacTWUHKa po3mipamu =1 MM, b=10 mm Ta L=200 mm.
HapaHTa)KeHHs piBHOMIpHO po3noinese no miomi miactuan ¢=0.01 H/mm’. Ilnactunka
i3oTporHa, Moayis FOura E=206000 H/Mm® Ta koediuienT ITyaccona v=0.3.

Po3p’s3yroun  3agauyy METOJIOM CKIHUEHHUX €JIEMEHTIB, BUKOPHCTOBYIOTH JBOBHUMIpHI
4oTUPHhOXBY3J10B1 enemeHTH — CPLSTN4 6ibmiotexkn nmporpamHoro komiuiekcy Femap with NX
Nastran [4]. 3a eTajioHHy MoOJelb MNpUHHATA IUIACTHHA, po30uta Ha 40 eneMeHTIB Y3I0BXK
IIOIIEPEYHOro HanpsAMKy Ta Ha 800 y3/10BK IMO340BKHBOTO HAPSIMKY.

VY Tabn. 1 HaBe[eHI MaKCUMaJlbHI NEPEMIIICHHS] KOHCOJBHOI IJIACTUHU J0BXKHUHOK0 L=200 MM
3a 1 po3outts Ha 1, 3, 6 Ta 10 CKIHYEHHUX CMYT BIAMOBIAHO, 32 PI3HOI KUIBKOCTI HAKIAJICHUX
JOJIaHKIB (IIIBXBUJIB).

Posnoain mepemimens 1Mo AOBXHMHI IacTiHu Ha Biactani L=50, 100, 150 Ta 200 mm
BiZJ0OpakeHo Ha puc. 2.

Tao6muus 1

MakcuMaibHi nepeMilieHHsl BiIbHOro KiHus npsiMoKyTHOI miiactund (L=200mm) | max

MCC MCE
KinbkicTs
JIOJaHKIB 1 3 6 10
aneniB psy, S o J o J o 1 enem. | 40x800 ed.
r
1 1.014 1.028 1.029 1.029
3 1.060 1.076 1.078 1.078
6 1.062 1.078 1.080 1.103 10627 1.061
10 1.063 1.078 1.080 1.107

Y Tabmuui 2 BUKOHAHE MOPIBHSHHS PO3MOJLUTY MaKCHMalbHUX HANPYKCHb ©j I10 TOBXKHHI

wiacTuHy 3 koopauHatamu L=50, 100, 150 ta 200 mm ta b=0. HanpyxeHHs OTpUMaHi B pe3ysbTari
po3paxynky 3a MCE eranonnoi mozemni (40x800) ta 3a MCC (KUIBKICTh JOJI@HKIB WICHIB PAIY
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BigmoBigHo 1, 3, 6 Ta 10). [loka3ana BigHOCHa mMmoxuOka po3paxyHKy 1-i cmyrm 3a MCC y
MOPIBHSIHHI 3 €TaJJOHHOI0 MOJIEILIIO.

Tabmums 2
Poznonin HanpyxeHHst Oy (8 MIla)
L=50 L=100 L=150 L=200
MCE oy 114.3 62.3 27.7 6.9
Oy 70.7 65.3 50.0 27.1
MCC (=1)
% 38 5 81 293
oy 103.7 72.7 26.7 9.1
MCC (=3)
% 9 17 4 32
oy 111.9 66.0 30.1 8.2
MCC (=6)
% 2 6 9 19
oy 114.2 67.3 29.4 6.9
MCC (=10)
% 0 8 6 0
r=3
35 4 *
30 ¢ 3 \
25 2
20 ——1 cMmyra ! 1‘ \ —-1 cMmyra
S —#—3 cMyTH 2 —®—3 cMyTH
15 6 cMyT 0 — ——=6 cMVI
10 10 emyr 1 10 cayT
5 2 W
. ) . |
L=50 L=100 L=150 L=200 L=50 L=100 L=1530 L-=200
r=6 r=10
8 10
6 8
6
J —
—-1 cMmyra 1 L —-1 cMmyra
L 2 =+—=3 CMVTH = =+—=3 CMVTH
—4—6 CMyI' 2 6 cMyT
0 10 eayr 0 10 eayr
4 N |
L=50 L=100 L=150 L=200 L=50 L=100 L=150 L=200

