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Ñòàòòÿ ïðèñâÿ÷åíà âèâ÷åííþ óìîâ, çà âèêîíàííÿ ÿêèõ íåñêií÷åííi ãiëëÿñòi ëàíöþãîâi

äðîáè çi çìiííîþ êiëüêiñòþ ãiëîê ðîçãàëóæåííÿ ¹ ñòiéêèìè äî çáóðåíü ¨õ åëåìåíòiâ. Ïîáóäî-
âàíî òà äîñëiäæåíî ìíîæèíè àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ
ç äiéñíèìè ÷àñòèííèìè ÷èñåëüíèêàìè i çíàìåííèêàìè, ùî äîðiâíþþòü îäèíèöi. Âñòàíîâ-
ëåíî îöiíêè àáñîëþòíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ òàêèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ëàíöþãîâèé äðiá, ïiäõiäíi äðîáè, ìíîæèíè àáñîëþòíî¨ ñòiéêîñòi

äî çáóðåíü, îöiíêè àáñîëþòíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ.
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Âñòóï

Îäíi¹þ ç ôóíäàìåíòàëüíèõ âëàñòèâîñòåé íåïå-
ðåðâíèõ òà ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ (ÃËÄ), ÿê
åôåêòèâíîãî ìàòåìàòè÷íîãî àïàðàòà òåîði¨ ôóíêöié,
îá÷èñëþâàëüíî¨ ìàòåìàòèêè, àëãåáðè i òåîði¨ ÷èñåë,
¹ âëàñòèâiñòü ñòiéêîñòi äî çáóðåíü [4, 6, 9, 14, 24].

Â.Ï. Òåðñüêèõ, çàñòîñîâóþ÷è íåïåðåðâíi äðîáè òà
÷àñòèííi âèïàäêè ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ó òå-
õíi÷íèõ ðîçðàõóíêàõ, âïåðøå çâåðíóâ óâàãó íà âëà-
ñòèâiñòü ñòiéêîñòi íåïåðåðâíèõ äðîáiâ òà ¨õ óçàãàëü-
íåíü [25]. Ïèòàííþ ñòiéêîñòi àëãîðèòìiâ îá÷èñëåííÿ
ïiäõiäíèõ äðîáiâ íåïåðåðâíèõ äðîáiâ ïðèñâÿ÷åíi ðî-
áîòè Ã. Áëàí÷ [1], Â. Ãàó÷i [2], Í. Ìåéêîíà, Ì. Áàñêåð-
âiëà [5], Ó. Äæîóíñà, Â. Òðîíà [3, 17]. Âëàñòèâiñòü
âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ ç äîäàòíèìè åëå-
ìåíòàìè, à òàêîæ ÃËÄ, åëåìåíòè ÿêèõ çàäîâîëüíÿ-
þòü óìîâè áàãàòîâèìiðíèõ óçàãàëüíåíü òåîðåì Âîð-
ïiöüêîãî òà Ñëåøèíñüêîãî-Ïðiíãñãåéìà, äîñëiäæóâà-
ëàñü â ðîáîòàõ Ï.I. Áîäíàð÷óêà, Â.ß.Ñêîðîáîãàòüêà
[13, 14, 24], Ä.I. Áîäíàðà [10, 11, 12], Ì.Î. Íåäàøêîâ-
ñüêîãî [20, 21], Â.Â. Iâàíîâà [18] òà ií. Ïèòàííÿ àáñî-
ëþòíî¨ ñòiéêîñòi êîíòèíóàëüíîãî àíàëîãó ÃËÄ � ií-
òåãðàëüíèõ ëàíöþãîâèõ äðîáiâ ðîçãëÿíóòî ó ðîáîòàõ
Ò.Ì. Àíòîíîâî¨ [7, 22].

Âiäîìî, ùî ïðîñòà îáëàñòü çáiæíîñòi íåïåðåðâíî-

ãî äðîáó
∞
D
k=1

ai(k)

1
ç äiéñíèìè ÷àñòèííèìè ÷èñåëüíè-

êàìè íå ìîæå ìiñòèòè òî÷îê, ÿêi ëåæàòü çëiâà âiä

òî÷êè −1

4
. Çáiæíiñòü ÃËÄ

∞
D
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1
, (1)

ai(k) ∈ R, äîñëiäæóâàëàëü ó âèïàäêó, êîëè

ai(k) ≥ −
1

N
ρ (1− ρ) , 0 ≤ ρ < 1

2
[19].

Ó ðîáîòi [9] Ä.I. Áîäíàð âñòàíîâèâ îçíàêó çáiæíîñòi
ÃËÄ (1) ó âèïàäêó, êîëè

ai(k) ≥ −
1

4N
.

Çàäà÷ó çáiæíîñòi i ñòiéêîñòi äî çáóðåíü ÃËÄ ç âiä'¹ì-
íèìè òà çíàêîçìiííèìè ÷àñòèííèìè ÷èñåëüíèêàìè,
à òàêîæ äåÿêèõ ïîñëiäîâíîñòåé ¨õ ïiäõiäíèõ äðîáiâ
ðîçãëÿäàëè â ðîáîòàõ [8, 15, 16]. Ïîäàëüøå âèâ÷åííÿ
ïèòàííÿ ñòiéêîñòi äî çáóðåíü ÃËÄ ç äiéñíèìè åëå-
ìåíòàìè ¹ ïðåäìåòîì äîñëiäæåíü öi¹¨ ðîáîòè.

