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Âñòóï

Iíòåãðàëüíi çîáðàæåííÿ óçàãàëüíåíèõ ìîìåíòiâ
çàïðîâàäæåíî íà âèìiðíèõ ìíîæèíàõ êîìïëåêñíî¨
ïëîùèíè ([1]). Òâiðíi ôóíêöi¨ ïîñëiäîâíîñòåé óçà-
ãàëüíåíèõ ìîìåíòiâ çîáðàæåíî â iíòåãðàëüíîìó âè-
ãëÿäi ([2]) òà ó âèãëÿäi ðàöiîíàëüíèõ íàáëèæåíü â
îêîëi òî÷êè ([3]).

Ðîçãëÿíåìî çîáðàæåííÿ óçàãàëüíåíèõ ìîìåíòiâ
íà âiäðiçêó äiéñíî¨ îñi òà âñòàíîâèìî ¨õíi âëàñòèâîñòi.

Óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ ïîñëiäîâíîñòi
{sn}∞0 ⊂ R íà âiäðiçêó [a; b] ⊂ R ç ìiðîþ dµ(x) íà
íüîìó ìà¹ âèãëÿä

sk+l =

b∫
a

ak(x)bl(x)dµ(x), (1)

â ÿêîìó ïîñëiäîâíîñòi {ak(x)}∞0 òà {bl(x)}∞0
¹ âiäøóêóâàíèìè ïîñëiäîâíîñòÿìè ç ïðîñòîðó
L2

(
[a; b]; dµ(x)

)
. ×ëåíè ïîñëiäîâíîñòi {sn}∞0 íàçè-

âàþòü óçàãàëüíåíèìè ìîìåíòàìè.
Ïåðåòâîðåííÿ ïiäiíòåãðàëüíèõ âèðàçiâ òà âëàñòè-

âîñòi ïiäiíòåãðàëüíèõ ôóíêöié íà âiäðiçêó äiéñíî¨
îñi âèçíà÷àþòü iíøi ôîðìè çîáðàæåííÿ óçàãàëüíåíèõ
ìîìåíòiâ.

I. Ðåêóðåíòíi ñïiââiäíîøåííÿ

Çàñòîñó¹ìî òåîðåìè ïðî ñåðåäíi çíà÷åííÿ â iíòå-
ãðàëüíîìó ÷èñëåííi äëÿ âñòàíîâëåííÿ ðåêóðåíòíèõ
ñïiââiäíîøåíü ìiæ óçàãàëüíåíèìè ìîìåíòàìè.

Íåõàé ñïðàâäæó¹òüñÿ çîáðàæåííÿ (1), ÿêå çàïè-
øåìî ó âèãëÿäi

sk+l =

b∫
a

ak(x)bl(x)µ
′(x)dx, (2)

ââàæàþ÷è ôóíêöiþ µ(x) äèôåðåíöiéîâàíîþ íà ïðî-
ìiæêó (a;b).

Çàñòîñó¹ìî ïåðøó òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ.
Íåõàé íà âiäðiçêó [a;b] ôóíêöi¨ ak(x) íåïåðåðâíi, ïðè-
÷îìó a0(x) = 1. Ôóíêöi¨ bl(x)µ′(x) íå çìiíþþòü çíàêà.
Òîäi iñíó¹ ïîñëiäîâíiñòü {ck}∞0 ⊂ (a; b) òàêà, ùî

sk+l = ak(ck)

b∫
a

bl(x)µ
′(x)dx = ak(ck)sl,

çíà÷åííÿ ck íå çàëåæàòü âiä l, â êiíöi ïóíêòó íàâå-
äåíî ïðèêëàä. Ïðèéìåìî ak(ck) = ak i îäåðæó¹ìî
ðåêóðåíòíi ñïiââiäíîøåííÿ

sk+l = aksl, k = 0, 1, 2, . . . , l = 0, 1, 2, . . . , (3)

ÿêi çàïèøåìî ó âèãëÿäi

sn = aksn−k, n = 0, 1, 2, . . . , k = 0, 1, 2, . . . , n. (4)

Ìîìåíòè sn íà îñíîâi îäåðæàíèõ ñïiââiäíîøåíü
âèðàæàþòüñÿ ó âèãëÿäàõ ñåðåäíüîãî àðèôìåòè÷íîãî

sn =
a1sn−1 + a2sn−2 + . . .+ ans0

n
, (5)