Puc. 2. BigHocHa moxu0ka po3moiny mepeMilieHs 1mo qoBxuHi miactuan 328 MCC y mopisasaaHi 3 MCE
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BucHosku

BukoHaBmu aHami3 4YMCIOBUX JaHUX, OTPUMAHMX Yy peE3yJbTaTl PO3PaxyHKy 3a METOJI0M
CKIHYEHHUX CMYI' KOHCOJIBHOI IJIACTMHKHU 3 MPOCTUMH I'PaHUYHHUMH YMOBaMH, MOXHa 3poOUTH
BUCHOBOK, IO LEH METOJ J03BOJSE OTpPUMATH HAONMKEHI PO3B’S3KM B MeXaxX JIOMYCTUMHUX
MOXHUOOK, MpPU LBOMY 3a 3aJaHUX HPOCTUX TPaHUYHUX YMOB CKIHYEHHA CMyra 3 JIOCTaTHHOIO
TOYHICTIO OTTUCY€E POOOTY MOJIETHOBAHOT TUTACTHHKH.

Tak, aHami3yl0oud MaKCHUMallbHI INEPEMILEHHS BUIBHOTO KIHIS IUTacTUHU (Tabn. 1), MokHa

OTpUMaTH JomycTuMmuii pesynstar f' =1.062 y mopiBasani 3 MCE f =1.061, mozemooun

IUIACTUHKY OJIHIEI0 CMYrol0 Ta MPOCYMYBAaBIIM JHIlE 6 J0JaHKIB WieHIB psay (puc. 2). Po3noain
HaIpPYKEHHS IO JOBXXHHI MJIACTUHKU 3 MAaKCHUMAaJIbHOIO BIAHOCHOIO MOXUOKOIO 8 % y MOpIBHAHI 3
MCE oTpuMaHOo pu KUIbKOCTI WwieHIB psay 7=10.

Bapro 3asnauuty, mo MCC HaliedeKTUBHIIMK 1Ji1 pO3paxyHKY OKPEMHX KOHCTPYKLIH, fKi
MaroTh MOCTIHHI (I3UKO-Fr€OMETPUYHI XapaKTEPUCTUKU Ta MPOCTI FPAHUYHI YMOBH Yy BIAIOBIIHUX
HampsiIMKax mepepizy. 3a MUX yMOB 3’SIBISIETHCS MOYIIMBICTH CIIPOIIEHHS PO3PAaXyHKOBOI CHCTEMH
PIBHSIHB Ha HaOIp MIICUCTEM MEHIIOTO MOPSJIKY, KOXKHA 3 SIKUX BIIMOBIAA€ CBOill KOMIIOHEHT1 pALY
®yp’e B 1O340BKHbOMY HaNPsIMKY. BUKOHABIIM TUCKpPETH3ALIIO 3a/]aul JIUIIE B OJTHOMY HaIPSIMKY,
IHIIUHA ONHUCYIOTh HEPO3PUBHOIO TPUTOHOMETPUYHOIO (YHKIIIEIO, M0 JI03BOJISIE 3HAYHO
ONTHUMI3YBaTH IMPOIIEC PO3B’SI3KY MOCTaBJIEHOT 3a/jaul. Bka3zaHe crpoleHHs! CKOpOYye pO3MIPHICTh
3ajaul Ha OJUHUII0 Ta Bele J0 CYTTEBUX CIPOILEHb IMiJ 4ac MNOOYJOBH PO3PaXyHKOBHUX
aIropuT™MiB. BiINOBIAHO 1 HA MOPSAOK 3MEHUIYETHCSI KUIBKICTh HEBIIOMUX, CKOPOUYETHCS PO3MIp
Ta IUPHUHA PALY MaTpULll KOe(IIEHTIB PO3PaxyHKOBOI CUCTEMH JIHIHHUX anreOpaiyHUX PIBHSHB,
3MEHILYEThCS KUIBKICTh BUXITHUX JaHUX. 3a3HaueHa ocoOuuBicte MCC € HOoro OCHOBHOIO
IIEPEeBarolko.

