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Ðîçðîáëåíî àëãîðèòìi÷íó ðåàëiçàöiþ òî÷íî¨ òðèòî÷êîâî¨ ðiçíèöåâî¨ ñõåìè ðîçâ'ÿçóâàííÿ

íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ó öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ÷åðåç
òðèòî÷êîâi ðiçíèöåâi ñõåìè ðàíãó m̄ = 2[(m + 1)/2] ( m �öiëå äîäàòíå, [·] � öiëà ÷àñòèíà).
Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó òðèòî÷êîâî¨ ðiçíèöåâî¨ ñõåìè ðàíãó m̄ òà îòðè-
ìàíà îöiíêà òî÷íîñòi. Ðåçóëüòàòè òåîðåòè÷íèõ äîñëiäæåíü ïiäòâåðäæåíî íà ÷èñåëüíîìó
ïðèêëàäi.
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Âñòóï

Ñòàöiîíàðíå ðiâíÿííÿ äèôóçi¨ àáî òåïëîïðîâiäíî-
ñòi â öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ó âèïàäêó îñüî-
âî¨ ñèìåòði¨, ìà¹ âèãëÿä

1

x

d

dx

[
xk(x)

du

dx

]
= −f(x, u), x ∈ [0, R]. (1)

Ïðè x = 0 ñòàâèòüñÿ óìîâà îáìåæåíîñòi |u(0)| < ∞,
ÿêà åêâiâàëåíòíà óìîâi

lim
x→0

xk(x)
du

dx
= 0, (2)

à ïðè x = R � êðàéîâà óìîâà ïåðøîãî ðîäó

u(R) = µ2. (3)

Äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çà-
äà÷i (1)�(3), ÿêi âèïëèâàþòü ç ïðèíöèïó ñòèñêóâàëü-
íèõ âiäîáðàæåíü, ìàþòü âèãëÿä (äèâ. [1])

0 < c1 ≤ k(x) ≤ c2 ∀x ∈ [0, R], k(x) ∈ Q1[0, R], (4)

fu(x) ≡ f(x, u) ∈ Q0[0, R], |f(x, u)| ≤ K
∀x ∈ [0, R], u ∈ Ω([0, R], ρ),

(5)

|f(x, u)−f(x, v)| ≤ L|u−v| ∀x∈[0, R], u, v∈Ω([0, R], ρ),
(6)

q =
LR2

4c1
max (1, 2c1) < 1. (7)

Òóò Qp[0, R] � êëàñ ôóíêöié ç êóñêîâî-
íåïåðåðâíèìè ïîõiäíèìè äî p-ãî ïîðÿäêó âêëþ÷íî
iç ñêií÷åííîþ êiëüêiñòþ òî÷îê ðîçðèâó ïåðøîãî ðî-
äó, à Ω([0, R], r) � ìíîæèíà ôóíêöié âèãëÿäó

Ω([0, R], r) =

{
u(x) : u(x) ∈W 1

∞[0, R], u(x), xk(x)
du

dx
∈ C[0, R],

∥∥∥u− u(0)∥∥∥∗
1,∞,[0,R]

≤ r
}
,

r =
KR2

4c1
max (1, 2c1) , ∥u∥0,∞,[0,R] = max

x∈[0,R]
|u(x)|, ∥u∥∗1,∞,[0,R] = max

{
∥u∥0,∞,[0,R],

∥∥∥∥xkdudx
∥∥∥∥
0,∞,[0,R]

}
.