I. Îñíîâíi ïîíÿòòÿ òà îçíà÷åííÿ

Îá'¹êòîì äîñëiäæåííÿ ¹ ÃËÄ

a0

1 +
∞
D
k=1

Ni(k−1)∑
ik=1

ai(k)

1

−1

, (2)

äå Ni(k) ∈ N � êiëüêiñòü ãiëîê ðîçãàëóæåííÿ, i(0) =

i0 = 0, i(k) = i1i2 . . . ik, ip = 1, Ni(k−1), p = 1, k,
k = 1, 2, . . ., � ìóëüòèiíäåêñè.

Ðîçãëÿíåìî òàêi ìíîæèíè ìóëüòèiíäåêñiâ

I0 = {0},

Ik = {i(k) : ip = 1, Ni(k−1), p = 1, k}, k = 1, 2, . . . .

Ñêií÷åííi ÃËÄ

f (0) = a0, f
(s) = a0

1 +
s

D
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ik=1

ai(k)

1

−1

,

s = 1, 2, . . . , íàçèâàþòü s -ìè ïiäõiäíèìè äðîáàìè
ÃËÄ (2). Âåëè÷èíè, ÿêi âèçíà÷àþòüñÿ ðåêóðåíòíèìè
ñïiââiäíîøåííÿìè

Q
(s)
i(p) = 1 +

Ni(p)∑
ip+1=1

ai(p+1)

Q
(s)
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,
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i(p) ∈ Ip, p = s− 1, s− 2, . . . , 0, s = 1, 2, . . . , ïðè÷îìó

Q
(s)
i(s) = bi(s), i(s) ∈ Is, s = 0, 1, 2, . . ., íàçèâàþòü çà-

ëèøêàìè s -ãî ïiäõiäíîãî äðîáó ÃËÄ (2). Ïîçíà÷èìî

g
(s)
i(p) =

ai(p)

Q
(s)
i(p−1)Q

(s)
i(p)

, i(p) ∈ Ip, p = 1, s, s = 1, 2, . . . .

Íåõàé ⌢
ai(k), i(k) ∈ Ik, k = 0, 1, 2, . . ., � çáóðåíi

çíà÷åííÿ åëåìåíòiâ ai(k) ÃËÄ (1). ÃËÄ

⌢
a0

1 +
∞
D
k=1

Ni(k−1)∑
ik=1

⌢
ai(k)

1

−1

(3)

íàçèâàòèìåìî çáóðåíèì äî äðîáó (2).
Íåõàé {Ei(k)}, ∅ ̸= Ei(k) ⊂ R, i(k) ∈ Ik, k =

0, 1, 2, . . ., � ïîñëiäîâíiñòü ìíîæèí åëåìåíòiâ ÃËÄ (2)
i çáóðåíîãî äî íüîãî ÃËÄ (3), òîáòî

ai(k) ∈ Ei(k),
⌢
ai(k) ∈ Ei(k), i(k) ∈ Ik, k = 0, 1, 2, . . . .

Ñóêóïíiñòü ìíîæèí {Ei(k)} íàçèâàþòü ïîñëiäîâ-
íiñòþ ìíîæèí çáiæíîñòi ÃËÄ (2), ÿêùî óìîâà ai(k) ∈
Ei(k), i(k) ∈ Ik, k = 0, 1, 2, . . ., çàáåçïå÷ó¹ çáiæíiñòü
öüîãî äðîáó, òîáòî iñíó¹ ñêií÷åííà ãðàíèöÿ ïîñëiäîâ-
íîñòi éîãî ïiäõiäíèõ äðîáiâ: lim

s→∞
f (s) = f , f ∈ R .

Íàäàëi, ïiä ÷àñ äîñëiäæåííÿ çáiæíîñòi, âèêîðè-
ñòîâóâàòèìåìî ôîðìóëó ðiçíèöi äâîõ ïiäõiäíèõ äðî-
áiâ ÃËÄ (2) [9], ÿêó, âðàõîâóþ÷è âèãëÿä äîñëiäæóâà-
íîãî äðîáó, çàïèøåìî ó âèãëÿäi
f (n) − f (m) =

= (−1)m+1
N0∑
i1=1

Ni(1)∑
i2=1

. . .

Ni(m)∑
im+1=1

m+1∏
k=0

ai(k)

m∏
k=0

Q
(m)
i(k)

m+1∏
k=0

Q
(n)
i(k)

,

n > m.