o nenonikis MCC MoxHa BigHecTH Horo cnenugiky BUKOPHUCTAaHHS, OCKUIbKM HaiOLIbII
PE3YJIbTATHUBHO €M METOJI MOXe OyTH 3aCTOCOBAHUM /10 3a7a4, 00’ €KTH AOCIIKEHHS SIKHUX MAOTh
MOCTIMHI F€OMETPUYHI Ta (PI3UUHI XapaKTEPUCTUKHU B3JIOBXK OJHIET 13 KOOPAMHAT KOHCTPYKIIL,
30KpeMa IiJ yac po3paxyHKy MOCTOBUX, TYHEIbHUX Ta IHIIUX KOHCTPYKIIH 3 IUIACTHH.
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P. D. Cherniak

STUDYING CONVERGENCE OF THE FINITE STRIP METHOD IN
SOLVING PLANE ELASTICITY PROBLEM

The paper presents an algorithm of solving the plane elasticity problem by finite strip method and
demonstrates its distinguishing features and advantages. Analysis of the results has been performed as
compared with those obtained by the finite element method.

Keywords: finite strip, finite strip method, finite element method, plane stress state.

State of the art and research tasks

The finite strip method (FSM) has proved to be the most efficient one for solving certain plane
elasticity problems, which deal with structures having constant physical-geometrical characteristics
and simple boundary conditions. This is especially true for the problems where one size is much
bigger than the other one. In such problems some simplifications could be introduced using general
approximation functions. Usage of approximation functions is common both for finite element
method (FEM) and for FSM, the difference being in that FSM uses only trigonometric functions for
solving continual problem in longitudinal direction without discretization into simple functions. In
opposite direction a discrete problem, created by division into finite strips separated by nodal lines,
is solved. Their work is described by linear shape functions by analogy with FEM (Fig. 1, a).

A detailed bibliographical overview of FSM development is presented in paper [3]. A
comprehensive description of FSM is given in monographs [1, 2].

The paper aims at studying convergence of the plane elasticity problem by the example of a
console plate calculation by the finite strip method.

finite
strip

nodal lines

a) b)
Fig. 1. The finite strip method a) finite-element strip; b )finite strip

Presentation of the main material

A thin isotropic plate with a uniform thickness is considered. To one end of it ligatures are
applied, preventing any displacements in x. y-plane, while the other end moves freely. The load is
assumed to be distributed uniformly per unit volume of the material and to be acting in the direction
corresponding to the direction of the displacement vector 0Y. Stress-strain state of the plate is
described by the plane elasticity problem and is found using FSM in the displacements, i.e. an
equivalent principle of the minimum potential energy is used, which is expressed through the field
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of possible displacements of the given shape. Let us consider a finite strip S, the behavior of which
is described by the displacements of nodal lines i and j (Fig. 1, b).
Components of displacements u, v of finite strip S are approximated by functions in the form of

u(x,y) and v(x,y) [1]:
> () Hils
A{0-3) Gt e

- ; Yn/1 L
_{ }mzz“l (y),um

where r —a number of terms in the series; L —the finite strip length; b —the finite strip width,

; (1)

Vi
v-

J

i, j—respective indices of nodal lines, u,, =mm .

I (m-0.5)ny
f)} - (2)

V()= 2, [l—cos(

m=1

It should be noted that through the choice of shape functions support conditions at the ends are
provided as well as continuity conditions at the finite strip boundaries.
Functions (1) are presented in the form of

{“}=[N]{d}, 3)

where [N] is a shape function matrix; {d} - displacement vector.

In the case of plane stress state and if the displacement vector is known, the deformation vector
could be represented in the form of

£y Au/éx
=1, =7 a/a =[Blld}, )
Y xy Auf &y + v/ &
where [B]- a matrix of the shape function derivatives.