ñåðåäíüîãî ãåîìåòðè÷íîãî

sn = n
√
a1sn−1 · a2sn−2 · . . . · ans0, (6)

ñåðåäíüîãî ãàðìîíi÷íîãî

sn =
n

1

a1sn−1
+

1

a2sn−2
+ . . .+

1

ans0

(7)

çíà÷åíü ïîïåðåäíiõ ìîìåíòiâ.
Ìîìåíòè sn âèðàæàþòüñÿ â ÿâíîìó âèãëÿäi

sn =

(
s1
s0

)n
s0, (8)

à ¨õíÿ òâiðíà ôóíêöiÿ f(z) ìà¹ âèãëÿä

f(z) :=
∞∑
n=0

snz
n =

sz0
s0 − s1z

(9)
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i ¹ àíàëiòè÷íîþ ôóíêöi¹þ â êðóçi
{
z : |z| <

∣∣∣∣s0s1
∣∣∣∣}.

Çàñòîñó¹ìî ïåðøó òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ
äâà ðàçè. Íåõàé íà âiäðiçêó [a;b] ôóíêöi¨ ak(x) òà
bl(x) íåïåðåðâíi, ôóíêöi¨ bl(x) òà µ′(x) íå çìiíþþòü
çíàêà. Òîäi iñíóþòü ïîñëiäîâíîñòi {ck}∞0 ⊂ (a;b) òà
{dl}∞0 ⊂ (a;b) òàêi, ùî

sk+l = ak(ck)bl(dl)

b∫
a

dµ(x) = ak(ck)bl(dl)
[
µ(b)−µ(a)

]
.

Ïðèéìåìî ak(ck) = ak, bl(dl) = bl, µ(b) − µ(a) = c i
îäåðæó¹ìî ñïiââiäíîøåííÿ

sk+l = c akbl, k = 0, 1, 2, . . . , l = 0, 1, 2, . . . , (10)

ÿêi çàïèøåìî ó âèãëÿäi

sn = c akbn−k, n = 0, 1, 2, . . . , k = 0, 1, 2, . . . , n. (11)

Ìîìåíòè sn íà îñíîâi îäåðæàíèõ ñïiââiäíîøåíü
âèðàæàþòüñÿ ó âèãëÿäàõ:
ñåðåäíüîãî àðèôìåòè÷íîãî

sn = c
a0bn + a1bn−1 + . . .+ anb0

n+ 1
, (12)

ñåðåäíüîãî ãåîìåòðè÷íîãî

sn = c n+1
√
a0bn · a1bn−1 · . . . · anb0, (13)

ñåðåäíüîãî ãàðìîíi÷íîãî

sn = c
n+ 1

1

a0bn
+

1

a1bn−1
+ . . .+

1

anb0

(14)

çíà÷åíü ïðàâèõ ÷àñòèí, à òàêîæ â ÿâíîìó âèãëÿäi (8)
ç òâiðíîþ ôóíêöi¹þ (9).

Çàñòîñó¹ìî äðóãó òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ.
Íåõàé íà âiäðiçêó [a;b] ôóíêöi¨ ak(x) ìîíîòîííi. Òîäi
iñíó¹ ïîñëiäîâíiñòü {tk}∞0 ⊂ (a; b) òàêà, ùî

sk+l = ak(a)

tk∫
a

bl(x)dµ(x) + ak(b)

b∫
tk

bl(x)dµ(x). (15)

Ïðèéìåìî a0(x) = 1. Òîäi ìîìåíòè sk+l ìîæíà çîá-
ðàçèòè â îäíîìó ç âèãëÿäiâ

sk+l = ak(a)sl +
[
ak(b)− ak(a)

] b∫
tk

bl(x)dµ(x), (16)

sk+l = ak(b)sl +
[
ak(a)− ak(b)

] tk∫
a

bl(x)dµ(x). (17)

Äîäàþ÷è îáèäâà ñïiââiäíîøåííÿ, îäåðæó¹ìî

2sk+l =
[
ak(a) + ak(b)

]
sl+

+
[
ak(a)− ak(b)

] tk∫
a

bl(x)dµ(x)−
b∫

tk

bl(x)dµ(x)

 .