Îçíà÷åííÿ 1. Ïîñëiäîâíiñòü ìíîæèí çáiæíî-
ñòi {Ei(k)}, ∅ ̸= Ei(k) ⊂ R, i(k) ∈ Ik, k = 0, 1, 2, . . .,
ÃËÄ (2) íàçâåìî ïîñëiäîâíiñòþ ìíîæèí àáñîëþòíî¨
ñòiéêîñòi äî çáóðåíü öüîãî äðîáó, ÿêùî äëÿ äîâiëü-
íîãî äiéñíîãî ÷èñëà ε > 0 iñíó¹ òàêå äiéñíå ÷èñëî
δ > 0, ùî äëÿ êîæíîãî åëåìåíòà ai(k) ∈ Ei(k) i êî-
æíîãî ⌢

ai(k) ∈ Ei(k) òàêîãî, ùî

|⌢ai(k) − ai(k)| < δ, i(k) ∈ Ik, k = 0, 1, 2, . . . ,

âèêîíóþòüñÿ íåðiâíîñòi

|
⌢

f
(s)

− f (s)| < ε, s = 0, 1, 2, . . . .

II. Ôîðìóëè àáñîëþòíèõ ïîõèáîê
ïiäõiäíèõ äðîáiâ

Íåõàé ∆ai(k) , ∆
ai(p)

Q
(s)
i(p)

� àáñîëþòíi ïîõèáêè åëå-

ìåíòiâ ai(k) ÃËÄ (2) i âåëè÷èí
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Q
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s = 0, 1, 2, . . . .
Âèêîðèñòîâóþ÷è ìåòîäèêó, çàïðîïîíîâàíó â ðî-

áîòi [22], âñòàíîâèìî ðåêóðåíòíi ôîðìóëè äëÿ àáñî-

ëþòíèõ ïîõèáîê âåëè÷èí
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:

∆
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.

Îòæå,
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Q
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, (5)

i (p) ∈ Ip , p = 0, s− 1 , s = 1, 2, . . . , ïðè÷îìó

∆
ai(s)

Q
(s)
i(s)

= ∆ai(s), i (s) ∈ Is, s = 0, 1, . . . .

Ïî÷åðãîâî âèêîðèñòîâóþ÷è ôîðìóëè (4), (5),
îòðèìó¹ìî

∆
ai(p)

Q
(s)
i(p)

=
∆ai(p)

Q
′(s)
i(p)

+
a′i(p)
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⌢
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×
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· · ·
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Q
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l=p+1
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Q
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⌢

Q
(s)

i(l)

, (6)

äå

a′i(p+k) =

{
⌢
ai(p+k), k = 2m,
ai(p+k), k = 2m+ 1,

(7)

Q
′(s)
i(p+k) =


⌢

Q
(s)

i(p+k), k = 2m+ 1,

Q
(s)
i(p+k), k = 2m,

(8)

k = 0, s− p, p = 0, s.
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Ìíîæèíè àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç äiéñíèìè åëåìåíòàìè

Ïðèéìàþ÷è â (6) p = 0 , îòðèìó¹ìî ôîðìóëó äëÿ
àáñîëþòíî¨ ïîõèáêè s -ãî ïiäõiäíîãî äðîáó ÃËÄ (2):

∆f (s) =
∆a0

Q
′(s)
0

+
a′0

Q
(s)
0

⌢

Q
(s)

0

s∑
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⌢

Q
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, (9)

äå âåëè÷èíè a′i(k), Q
′(s)
i(k) âèçíà÷àþòüñÿ çãiäíî ç (7), (8)

âiäïîâiäíî.
Ó ôîðìóëi (9) ïåðåòâîðèìî âåëè÷èíè

Pi(k) :=
a′0
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0

⌢
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0
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⌢
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(s)
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∆ai(k)
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.

Ïðè k = 2n+ 1 ìà¹ìî
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0
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⌢
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⌢
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,

ïðè k = 2n ìà¹ìî
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a0
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0

ai(1)
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⌢
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i(2n−1)Q
(s)
i(2n)

.

Òîäi ôîðìóëà (9) íàáóäå âèãëÿäó

∆f (s) =
∆a0

Q
(s)
0

+
⌢
a0

⌢

Q
(s)

0

s∑
k=1

(−1)k×

×
N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(k−1)∑
ik=1

∆ai(k)

Q
′(s)
i(k−1)Q

′(s)
i(k)

k−1∏
l=1

q
′(s)
i(l) , (10)

äå âåëè÷èíè Q
′(s)
i(k) âèçíà÷àþòüñÿ çãiäíî ç (8), à

q
′(s)
i(k) =

{
g
(s)
i(k), k = 2m+ 1,

⌢
g
(s)

i(k), k = 2m,
k = 1, s. (11)

Çìiíèâøè ïî÷åðãîâiñòü âèêîðèñòàííÿ ðåêóðåí-
òíèõ ôîðìóë (4), (5) i çðîáèâøè àíàëîãi÷íi ïåðåòâî-
ðåííÿ, îòðèìó¹ìî

∆f (s) =
∆a0
⌢

Q
(s)

0

+
a0

Q
(s)
0

s∑
k=1

(−1)k×

×
N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(k−1)∑
ik=1

∆ai(k)

Q
′′(s)
i(k−1)Q

′′(s)
i(k)

k−1∏
l=1

q
′′(s)
i(l) , (12)

äå

Q
′′(s)
i(k) =


⌢

Q
(s)

i(k), k = 2m,

Q
(s)
i(k), k = 2m+ 1,

k = 0, s,

q
′′(s)
i(k) =

{
g
(s)
i(k), k = 2m,

⌢
g
(s)

i(k), k = 2m+ 1,
k = 1, s.