Physical characteristics of the plate are taken into account by means of elasticity matrix
[D]with the size of 3 x 3 and are described through the Young’s modulus £ and Poisson’s ratio v:

D, D 0
[D]=| Dy D, 0 |, (%)
0 0 Dy
" 5 E 5 E b E v E
where D, = ; = ; Dy =—F——= D1 = .
1—v2) 0 ) Y 204) 12

Then the stress vector will have the following form:
to}=[ple}=[p]Bla}. (6)
Stiffness matrix of finite element [k]¢is given by

k

K {k

T
12
y k?}- )
Jt J

Hayxkosi npami BHTY, 2014, Ne 4 2



CIVIL ENGINEERING

For the isotropic plate of uniform thickness, on the basis of the variation principle and taking into
account ratio of [B; ] and [B j J, the matrix will be given by [5]:

ki =t£1[Bl-]T[D][Bj}:/A,

®)

where i, j are indices of the components of the displacements in the directions x and y respectively.
After performing transformations (1) — (5) the stiffness matrix can be written in an explicit form as

[ 2 2
3Dxl1 +nyb 12 ) Dll3 +nyl4 ) 6Dxl1 +nyb 12 ) Dll3 —nyl4
3b 2 6b 2
2 2
) Dll5 +nyl6 Dyb 17 +3ny18 Dll5 _nyl6 Dyb 17 + 6ny18
[k]e _ 2 3b 2 6b )
2 2
) 6Dxl1 +nyb 12 Dll3 —nyl4 3Dxl1 +nyb I3 Dll3 —nyl4
6b 5 2 3b 5 2
) Dll5 _nyl6 Dyb 17 —6ny18 Dll5 +nyl6 Dyb 17 +3ny18
L 2 6b 2 3b
/ [ / / /
where 17 = thmuYnudy ; 12 =t Y’;mYl;udy ; Iy = thmuY,;vdy ; Ig4 = th,;mandy s Is=t[Y' Y dy;
0 0 0 0 0
/ / /
Ig=t]Y Y dy; I7=t[Y Y dy; Ig=t]Y Y dy.
0 0 0

Taking into account the orthogonality conditions, for the case of strip with hinged ends for m = n
we obtain:

/
[Y Ydy=0
omn
/ . (10)
Y” Y” —
(j) " ndy 0

The vector of equivalent forces, concentrated in the nodes of finite strip {F }e, has the following
form [5]:

{rie =Iv g},
where [¢] is the vector of volumetric forces.

For the plane stress state, taking into account linear distribution of the displacement in the
transverse direction, in the case of uniformly distributed load the vector of equivalent forces will be
given by

(1D
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/
Y
Qx(J; mdy
]!
gy IV d

Hmo T, (12)

‘Ix(J;Ymdy

N | S

{fq}e:

L
gy, —|Y' dy
y,umom

where and are the load vector components in x, y directions respectively.
dx qy p y P y

On the basis of Lagrange variation principle of possible displacements, by the analogy with the
finite element method [5], the main equation will have the form of

[KJaj=1F} [K]=3k]° {Fi=24r), (13)

e e

where [K|,{F} are stiffness matrix and the vector of equivalent loads obtained by means of
assembling.

An example of the plane elasticity problem calculation by the finite strip method

Research object is a thin plate with the following dimensions: ¢t = Imm, b = 10 mm and L = 200
mm. Load ¢ = 0.0 N/ mm’ is distributed uniformly over the plate area. The plate is isotropic,
Young’s modulus E = 206000 N/ mm’ and Poisson ratio v = 0.3.

For problem solution by the finite element method two-dimensional four-node elements
CPLSTN4 from the library of software package Femap with NX Nastran are used [4]. The plate
model with division into 40 elements in the transverse direction and into 800 elements in another
direction is taken as a reference.

Table 1 presents maximal displacements of the console plate with the length L = 200 mm and
divisions into 1, 3, 6 and 10 finite strips respectively as well as with different numbers of
superimposed terms (half-waves).