Äëÿ íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü (ÇÄÐ) äðóãîãî ïîðÿäêó ç êðàéîâèìè óìîâàìè
Äiðiõëå ó ïðàöi [2] âïåðøå áóâ çàïðîïîíîâàíèé ïiä-
õiä äî ïîáóäîâè íà ðiâíîìiðíié ñiòöi òî÷íèõ òðèòî-
÷êîâèõ ðiçíèöåâèõ ñõåì (ÒÒÐÑ) òà ðîçðîáëåíà ¨õ
àëãîðèòìi÷íà ðåàëiçàöiÿ ÷åðåç òðèòî÷êîâi ðiçíèöåâi

ñõåìè (ÒÐÑ) ïîðÿäêó òî÷íîñòi m (m � öiëå äîäà-
òíå). Öi ðåçóëüòàòè áóëè ðîçâèíóòi òà ïîâíiñòþ îá-
 ðóíòîâàíi â [3]. Íîâà àëãîðèòìi÷íà ðåàëiçàöiÿ ÒÒÐÑ
íà íåðiâíîìiðíié ñiòöi ÷åðåç ÒÐÑ ïîðÿäêó òî÷íîñòi
m̄ = 2[(m + 1)/2] ([·] � öiëà ÷àñòèíà) ðîçðîáëåíà ó
ïðàöÿõ [4, 5].
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Ó öié ïðàöi äëÿ çàäà÷i (1)�(3) ïîáóäîâàíî òà îá-
 ðóíòîâàíî àëãîðèòìi÷íó ðåàëiçàöiþ ÒÒÐÑ, çàïðîïî-
íîâàíî¨ â [1].

I. Òî÷íà òðèòî÷êîâà ðiçíèöåâà ñõåìà

Íà âiäðiçêó [0, R] ââåäåìî íåðiâíîìiðíó ñiòêó

ω̂h = {xj ∈ [0, R], j = 0, 1, . . . , N, x0 = 0, xN = R},
hj = xj − xj−1 > 0, j = 1, 2, . . . , N, |h| = max

1≤j≤N
hj

òàê, ùîá òî÷êè ðîçðèâó ôóíêöié k(x), f(x, u) çáiãàëè-
ñÿ ç âóçëàìè ñiòêè ω̂h = {xj , j = 1, 2, . . . , N−1}. Ìíî-
æèíó âñiõ òî÷îê ðîçðèâó ïîçíà÷èìî ÷åðåç ρ i ïðèïó-
ñòèìî, ùî N òàêå, ùî ρ ⊆ ω̂h. Áóäåìî ââàæàòè, ùî â
òî÷êàõ ðîçðèâó ðîçâ'ÿçîê çàäà÷i (1)�(3) çàäîâîëüíÿ¹
óìîâè íåïåðåðâíîñòi

u(xi − 0) = u(xi + 0), xk(x)
du

dx

∣∣∣∣
x=xi−0

=

= xk(x)
du

dx

∣∣∣∣
x=xi+0

∀xi ∈ ρ.

Ó ïðîñòîði ñiòêîâèõ ôóíêöié ââåäåìî ìíîæèíó

Ω(ω̂h, r) =
{
(vj)

N
j=0 : ∥v − u(0)∥∗

1,∞,ω̂h
≤ r
}

òà íîðìè

∥y∥0,∞,ω̂−
h
= max
ξ∈ω̂−

h

|y(ξ)|, ω̂−
h = ω̂h\xN ,

∥y∥0,∞,ω̂+
h
= max
ξ∈ω̂+

h

|y(ξ)|, ω̂+
h = ω̂h\x0,

∥y∥∗1,∞,ω̂h
= max

{
∥y∥0,∞,ω̂−

h
,

∥∥∥∥xk dydx
∥∥∥∥
0,∞,ω̂+

h

}
,

∥y∥0,1,ω̂+
h \x1

=
∑

ξ∈ω̂+
h \x1

h(ξ)|y(ξ)|.