(18)

Çàñòîñó¹ìî äðóãó òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ
äâà ðàçè. Íåõàé íà âiäðiçêó [a;b]ôóíêöi¨ ak(x) òà bl(x)
ìîíîòîííi. Òîäi iñíóþòü ïîñëiäîâíîñòi {tk}∞0 ⊂ (a;b),
{pl}∞0 ⊂ (a; tk), {ql}∞0 ⊂ (tk; b) òàêi, ùî

sk+l = ak(a)

bl(a) pl∫
a

dµ(x) + bl(tk)

tk∫
pl

dµ(x)

+

+ ak(b)

bl(tk) ql∫
tk

dµ(x) + bl(b)

b∫
ql

dµ(x)

 .
(19)

Îäåðæàíå ñïiââiäíîøåííÿ çàïèøåìî ó âèãëÿäi

sk+l = ak(b)bl(b)µ(b)−
− ak(b)

[
bl(b)− bl(tk)

]
µ(ql)−

− bl(tk)
[
ak(b)− ak(a)

]
µ(tk)−

− ak(a)
[
bl(tk)− bl(a)

]
µ(pl)−

− ak(a)bl(a)µ(a),

(20)

â ÿêîìó ìîìåíòè sk+l âèðàæàþòüñÿ ÷åðåç çíà÷åííÿ
ôóíêöi¨ µ(x) íà êiíöÿõ âiäðiçêà [a;b] òà â éîãî âíó-
òðiøíiõ òî÷êàõ.

Ïðèêëàä. Ïðèéìåìî bl(x) = hlg(x), äå {hl}∞0 �
ïîñëiäîâíiñòü äiéñíèõ ÷èñåë, ïðè÷îìó hl ̸= 0, g(x) �
iíòåãðîâíà íà âiäðiçêó [a; b] ôóíêöiÿ. Ïîçíà÷èìî

b∫
a

ak(x)g(x)dx = σk,

b∫
a

g(x)dx = σ ̸= 0.

Îá÷èñëþþ÷è âåëè÷èíè óçàãàëüíåíèõ ìîìåíòiâ òà
çàñòîñîâóþ÷è ïåðøó òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ,
âiäïîâiäíî, çíàõîäèìî

sk+l = hlσk, sk+l = ak(ckl)hlσ,

çâiäêè âñòàíîâëþ¹ìî ñïiââiäíîøåííÿ

ak(ckl) =
σk
σ
,

òîáòî çíà÷åííÿ ckl íå çàëåæàòü âiä l.

II. Çîáðàæåííÿ ó âèãëÿäi ñóìè

Çàñòîñó¹ìî ìåòîä iíòåãðóâàííÿ ÷àñòèíàìè äëÿ
âñòàíîâëåííÿ çîáðàæåííÿ óçàãàëüíåíèõ ìîìåíòiâ ó
âèãëÿäi ñóìè ñêií÷åííî¨ êiëüêîñòi äîäàíêiâ.

Íåõàé {ak(x)}∞0 òà {bl(x)}∞0 óòâîðþþòü ñèñòåìè
àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ ñòåïåíiâ k òà l âiäïîâiäíî
ç äiéñíèìè êîåôiöi¹íòàìè;

ak(x) =
k∑
i=0

αkix
i, bl(x) =

l∑
j=0

βljx
j , (21)

{αki} ⊂ R, αkk ̸= 0, {βlj} ⊂ R, βll ̸= 0.
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Çîáðàæåííÿ óçàãàëüíåíèõ ìîìåíòiâ íà âiäðiçêó äiéñíî¨ îñi

Ïðèéìåìî µ(x) = x. Ïåðåòâîðþþ÷è iíòåãðàë â çîá-
ðàæåííi (1) çà ôîðìóëîþ iíòåãðóâàííÿ ÷àñòèíàìè,
ìà¹ìî

sk+l =

b∫
a

ak(x)bl(x)dx =

b∫
a

ak(x)dbl1(x) =

= ak(b)bl1(b)− ak(a)bl1(a)−
b∫
a

a′k(x)bl1(x)dx,

bl1(x) =

x∫
a

bl(t)dt.

Iíòåãðóþ÷è ÷àñòèíàìè k ðàçiâ, íà îñíîâi ìåòîäó ìà-
òåìàòè÷íî¨ iíäóêöi¨, âñòàíîâëþ¹ìî çîáðàæåííÿ ìî-
ìåíòiâ sk+l ó âèãëÿäi

sk+l =
k−1∑
ν=0

(−1)ν
[
a
(ν)
k (b)bl,ν+1(b)− a(ν)k (a)bl,ν+1(a)

]
+

+ (−1)kk!αkk [bl,k+1(b)− bl,k+1(a)] .