III. Äîñòàòíi óìîâè àáñîëþòíî¨ ñòié-
êîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþ-
ãîâèõ äðîáiâ ç äiéñíèìè ÷àñòèííè-
ìè ÷èñåëüíèêàìè òà çíàìåííèêà-
ìè, ùî äîðiâíþþòü îäèíèöi

Âñòàíîâèìî óìîâè, ó ðàçi âèêîíàííÿ ÿêèõ ìíî-
æèíè

E0 = {x ∈ R : |x| ≤ µ0} , (13)

Ei(k) =

=

{
x ∈ R : − 1

Ni(k−1)
ρi(k)

(
1− ρi(k−1)

)
≤ x ≤ µi(k)

}
,

i (k) ∈ Ik, k = 1, 2, . . . ,
(14)

äå
1

2
≤ ρi(k) ≤ 1 , µi(k) ≥ 0, i (k) ∈ Ik , k = 0, 1, 2, . . . �

çàäàíi äiéñíi ñòàëi, ¹ ìíîæèíàìè àáñîëþòíî¨ ñòiéêî-
ñòi äî çáóðåíü íåñêií÷åííîãî ÃËÄ (2).

Òåîðåìà 1. Íåõàé àáñîëþòíi ïîõèáêè åëå-
ìåíòiâ ÃËÄ (2) ¹ ðiâíîìiðíî îáìåæåíèìè:∣∣∆ai(k)∣∣ ≤ ∆, ∆ > 0, i (k) ∈ Ik, k = 0, 1, 2, . . . . (15)

Ñóêóïíiñòü ìíîæèí (13), (14) ¹ ïîñëiäîâíiñòþ ìíî-
æèí àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ (2),
ÿêùî çáiãà¹òüñÿ ðÿä

∞∑
k=1

ξk

k−1∏
l=0

1

1 + ηl
, (16)

äå

ξk = max
i(k)∈Ik

 1

ρi(k)

Ni(k)∑
ik+1=1

1

ρi(k+1)

 , k = 0, 1, 2, . . . ,

ηk = min
i(k)∈Ik

(2ρi(k) − 1
) Ni(k)∑

ik+1=1

νi(k+1)

ρi(k+1)

−1
 ,

k = 0, 1, 2, . . . ,

νi(k) = max

{
µi(k),

1

Ni(k−1)
ρi(k)

(
1− ρi(k−1)

)}
,

i (k) ∈ Ik , k = 1, 2, . . . , ïðè÷îìó äëÿ àáñîëþòíèõ
ïîõèáîê ïiäõiäíèõ äðîáiâ ñïðàâäæóþòüñÿ îöiíêè∣∣∣∆f (0)∣∣∣ ≤ ∆, (17)
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∣∣∣∆f (1)∣∣∣ ≤ ∆

ρ0
(1 + µ0ξ0) , (18)

∣∣∣∆f (s)∣∣∣ ≤ ∆

ρ0

(
1 + µ0

(
ξ0 +

s−1∑
k=1

ξk

k−1∏
l=0

1

1 + ηl

))
,

(19)
s = 2, 3, . . ..
� Äîâåäåííÿ. Äîâåäåìî, ùî ñóêóïíiñòü ìíîæèí

(13), (14) ¹ ïîñëiäîâíiñòþ ìíîæèí çáiæíîñòi ÃËÄ (2).
Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ äîâåäåìî, ùî

Q
(s)
i(p) ≥

1 +
s

D
k=p+1

Ni(k−1)∑
ik=1

−N−1
i(k−1)ρi(k)

(
1− ρi(k−1)

)
1

≥ ρi(p),

(20)
i (p) ∈ Ip , p = 0, s− 1 .

Ïðè p = s − 1 íåðiâíîñòi (20) î÷åâèäíi. Ó ïðè-
ïóùåííi, ùî íåðiâíîñòi (20) ñïðàâäæóþòüñÿ ïðè p =
k + 1 , k = 0, s− 2 , ïðè p = k ìà¹ìî

Q
(s)
i(k) ≥ 1 +

Ni(k)∑
ik+1=1

−N−1
i(k)ρi(k+1)

(
1− ρi(k)

)
Q

(s)
i(k+1)

≥

1 +

Ni(k)∑
ik+1=1

−N−1
i(k)ρi(k+1)

(
1− ρi(k)

)
1 +

s

D
l=k+2

Ni(l−1)∑
il=1

−N−1
i(l−1)ρi(l)

(
1− ρi(l−1)

)
1

≥

≥ 1 +

Ni(k)∑
ik+1=1

−N−1
i(k)ρi(k+1)

(
1− ρi(k)

)
ρi(k+1)

= ρi(k).