ÒÒÐÑ äëÿ çàäà÷i (1)�(3) (äèâ. [1]) ìà¹ âèãëÿä

ux,0 = −φ(x0, u), a2ux,1/(~1x1) = −φ(x1, u),
1

xj
(aux̄)x̂,j = −φ(xj , u), j = 2, 3, . . . , N − 1, uN = µ2,

(8)

äå

ux̄,j =
uj − uj−1

hj
, ux,j =

uj+1 − uj
hj+1

, ux̂,j =
uj+1 − uj

~j
, ~j =

hj + hj+1

2
,

aj = a(xj) =

[
1

hj
V j1 (xj)

]−1

, j = 2, 3, . . . , N − 1, (9)

φ(x0, u) =
1

h1

(
u0 − Y 1

1 (x1, u)
)
,

φ(x1, u) =
1

~1

[
Z1
2 (x1, u)− Z1

1 (x1, u) +
Y 1
2 (x1, u)− u2
x1V 1

2 (x1)

]
,

φ(xj , u) =
1

~j

2∑
α=1

(−1)α
[
Zjα(xj , u) + + (−1)α

Y jα (xj , u)− uj+(−1)α

xjV
j
α (xj)

]
, j = 2, 3, . . . , N − 1,

(10)

à ôóíêöi¨ Y 1
1 (x1, u), Z

1
1 (x1, u), Y

j
α (xj , u), Z

j
α(xj , u), j = 3 − α, 4 − α, . . . , N + 1 − α, α = 1, 2 �ðîçâ'ÿçêè çàäà÷

Êîøi

dY 1
1 (x, u)

dx
=
Z1
1 (x, u)

k(x)
,

dZ1
1 (x, u)

dx
= −f(x, Y 1

1 (x, u))−
Z1
1 (x, u)

x
, 0 < x < x1,

Y 1
1 (0, u) = u0, lim

x→0
Z1
1 (x, u) = 0,

(11)

dY jα (x, u)

dx
=
Zjα(x, u)

k(x)
,

dZjα(x, u)

dx
= −f(x, Y jα (x, u))−

Zjα(x, u)

x
, xj−2+α < x < xj−1+α,

Y jα (xj+(−1)α , u) = uj+(−1)α , Zjα(xj+(−1)α , u) = k(x)
du

dx

∣∣∣∣
x=xj+(−1)α

,

(12)

ôóíêöi¨ V̄ jα (x) = (−1)α+1V jα (x) � ðîçâ'ÿçêè çàäà÷ Êîøi

dV̄ jα (x)

dx
=

1

xk(x)
, xj−2+α < x < xj−1+α,

V̄ jα (xj+(−1)α) = 0, j = 3− α, 4− α, ..., N + 1− α, α = 1, 2.

(13)

Îòæå, äëÿ ïîáóäîâè ÒÒÐÑ (8)�(10) íåîáõiäíî äëÿ ∀xj ∈ ω̂h ðîçâ'ÿçàòè ÷îòèðè çàäà÷i Êîøi (11) àáî (12) i
(13). ßêùî çàäà÷i (11)�(13) ðîçâ'ÿçóâàòè ÷èñåëüíî, òî îòðèìà¹ìî âiäñi÷åíi ÒÐÑ.
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II. Òðèòî÷êîâà ðiçíèöåâà ñõåìà âèñîêîãî ïîðÿäêó òî÷íîñòi

Çàäà÷i Êîøi (11)�(13) áóäåìî ðîçâ'ÿçóâàòè ÷èñåëüíî çà äîïîìîãîþ áóäü-ÿêèõ îäíîêðîêîâèõ ìåòîäiâ (äèâ.,
íàïð., [6])

Y
(m̄)1
1 (x1, u) = u0 + h1Φ̃1 (x0, u0, 0, h1) ,

Z
(m)1
1 (x1, u) = h1Φ̃2 (x0, u0, 0, h1) ,

(14)

Y (m̄)j
α (xj , u) = uj+(−1)α + (−1)α+1hj−1+αΦ1

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , (−1)α+1hj−1+α

)
,

Z(m)j
α (xj , u) = (ku′)j+(−1)α + (−1)α+1hj−1+αΦ2

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , (−1)α+1hj−1+α

)
,

V̄ (m̄)j
α (xj) = (−1)α+1hj−1+αΦ3

(
xj+(−1)α , 0, (−1)α+1hj−1+α

)
, j = 3− α, 4− α, ..., N + 1− α, α = 1, 2,

(15)