(22)

Ôóíêöi¨ bl,ν+1(x) ìàþòü âèðàæåííÿ

bl,ν+1(x) =

x∫
a

blν(t)dt,

çâiäêè íà îñíîâi ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨, çìi-
íþþ÷è ïîðÿäîê iíòåãðóâàííÿ, âñòàíîâëþ¹ìî

bl,ν+1(x) =
1

ν!

x∫
a

(x− t)νbl(t)dt. (23)

Ìîìåíòè àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ (21), ïðèéìà-
þ÷è µ(x) = x òà âèêîíóþ÷è äiþ iíòåãðóâàííÿ, çîáðà-
çèìî ó âèãëÿäi

sk+l =

k∑
i=0

l∑
j=0

αkiβlj
bi+j+1 − ai+j+1

i+ j + 1
; (24)

çâiäñè ïðè a = 0 ìà¹ìî

sk+l = b

k∑
i=0

αkib
i

l∑
j=0

βlj
i+ j + 1

bj .

Óçàãàëüíåíi ìîìåíòè sk+l àëãåáðà¨÷íèõ ìíîãî÷ëå-
íiâ (21), ïðèéìàþ÷è

b∫
a

xndµ(x) = σn, n = 0, 1, 2, . . . ,

âèðàçèìî ÷åðåç êëàñè÷íi ìîìåíòè σi+j . Ñïðàâäi, ïiä-
ñòàâëÿþ÷è (21) â (1), îäåðæó¹ìî

sk+l =
k∑
i=0

l∑
j=0

αkiβljσi+j . (25)

ßêùî ôóíêöi¨ ak(x) òà bl(x) çîáðàæàþòüñÿ ñòåïå-
íåâèìè ðÿäàìè, òîáòî

ak(x) =
∞∑
i=0

αkix
i, |x| < r1,

bl(x) =
∞∑
j=0

βljx
j , |x| < r2,

òî çîáðàæåííÿ (24) òà (25) âiäïîâiäíî ïåðåòâîðþþòü-
ñÿ â çîáðàæåííÿ

sk+l =
∞∑
i=0

∞∑
j=0

αkiβlj
bi+j+1 − ai+j+1

i+ j + 1
,

sk+l =

∞∑
i=0

∞∑
j=0

αkiβljσi+j .

Íåõàé {ak(x)}∞0 òà {bl(x)}∞0 óòâîðþþòü òàêi ñèñ-
òåìè ôóíêöié, ùî:
ôóíêöi¨ ak(x) äèôåðåíöiéîâàíi äîâiëüíó êiëüêiñòü ðà-
çiâ íà ïðîìiæêó (a;b),
ôóíêöi¨ bl(x) iíòåãðîâàíi äîâiëüíó êiëüêiñòü ðàçiâ íà
âiäðiçêó [a;b],
ïiñëÿ êîæíîãî iíòåãðóâàííÿ ÷àñòèíàìè îäåðæàíi ií-
òåãðàëè çáiæíi.
Òîäi óçàãàëüíåíi ìîìåíòè sk+l çîáðàæàþòüñÿ ïîäâié-
íèìè ÷èñëîâèìè ðÿäàìè.

III. Ìîìåíòè íà ñèìåòðè÷íîìó
âiäðiçêó

Âñòàíîâèìî çîáðàæåííÿ óçàãàëüíåíèõ ìîìåíòiâ
ó âèãëÿäàõ iíòåãðàëiâ äîáóòêiâ ïàðíèõ ÷àñòèí òà íå-
ïàðíèõ ÷àñòèí ñèñòåì ôóíêöié {ak(x)}∞0 òà {bl(x)}∞0 .

Çîáðàæåííÿ (1) çàïèøåìî ó âèãëÿäi

sk+l =

c∫
−c

ak(x)bl(x)dµ(x), c > 0. (26)

Ðîçãëÿíåìî ôóíêöi¨

a+k (x) = ak(x) + ak(−x),
a−k (x) = ak(x)− ak(−x),

(27)

ÿêi óòâîðþþòü ïàðíó ÷àñòèíó òà âiäïîâiäíî íåïàðíó
÷àñòèíó ôóíêöié ak(x). Çàóâàæèìî, ùî

ak(x) =
a+k (x) + a−k (x)

2
.