Äëÿ âåëè÷èí
Ni(p−1)∑
ip=1

∣∣∣g(s)i(p)∣∣∣ øóêàòèìåìî îöiíêè ó

âèãëÿäi
Ni(p−1)∑
ip=1

∣∣∣g(s)i(p)∣∣∣ ≤ 1

1 + Li(p−1)

, (21)

äå Li(p−1) ≥ 0, i (p− 1) ∈ Ip−1, p = 1, s.
Íåðiâíiñòü (21) åêâiâàëåíòíà íåðiâíîñòi

Li(p−1)

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

≤ Q(s)
i(p−1) −

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

.

Âðàõîâóþ÷è òå, ùî

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

≤
Ni(p−1)∑
ip=1

νi(p)

ρi(p)
,

Q
(s)
i(p−1) −

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

=

= 1 +

Ni(p−1)∑
ip=1

ai(p)

Q
(s)
i(p)

−
Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

≥

≥ 1− 2

Ni(p−1)∑
ip=1

N−1
i(p−1)ρi(p)

(
1− ρi(p)

)
Q

(s)
i(p)

≥ 2ρi(p−1) − 1,

íåðiâíiñòü (21) ñïðàâäæó¹òüñÿ, ÿêùî

Li(p−1) =
(
2ρi(p−1) − 1

)Ni(p−1)∑
ip=1

νi(p)

ρi(p)

−1

.

Òàêèì ÷èíîì,
Ni(p−1)∑
ip=1

∣∣∣g(s)i(p)∣∣∣ ≤

≤

1 +
2ρi(p−1) − 1
Ni(p−1)∑
ip=1

νi(p)

ρi(p)


−1

≤ 1

1 + ηp−1
. (22)

Iç ôîðìóëè ðiçíèöi äâîõ ïiäõiäíèõ äðîáiâ f (n),
f (m), n > m, ÃËÄ (2) âèïëèâà¹∣∣f (n) − f (m)

∣∣ ≤
≤ |a0|
Q

(m)
0

N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(m)∑
im+1=1

[m2 ]∏
k=0

∣∣∣g(n)i(2k+1)

∣∣∣ [m2 ]∏
k=1

∣∣∣g(m)
i(2k)

∣∣∣ ≤
≤ µ0

ρ0

m∏
k=0

1

1 + ηk
, ÿêùî m = 2l ,∣∣f (n) − f (m)
∣∣ ≤

≤ |a0|
Q

(n)
0

N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(m)∑
im+1=1

[m+1
2 ]∏

k=1

∣∣∣g(n)i(2k)

∣∣∣ [m2 ]∏
k=0

∣∣∣g(m)
i(2k+1)

∣∣∣ ≤
≤ µ0

ρ0

m∏
k=0

1

1 + ηk
, ÿêùî m = 2l − 1 , òîáòî

∣∣∣f (n) − f (m)
∣∣∣ ≤ µ0

ρ0

m∏
k=0

1

1 + ηk
.

Îñêiëüêè ξk ≥ 1 , k = 0, 1, 2, . . . , òî iç çáiæíîñòi ðÿ-

äó (16) âèïëèâà¹ çáiæíiñòü ðÿäó
∞∑
k=1

k−1∏
l=0

1

1 + ηl
. Òîäi

∞∏
k=0

1

1 + ηk
= 0 i ñóêóïíiñòü ìíîæèí (13), (14) ¹ ïîñëi-

äîâíiñòþ ìíîæèí çáiæíîñòi ÃËÄ (2) i çáóðåíîãî äî
íüîãî ÃËÄ (3).

Iç ôîðìóëè (10) âèïëèâà¹ îöiíêà∣∣∆f (s)∣∣ ≤ |∆a0|
Q

(s)
0

+

+

∣∣∣⌢a0

∣∣∣
⌢

Q
(s)

0

s∑
k=1

N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(k−1)∑
ik=1

∣∣∆ai(k)∣∣
Q

′(s)
i(k−1)Q

′(s)
i(k)

k−1∏
l=1

∣∣∣q′(s)
i(l)

∣∣∣ ≤

∆

 1

Q
(s)
0

+

∣∣∣⌢a0

∣∣∣
⌢

Q
(s)

0

s∑
k=1

N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(k−1)∑
ik=1

k−1∏
l=1

∣∣∣q′(s)
i(l)

∣∣∣
Q

′(s)
i(k−1)Q

′(s)
i(k)

 .

(23)
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Ìíîæèíè àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç äiéñíèìè åëåìåíòàìè

Îñêiëüêè ⌢
ai(k) ∈ Ei(k) , i (k) ∈ Ik , k = 0, 1, 2, . . . ,

òî äëÿ âåëè÷èí
Ni(p−1)∑
ip=1

∣∣∣⌢g (s)i(p)∣∣∣ ñïðàâäæóþòüñÿ îöiíêè

(22). Îòæå,

Ni(p−1)∑
ip=1

∣∣∣q′(s)
i(p)

∣∣∣ ≤ 1

1 + ηp−1
, i (p− 1) ∈ Ip−1, p = 1, s.

(24)

Îñêiëüêè Q
(s)
i(p) ≥ ρi(p),

⌢

Q
(s)

i(k) ≥ ρi(p), i (p) ∈ Ip,

p = 0, s, òî

1

Q
′(s)
i(p−1)

Ni(p−1)∑
ip=1

1

Q
′(s)
i(p)

≤ 1

ρi(p−1)

Ni(p−1)∑
ik=1

1

ρi(p)
≤ ξp−1,

(25)
i (p− 1) ∈ Ip−1, p = 1, s .