äå Φ̃1(x, u, y, h), Φ̃2(x, u, y, h), Φ1(x, u, y, h), Φ2(x, u, y, h), Φ3(x, u, h) � ôóíêöi¨ ïðèðîñòó, (ku′)j+(−1)α =

= k(x)
du

dx

∣∣∣∣
x=xj+(−1)α

, Z(m)1
1 (x1, u), Z

(m)j
α (xj , u) àïðîêñèìóþòü çíà÷åííÿ Z1

1 (x1, u), Z
j
α(xj , u) ç ïîðÿäêîì òî÷íîñòi

m (m � öiëå äîäàòíå), Y (m̄)1
1 (x1, u), Y

(m̄)j
α (xj , u), V

(m̄)j
α (xj) àïðîêñèìóþòü âiäïîâiäíî Y 1

1 (x1, u), Y
j
α (xj , u), V

j
α (xj)

ç ïîðÿäêîì òî÷íîñòi m̄ = 2[(m+1)/2] ([·] � öiëà ÷àñòèíà). ßêùî k(x) òà ïðàâà ÷àñòèíà äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ f(x, u) äîñòàòíüî ãëàäêi, òî iñíóþòü ðîçêëàäè

Y 1
1 (x1, u) = Y

(m̄)1
1 (x1, u) + hm̄+1

1 ψ1
1(x0, u) +O(hm̄+2

1 ), (16)

Z1
1 (x1, u) = Z

(m)1
1 (x1, u) + hm+1

1 ψ̃1
1(x0, u) +O(hm+2

1 ), (17)

Y jα (xj , u) = Y (m̄)j
α (xj , u) + [(−1)α+1hj−1+α]

m̄+1ψjα(xj+(−1)α , u) +O(hm̄+2
j−1+α), (18)

Zjα(xj , u) = Z(m)j
α (xj , u) + [(−1)α+1hj−1+α]

m+1ψ̃jα(xj+(−1)α , u) +O(hm+2
j−1+α), (19)

V̄ jα (xj) = V̄ (m̄)j
α (xj) + [(−1)α+1hj−1+α]

m̄+1ψ̄jα(xj+(−1)α) +O(hm̄+2
j−1+α). (20)

Ó âèïàäêó ìåòîäó ðÿäiâ Òåéëîðà

Φ̃1 (x0, u0, 0, h1) = −h1
f(x0, u0)

4k(x0)
−

m̄∑
p=3

hp−1
1

p!

p−2∑
j=0

(
p− 1
j

)
p− j − 1

p− j
dp−j−2f

dxp−j−2

∣∣∣∣
x=x0

dj

dxj
1

k(x)

∣∣∣∣∣
x=x0

 ,
Φ̃2 (x0, u0, 0, h1) = −

1

2
f(x0, u0)−

m∑
p=2

hp−1
1

(p− 1)!(p+ 1)

dp−1f

dxp−1

∣∣∣∣∣
x=x0

,

Φ1

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , (−1)α+1hj−1+α

)
=

=

[
1− (−1)α+1hj−1+α

2

(
1

xj+(−1)α
+
k′j+(−1)α

kj+(−1)α

)]
u′j+(−1)α−

− (−1)α+1hj−1+α

2

f(xj+(−1)α , uj+(−1)α)

kj+(−1)α
+

m̄∑
p=3

[(−1)α+1hj−1+α]
p−1

p!

dpY jα (xj+(−1)α , u)

dxp
,

Φ2

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , (−1)α+1hj−1+α

)
=

= −f(xj+(−1)α , uj+(−1)α)−
(ku′)j+(−1)α

xj+(−1)α
+

m∑
p=2

[(−1)α+1hj−1+α]
p−1

p!

dpZjα(xj+(−1)α , u)

dxp
,

Φ3

(
xj+(−1)α , 0, (−1)α+1hj−1+α

)
=

1

(xk)j+(−1)α
+

m̄∑
p=2

[(−1)α+1hj−1+α]
p−1

p!