Ðîçãëÿíåìî ôóíêöi¨

b+l (x) = bl(x) + bl(−x),
b−l (x) = bl(x)− bl(−x),

(28)

ÿêi óòâîðþþòü ïàðíó ÷àñòèíó òà âiäïîâiäíî íåïàðíó
÷àñòèíó ôóíêöié bl(x). Çàóâàæèìî, ùî

bl(x) =
b+l (x) + b−l (x)

2
.
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Íåõàé ôóíêöiÿ µ(x) ïàðíà. Òîäi ç (27) i (28), âðà-
õîâóþ÷è (26), ïðèéìàþ÷è −x = t, âñòàíîâëþ¹ìî

4sk+l =

c∫
−c

a+k (x)b
−
l (x)dµ(x)+

+

c∫
−c

a−k (x)b
+
l (x)dµ(x),

(29)

c∫
−c

a+k (x)b
+
l (x)dµ(x) =

c∫
−c

a−k (x)b
−
l (x)dµ(x) = 0.

Íåõàé ôóíêöiÿ µ(x) íåïàðíà. Òîäi ç (27) i (28),
âðàõîâóþ÷è (26), ïðèéìàþ÷è −x = t, âñòàíîâëþ¹ìî

4sk+l=

c∫
−c

a+k (x)b
+
l (x)dµ(x)+

c∫
−c

a−k (x)b
−
l (x)dµ(x), (30)

c∫
−c

a+k (x)b
−
l (x)dµ(x) =

c∫
−c

a−k (x)b
+
l (x)dµ(x) = 0.

Iíòåãðàëè äîáóòêiâ ôóíêöié a±k (x) òà b
±
l (x) íà ñè-

ìåòðè÷íîìó âiäðiçêó [−c;c], c > 0, ç ìiðîþ dµ(x) íà
íüîìó ìîæóòü çîáðàæàòè óçàãàëüíåíi ìîìåíòè sk+l
â åôåêòèâíiøîìó âèãëÿäi.

Âèñíîâêè

Ðåêóðåíòíi ñïiââiäíîøåííÿ ñòâîðþþòü ìîæëè-
âiñòü ïîâíiøîãî âèâ÷åííÿ àëãåáðà¨÷íèõ âëàñòèâîñòåé
óçàãàëüíåíèõ ìîìåíòiâ. Çîáðàæåííÿ óçàãàëüíåíèõ
ìîìåíòiâ ó âèãëÿäi ñóìè ÷è ðÿäó âèðàæà¹ çâ'ÿçîê ìiæ
êîíòèíóàëüíîþ ïðîáëåìîþ ìîìåíòiâ òà äèñêðåòíîþ
ïðîáëåìîþ ìîìåíòiâ. Âëàñòèâîñòi ïàðíîñòi ÷è íåïàð-
íîñòi ïiäiíòåãðàëüíèõ ôóíêöié âèçíà÷àþòü âëàñòèâî-
ñòi óçàãàëüíåíèõ ìîìåíòiâ íà ñèìåòðè÷íîìó âiäðiçêó.
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ÏÐÅÄÑÒÀÂËÅÍÈß ÎÁÎÁÙÅÍÍÛÕ ÌÎÌÅÍÒÎÂ
ÍÀ ÎÒÐÅÇÊÅ ÄÅÉÑÒÂÈÒÅËÜÍÎÉ ÎÑÈ
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Ðàññìàòðèâàþòñÿ îáîáùåííûå ìîìåíòíûå ïðåäñòàâëåíèÿ ÷ëåíîâ ïîñëåäîâàòåëüíîñòè
äåéñòâèòåëüíûõ ÷èñåë íà îòðåçêå äåéñòâèòåëüíîé îñè. Óñòàíîâëåíî ðåêóððåíòíûå ñîîòíî-
øåíèÿ äëÿ îáîáùåííûõ ìîìåíòîâ. Ïðåäñòàâëåíî îáîáùåííûå ìîìåíòû â âèäå ñóììû êî-
íå÷íîãî êîëè÷åñòâà ñëàãàåìûõ è â âèäå ÷èñëîâîãî ðÿäà, à òàêæå â âèäå èíòåãðàëà ïî ñèì-
ìåòðè÷íîìó îòðåçêó äåéñòâèòåëüíîé îñè.
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REPRESENTATIONS OF GENERALIZED MOMENTS
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Generalized moment representations for members of a sequence of real numbers on a segment
of real axis are considered. Recurrence formulae for generalized moments are obtained. Generali-
zed moments are represented in the form of sum of �nite numbers of items and the form of
number series, in the form of integral taken over a symmetric segment on the real axis.
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