Âðàõîâóþ÷è íåðiâíîñòi (24), (25), äëÿ àáñîëþòíèõ
ïîõèáîê ïiäõiäíèõ äðîáiâ ÃËÄ (2) îòðèìó¹ìî îöiíêè
(17), (18), (19).

Iç çáiæíîñòi ðÿäó (16) âèïëèâà¹, ùî∣∣∣∆f (s)∣∣∣ ≤ ∆

ρ0
(1 + µ0 (ξ0 +M)) ,

äå M � ñóìà öüîãî ðÿäó. Îòæå, ÿêùî∣∣∆ai(k)∣∣ ≤ ∆ <
ρ0ε

1 + µ0 (η0 +M)
,

i (k) ∈ Ik , k = 0, 1, 2, . . . , äå ε � äîâiëüíà äîäà-
òíà ñòàëà, òî äëÿ àáñîëþòíèõ ïîõèáîê óñiõ ïiäõiäíèõ
äðîáiâ ÃËÄ (2) ñïðàâäæóþòüñÿ íåðiâíîñòi

∣∣∆f (s)∣∣ <
ε, s = 0, 1, 2, . . ., ùî äîâîäèòü âèêîíàííÿ óìîâ îç-
íà÷åííÿ ìíîæèí àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü
ÃËÄ (2).

ßêùî iñíó¹ òàêèé íîìåð p , ùî óñi ai(p) = 0 ,

i (p) ∈ Ip, àáî óñi
⌢
ai(p) = 0 , i (p) ∈ Ip, òî g(s)i(p) = 0 àáî

⌢
g
(s)

i(p) = 0, i (p) ∈ Ip , âiäïîâiäíî. Âðàõîâóþ÷è îöiíêó
(23), i îöiíêó∣∣∆f (s)∣∣ ≤
∆

 1
⌢

Q
(s)

0

+
|a0|
Q

(s)
0

s∑
k=1

N0∑
i1=1

Ni(1)∑
i2=1

· · ·
Ni(k−1)∑
ik=1

k−1∏
l=1

∣∣∣q′′(s)
i(l)

∣∣∣
Q

′′(s)
i(k−1)Q

′′(s)
i(k)

 ,

îäåðæàíó iç ôîðìóëè (12), ìà¹ìî∣∣∣∆f (s)∣∣∣ ≤ ∆

ρ0
(1 + µ0 (ξ0 +Ms,p)) ,

äå

Ms,p =


s−1∑
k=1

ξk
k−1∏
l=0

1

1 + ηl
, s < p,

p∑
k=1

ξk
k−1∏
l=0

1

1 + ηl
, s ≥ p.

�

Ïðèéìàþ÷è â (14) ρi(k) = 1, i (k) ∈ Ik , k =
0, 1, 2, . . . îòðèìó¹ìî îçíàêó àáñîëîþíî¨ ñòiéêîñòi äî
çáóðåíü ÃËÄ (2) ç íåâiä'¹ìíèìè åëåìåíòàìè.

Òåîðåìà 2. Íåõàé àáñîëþòíi ïîõèáêè åëå-
ìåíòiâ ÃËÄ (2) çàäîâîëüíÿþòü óìîâè (15). Ñóêó-
ïíiñòü ìíîæèí
Ei(k) =

=
{
x ∈ R : 0 ≤ x ≤ µi(k)

}
, i (k) ∈ Ik, k = 0, 1, 2, . . . ,

äå µi(k) > 0, i (k) ∈ Ik , k = 0, 1, 2, . . . � çàäàíi äiéñíi
äîäàòíi ñòàëi, ¹ ïîñëiäîâíiñòþ ìíîæèí àáñîëþòíî¨
ñòiéêîñòi äî çáóðåíü ÃËÄ (2), ÿêùî çáiãà¹òüñÿ ðÿä
(16), äå

ξk = max
i(k)∈Ik

{
Ni(k)

}
, k = 0, 1, 2, . . . , (26)

ηk =

 max
i(k)∈Ik


Ni(k)∑
ik+1=1

µi(k+1)


−1

, k = 0, 1, 2, . . . ,

ïðè÷îìó äëÿ àáñîëþòíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ
ñïðàâäæóþòüñÿ îöiíêè (17)-(19).