[
dp−1

dxp−1

1

xk(x)

]∣∣∣∣
x=xj+(−1)α

.

Ëåìà 1. Íåõàé
0 < c1 ≤ k(x) ≤ c2 ∀x ∈ [0, R], k(x) ∈ Qm+1[0, R],

f(x, u) ∈
N
∪
j=1

Cm ([xj−1, xj ]× Ω([0, R], r +△))

i äëÿ ÷èñåëüíèõ ìåòîäiâ (15) iñíóþòü ðîçêëàäè (18)�(20), òîäi ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

Y jα (xj , u) =Y
(m̄)j
α (xj , u) + (−1)α+1hm̄+1

j−1+αψ
j−1+α
1 (xj+(−1)α , u) +O(hm̄+2

j−1+α), (21)
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Zjα(xj , u) = Z(m)j
α (xj , u) + [(−1)α+1hj−1+α]

m+1ψ̃j−1+α
1 (xj+(−1)α , u) +O(hm+2

j−1+α), (22)

V jα (xj) = V (m̄)j
α (xj) + hm̄+1

j−1+αψ̄
j−1+α
1 (xj+(−1)α) +O(hm̄+2

j−1+α), (23)

j = 3− α, 4− α, ..., N + 1− α, α = 1, 2.

� Äîâåäåííÿ. Ç òîãî, ùî ìåòîä (15) ìà¹ ïîðÿäîê òî÷íîñòi m̄ òà âèêîíóþòüñÿ óìîâè ãëàäêîñòi, âèïëèâà¹,
ùî iñíóþòü ðîçêëàäè (18)�(20) (äèâ., íàïð., [6, c.168]). Çãiäíî ç (18), (19)

Y j1 (xj , u)− Y
(m̄)j
1 (xj , u) =Y

j
1 (xj , u)− u(xj − hj)− hjΦ1(xj − hj , u(xj − hj), ku′|x=xj−hj

, hj) =

=hm̄+1
j ψj1(xj − hj , u) +O(hm̄+2

j ),
(24)

Zj1(xj , u)− Z
(m)j
1 (xj , u) = Zj1(xj , u)− ku′|x=xj−hj

− hjΦ2(xj − hj , u(xj − hj), ku′|x=xj−hj
, hj) =

= hm+1
j ψ̃j1(xj − hj , u) +O(hm+2

j ).
(25)

Çàçíà÷èìî, ùî

Y j2 (xj , u)− Y
(m̄)j
2 (xj , u) = Y j2 (xj , u)− uj+1 + hj+1Φ1(xj+1, uj+1, (ku

′)j+1,−hj+1),

Zj2(xj , u)− Z
(m)j
2 (xj , u) = Zj2(xj , u)− (ku′)j+1 + hj+1Φ2(xj+1, uj+1, (ku

′)j+1,−hj+1).

Ïiäñòàâèìî â ðiâíîñòi (24), (25) çàìiñòü hj âåëè÷èíó −hj+1 i âðàõó¹ìî, ùî Y
j
1 (xj , u) = Y j2 (xj , u), Z

j
1(xj , u) =

Zj2(xj , u), òîäi îòðèìà¹ìî

Y j2 (xj , u)− uj+1 + hj+1Φ1(xj+1, uj+1, (ku
′)j+1,−hj+1) = −hm̄+1

j+1 ψ
j+1
1 (xj+1, u) +O(hm̄+2

j+1 ),

Zj2(xj , u)− (ku′)j+1 + hj+1Φ2(xj+1, uj+1, (ku
′)j+1,−hj+1) = (−1)m+1hm+1

j+1 ψ̃
j+1
1 (xj+1, u) +O(hm+2

j+1 ).