Distribution of displacements along the plate length at the distances L = 50, 100, 150 and 200mm
from the coordinate origin is presented in Fig. 2.

Table 1

Maximal displacements of the free end of the rectangular plate (L=200mm), f

max

FSM FEM
T?eil‘;;‘?ffﬁe"f / r /8 0 1 40x800
; 7/ max 7/ max 7 max 7 max element elements
s€riesr
1 1.014 | 1.028 | 1.029 | 1.029
3 1.060 | 1.076 | 1.078 | 1.078
1.062 1.061
6 1.062 | 1.078 | 1.080 | 1.103 0627 06
10 1.063 1.078 | 1.080 | 1.107

Table 2 presents a comparison of maximal stress o, distribution along the length of the plate for

coordinates L = 50, 100, 150, 200 mm and b = (. The stresses are obtained by FEM calculation of
the reference model (40 x 800) as well as by using FSM (the number of terms in the series is 1, 3, 6
anu 10 respectively). A relative error of the first strip calculation by FSM is given as compared with
the reference model.
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Table 2
Distribution of stress Oy (MPa)
L=50 L=100 L=150 L=200
FEM Oy 114.3 62.3 27.7 6.9
Oy 70.7 65.3 50.0 27.1
FSM (r=1)
% 38 5 81 293
oy 103.7 72.7 26.7 9.1
FSM (r=3)
% 9 17 4 32
oy 111.9 66.0 30.1 8.2
FSM (r=6)
% 2 6 9 19
67.3 29.4 6.9
FSM (r=10) 7y 114.2
% 0 8 6 0
r=3
'\
A\
—-1 strip . ,\ \ —&—1 strip
—+=3 strips £ —8—3 strips
6 strips 0 — ——6 strips
10 strips 1 10 strips
) L
, ) ; |
L=50 L=100 L=150 L=200 L=50 L=100 L=150 L=200
r=6 r=10
8 10 |
6 8 I
6 I
4 —
—-1 strip 4 -1 strip
S 2 ——3 strips £ —+—3 strips
—4—6 strips 2 6 strips
0 10 strips 0 10 strips
4 ST

L=50 L=100 L=150 L=200

L=50 L[=100 L=130 L=200

Fig. 2. Relative error of the displacement distribution along the plate length, when using FSM, in comparison
with FEM

Conclusions

After analyzing numerical data, obtained as a result of calculation of the console plate by the
finite strip method with simple boundary conditions, a conclusion can be made that this method
makes it possible to obtain approximate solutions within the range of permissible errors. Under
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given simple boundary conditions, a single finite strip provides good description of the simulated
plate.
Analysis of maximal displacements of the free end of the plate (Table 1) shows that an

acceptable result /' =1.062 can be obtained as compared with that, obtained by FEM - f =1.061,

simulating the plate by a single strip and summarizing only 6 terms of the series (Fig. 2). Stress
distribution along the plate length has been obtained with maximal relative error 8 %, as compared
with FEM, with the number of terms in the series r = 10.

It should be noted that FSM is most effective for calculating separate structures having constant
physical-geometrical characteristics and simple boundary conditions in corresponding cross-
sectional directions. Under these conditions the possibility of simplifying the design system of
equations using a lower-order set of subsystems, each of which corresponds to its own component
of the Fourier series in the longitudinal direction, is more convenient. By performing discretization
of the problem in one direction only and using continuous trigonometric functions in the other
direction, the process of solving the set problem could be simplified considerably. The above
simplification reduces dimensionality of the problem and leads to significant simplifications in the
design algorithm development. There is also corresponding reduction of the number of unknowns,
the size and bandwidth of the coefficient matrix of the design system of linear algebraic equations
are decreased and the amount of initial data is reduced. This feature of FSM determines its main
advantage.

Among disadvantages of FSM we can mention the specificity of its usage: this method gives the
best results while applied to the problems, the research objects of which have unchanged
geometrical and physical characteristics along one of the coordinates, particularly, for calculating
bridge, box-like and other elongated structures, especially plate structures.
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