ßêùî ó (14) ïðèéíÿòè ρi(k) =
1

2
, i (k) ∈ Ik ,

k = 0, 1, 2, . . . , òî ç îöiíîê (20) çàëèøêiâ Q(s)
i(p) âè-

ïëèâà¹, ùî

Q
(s)
i(p) ≥ 1 +

s

D
k=p+1

ak
1

=
s− p+ 2

2 (s− p+ 1)
,

äå ak = −1

4
, k = p+ 1, s . Òîäi

1

Q
′(s)
i(p−1)

Ni(p−1)∑
ip=1

1

Q
′(s)
i(p)

≤ 4Ni(p−1)
s− p+ 1

s− p+ 3
,

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

≤ 2 (s− p+ 1)

s− p+ 2

Ni(p−1)∑
ip=1

νi(p),

Q
(s)
i(p−1) −

Ni(p−1)∑
ip=1

∣∣ai(p)∣∣
Q

(s)
i(p)

≥

≥ 1− 1

2Ni(p−1)

Ni(p−1)∑
ip=1

1

Q
(s)
i(p)

≥ 1

s− p+ 2
,

âåëè÷èíè Li(p) â íåðiâíîñòÿõ (21) áóäóòü çàëåæíèìè
âiä s:

Li(p−1) = L
(s)
i(p−1) =

1

2 (s− p+ 1)
Ni(p−1)∑
ip=1

νi(p)
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i äëÿ âåëè÷èí
Ni(p−1)∑
ip=1

∣∣∣q′(s)
i(p)

∣∣∣ ñïðàâäæóþòüñÿ îöiíêè
Ni(p−1)∑
ip=1

∣∣∣q′(s)
i(p)

∣∣∣ ≤ 2 (s− p+ 1) ζp−1

1 + 2 (s− p+ 1) ζp−1
,

äå

ζk = max
i(k)∈Ik


Ni(k)∑
ik+1=1

νi(k+1)

 , k = 0, 1, 2, . . . .

Îòæå,∣∣∆f (s)∣∣ ≤ 2∆
s+ 1

s+ 2
×

(
1 + 4µ0

(
N0s

s+ 2
+

s−1∑
k=1

ξk (s− k)
s− k + 2

k−1∏
l=0

2 (s− l) ζl
1 + 2 (s− l) ζl

))
,

äå âåëè÷èíè ξk âèçíà÷àþòüñÿ çãiäíî ç (26).

Ëåãêî ïåðåâiðèòè, ùî ïðè ζk ≥
1

4
, k = 0, 1, 2, . . . ,

âèêîíóþòüñÿ íåðiâíîñòi

s− k
s− k + 2

≤ 2 (s− k) ζk
1 + 2 (s− k) ζk

, k = 1, s− 1.

ßêùî µi(k) =
1

4Ni(k−1)
, i (k) ∈ Ik , k = 1, 2, . . . , òî

ζk =
1

4
, k = 0, 1, 2, . . . i äëÿ àáñîëþòíî¨ ïîõèáêè ∆f (s)

ìà¹ìî îöiíêó∣∣∆f (s)∣∣ ≤ 2∆
s+ 1

s+ 2
×

×

(
1 + 4µ0

(
N0s

s+ 2
+
s−1∑
k=1

ξk
(s− k) (s− k + 1)

(s+ 1) (s+ 2)

))
.

Îñêiëüêè

lim
s→∞

s−1∑
k=1

ξk
(s− k) (s− k + 1)

(s+ 1) (s+ 2)
=∞,

òî ïèòàííÿ ïðî ñòiéêiñòü äî çáóðåíü ÃËÄ (2), ìíî-
æèíàìè åëåìåíòiâ ÿêîãî ¹ ìíîæèíè (13) i

Ei(k) =

{
x ∈ R : − 1

4Ni(k−1)
≤ x ≤ µi(k)

}
i (k) ∈ Ik , k = 1, 2, . . ., çàëèøà¹òüñÿ âiäêðèòèì.

Íåõàé Ni(k) = N , i (k) ∈ Ik , k = 0, 1, 2, . . . . Ïðè-
éìàþ÷è â (14)

ρi(k) =
1

2
+ ε, 0 < ε ≤ 1

2
, µi(k) = µ, µ > 0,

ç òåîðåìè 1 îòðèìó¹ìî

Íàñëiäîê 1. Íåõàé àáñîëþòíi ïîõèáêè åëå-
ìåíòiâ ÃËÄ (2) çàäîâîëüíÿþòü óìîâè (15). Ìíîæèíè

E0 = {x ∈ R : |x| ≤ µ} ,

Ei(k) =

{
x ∈ R : − 1

N

(
1

4
− ε2

)
≤ x ≤ µ

}
,

i (k) ∈ Ik , k = 1, 2, . . . , äå 0 < ε ≤ 1

2
, µ > 0 � çàäàíi

äiéñíi äîäàòíi ñòàëi, ¹ ìíîæèíàìè àáñîëþòíî¨ ñòiéêî-
ñòi äî çáóðåíü ÃËÄ (2), ïðè÷îìó äëÿ àáñîëþòíèõ ïî-
õèáîê ïiäõiäíèõ äðîáiâ ñïðàâäæóþòüñÿ îöiíêè (17),

∣∣∣∆f (s)∣∣∣ ≤ 2∆

1 + 2ε

(
1 +

4Nµ

(1 + 2ε)
2

1− qs

1− q

)
, s = 1, 2, . . . ,

äå q =
Nν

Nν + ε (1 + 2ε)
, ν = max

{
µ,

1

N

(
1

4
− ε2

)}
.