Çâiäñè âèïëèâàþòü ñïiââiäíîøåííÿ (21), (22). Àíàëîãi÷íî äî (21) äîâîäèòüñÿ ðiâíiñòü

V̄ jα (xj) = V̄ (m̄)j
α (xj) + (−1)α+1hm̄+1

j−1+αψ̄
j−1+α
1 (xj+(−1)α) +O(hm̄+2

j−1+α),

ç ÿêî¨ ç óðàõóâàííÿì òîãî, ùî V̄ jα (x) = (−1)α+1V jα (x), âèïëèâà¹ (23). �
Çàìiñòü ÒÒÐÑ (8) � (10) ìîæíà òåïåð ñêîðèñòàòèñÿ ÒÐÑ ðàíãó m̄ âèãëÿäó

y
(m̄)
x,0 = −φ(m̄)(x0, y

(m̄)), a
(m̄)
2 y

(m̄)
x,1 /(~1x1) = −φ(m̄)(x1, y

(m̄)),

1

xj

(
a(m̄)y

(m̄)
x̄

)
x̂,j

= −φ(m̄)(xj , y
(m̄)), j = 2, 3, . . . , N − 1, y

(m̄)
N = µ2,

(26)

äå

a(m̄)(xj) =

[
1

hj
V

(m̄)j
1 (xj)

]−1

, φ(m̄)(x0, u) =
1

h1

(
u0 − Y (m̄)1

1 (x1, u)
)
,

φ(m̄)(x1, u) =
1

~1

[
Z

(m)1
2 (x1, u)− Z(m)1

1 (x1, u) +
Y

(m̄)1
2 (x1, u)− u2
x1V

(m̄)1
2 (x1)

]
,

φ(m̄)(xj , u) =
1

~j

2∑
α=1

(−1)α
[
Z(m)j
α (xj , u) + (−1)α

Y
(m̄)j
α (xj , u)− uj+(−1)α

xjV
(m̄)j
α (xj)

]
.

Äëÿ äîâåäåííÿ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó ÒÐÑ (26), à òàêîæ äëÿ âñòàíîâëåííÿ ¨¨ òî÷íîñòi íåîáõiäíà

Ëåìà 2. Íåõàé âèêîíàíi óìîâè ëåìè 1; òîäi âèêîíóâàòèìóòüñÿ îöiíêè∣∣∣a(m̄)(xj)− a(xj)
∣∣∣ ≤M |h|m̄, (27)

φ(m̄)(x0, u)− φ(x0, u) = hm̄1 ψ
1
1(x0, u) +O(hm̄+1

1 ), (28)

φ(m̄)(xj , u)− φ(xj , u) =

{
hm+1
j

[
k(x)

(
ψj1(x, u)− ψ̄

j
1(x)xk(x)

du

dx

)
− ψ̃j1(x, u)

]
x=xj+0

}
x̂

+

+O

(
hm+2
j + hm+2

j+1

~j

)
, j = 1, 2, . . . , N − 1,

(29)
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ÿêùî m íåïàðíå,

φ(m̄)(xj , u)− φ(xj , u) =

{
hmj

[
k(x)

(
ψj1(x, u)− ψ̄

j
1(x)xk(x)

du

dx

)]
x=xj+0

}
x̂

+

+O

(
hm+1
j + hm+1

j+1

~j

)
, j = 1, 2, . . . , N − 1,

(30)

ÿêùî m ïàðíå; êðiì òîãî∣∣∣φ(m̄)(x0, u)
∣∣∣ ≤M |h|,∣∣∣φ(m̄)(xj , u)
∣∣∣ ≤ K +M |h| ∀u ∈ Ω(ω̂h, r +△), j = 1, 2, . . . , N − 1,