Ïðèéìàþ÷è â (14)

ρi(k) =
1

2
+

1√
2 (k + 2)

, i (k) ∈ Ik, k = 0, 1, 2, . . . ,

µi(k) =
ρi(k)

N
(
2ρi(k−1) − 1

) , i (k) ∈ Ik, k = 1, 2, . . . ,

ç òåîðåìè 1 îòðèìó¹ìî

Íàñëiäîê 2. Íåõàé àáñîëþòíi ïîõèáêè åëåìåí-
òiâ ÃËÄ (2) çàäîâîëüíÿþòü óìîâè (15). Ñóêóïíiñòü
ìíîæèí

E0 = {x ∈ R : |x| ≤ µ} , µ > 0,

Ei(k) ={
x ∈ R : − 1

4N

(
1 +

√
2

k + 2

)(
1−

√
2

k + 1

)
≤ x ≤

≤
√
k + 1

2N

(
1√
2
+

1√
k + 2

)}
, i (k) ∈ Ik, k = 1, 2, . . . ,

¹ ïîñëiäîâíiñòþ ìíîæèí àáñîëþòíî¨ ñòiéêîñòi äî çáó-
ðåíü ÃËÄ (2), ïðè÷îìó äëÿ àáñîëþòíèõ ïîõèáîê ïiä-
õiäíèõ äðîáiâ ñïðàâäæóþòüñÿ îöiíêè (17),

∣∣∣∆f (s)∣∣∣ ≤ ∆

(
1 + 4µN

s−1∑
k=0

ξkδk

)
, s = 1, 2, . . . ,

äå ξk =

√
(k + 2) (k + 3)(√

2 +
√
k + 2

) (√
2 +
√
k + 3

) ,
δk =

6

(k + 2) (k + 3)
, k = 0, 1, 2, . . . .

Âèñíîâêè

Ó âèïàäêó äîäàòíèõ çàëèøêiâ ïiäõiäíèõ äðîáiâ,
âñòàíîâëåíî óìîâè, ó ðàçi âèêîíàííÿ ÿêèõ ñóêóïíiñòü
ìíîæèí (13), (14) ¹ ïîñëiäîâíiñòþ ìíîæèí àáñîëþ-
òíî¨ ñòiéêîñòi äî çáóðåíü íåñêií÷åííîãî ÃËÄ (2) çi
çìiííîþ êiëüêiñòþ ãiëîê ðîçãàëóæåííÿ. Âñòàíîâëåíî
îöiíêè àáñîëþòíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ.

Íàäàëi äîöiëüíî äîñëiäèòè àáñîëþòíó ñòiéêiñòü
ÃËÄ (2), ó âèïàäêó êîëè íå âñi çàëèøêè ïiäõiäíèõ
äðîáiâ ¹ äîäàòíèìè.
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ÌÍÎÆÅÑÒÂÀ ÀÁÑÎËÞÒÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ
Ê ÂÎÇÌÓÙÅÍÈßÌ ÂÅÒÂßÙÈÕÑß ÖÅÏÍÛÕ ÄÐÎÁÅÉ

Ñ ÄÅÉÑÒÂÈÒÅËÜÍÛÌÈ ÝËÅÌÅÍÒÀÌÈ

Ãëàäóí Â. Ð.

Íàöèîíàëüíûé óíèâåðñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�,
óë. Ñ. Áàíäåðû, 12, Ëüâîâ, 79013, Óêðàèíà

Ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ óñëîâèé, ïðè âûïîëíåíèè êîòîðûõ áåñêîíå÷íûå âåòâÿùèåñÿ
öåïíûå äðîáè ñ ïåðåìåííûì êîëè÷åñòâîì âåòîê âåòâëåíèÿ óñòîé÷èâû ê âîçìóùåíèÿì èõ
ýëåìåíòîâ. Ïîñòðîåíû è èññëåäîâàíû ìíîæåñòâà àáñîëþòíîé óñòîé÷èâîñòè ê âîçìóùåíèÿì
âåòâÿùèõñÿ öåïíûõ äðîáåé ñ äåéñòâèòåëüíûìè ÷àñòíûìè ÷èñëèòåëÿìè è çíàìåíàòåëÿìè,
ðàâíûìè åäèíèöå. Óñòàíîâëåíî îöåíêè àáñîëþòíûõ ïîãðåøíîñòåé ïîäõîäÿùèõ äðîáåé òà-
êèõ âåòâÿùèõñÿ öåïíûõ äðîáåé.

Êëþ÷åâûå ñëîâà: âåòâÿùàÿñÿ öåïíàÿ äðîáü, ïîäõîäÿùèå äðîáè, ìíîæåñòâà àáñîëþòíîé

óñòîé÷èâîñòè ê âîçìóùåíèÿì, îöåíêè àáñîëþòíûõ ïîãðåøíîñòåé ïîäõîäÿùèõ äðîáåé âåòâÿ-

ùèõñÿ öåïíûõ äðîáåé.
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The article deals with investigation of the conditions under which the in�nite branched conti-
nued fractions with variable number of branches are stability to perturbations of their elements.
We construct and investigate the sets of absolute stability to perturbations of branched conti-
nued fractions with real partial numerators and denominators equal to one.Besides, we establish
the errors estimates of approximants of such branched continued fractions.
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