(31)

∣∣∣φ(m̄)(x0, u)− φ(m̄)(x0, v)
∣∣∣ ≤M |h| · ∥u− v∥∗

1,∞,ω̂h
,∣∣∣φ(m̄)(xj , u)− φ(m̄)(xj , v)

∣∣∣ ≤ (L+M |h|)∥u− v∥∗
1,∞,ω̂h

∀u, v ∈ Ω(ω̂h, r +△), j = 1, 2, . . . , N − 1.
(32)

Òóò i íàäàëi ÷åðåç M ïîçíà÷àòèìåìî ðiçíi ñòàëi, ùî íå çàëåæàòü âiä |h|, ÿêùî öå íå áóäå ñïðè÷èíÿòè
íåïîðîçóìiííÿ.

� Äîâåäåííÿ. Íåðiâíiñòü (27) âèïëèâà¹ ç (23), à ñïiââiäíîøåííÿ (28) � ç (16). Äiéñíî,

a(m̄)(xj)− a(xj) =
hj [V

j
1 (xj)− V

(m̄)j
1 (xj)]

V j1 (xj)V
(m̄)j
1 (xj)

= O(hm̄j ),

φ(m̄)(x0, u)− φ(x0, u) =
1

h1

(
Y 1
1 (x1, u)− Y

(m̄)1
1 (x1, u)

)
= hm̄1 ψ

1
1(x0, u) +O(hm̄+1

1 ).

Äîâåäåìî (29), (30). Çàóâàæèìî, ùî

φ(m̄)(x1, u)− φ(x1, u) =
1

~1

[
2∑

α=1

(−1)α
(
Z(m)1
α (x1, u)− Z1

α(x1, u)
)
+

+
1

x1

(
Y

(m̄)1
2 (x1, u)− u2
V

(m̄)1
2 (x1)

− Y 1
2 (x1, u)− u2
V 1
2 (x1)

)]
,

(33)

φ(m̄)(xj , u)− φ(xj , u) =
1

~j

2∑
α=1

(−1)α
[
Z(m)j
α (xj , u)− Zjα(xj , u) +

+
(−1)α

xj

(
Y

(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

−
Y jα (xj , u)− uj+(−1)α

V jα (xj)

)]
.

(34)

Ç ëåìè 1 òà ðiâíîñòi

Y jα (xj , u)− uj+(−1)α = (−1)α+1hj−1+α
du

dx

∣∣∣∣
x=xj+(−1)α

+O(h2j−1+α)

ìà¹ìî
Z

(m)1
1 (x1, u)− Z1

1 (x1, u) = −hm+1
1 ψ̃1

1(x0, u) +O(hm+2
1 ),

Z(m)j
α (xj , u)− Zjα(xj , u) = −[(−1)α+1hj−1+α]

m+1ψ̃j−1+α
1 (xj+(−1)α , u) +O(hm+2

j−1+α),

Y
(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

−
Y jα (xj , u)− uj+(−1)α

V jα (xj)
=

=
Y jα (xj , u)− uj+(−1)α − (−1)α+1hm̄+1

j−1+αψ
j−1+α
1 (xj+(−1)α , u) +O(hm̄+2

j−1+α)

V jα (xj)− hm̄+1
j−1+αψ̄

j−1+α
1 (xj+(−1)α) +O(hm̄+2

j−1+α)
−

−
Y jα (xj , u)− uj+(−1)α

V jα (xj)
= −

(−1)α+1hm̄+1
j−1+αψ

j−1+α
1 (xj+(−1)α , u)

V jα (xj)
+

+

(−1)α+1hm̄+2
j−1+αψ̄

j−1+α
1 (xj+(−1)α)

du

dx

∣∣∣∣
x=xj+(−1)α[

V jα (xj)
]2 +O(hm̄+1

j−1+α).

(35)
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Ç óðàõóâàííÿì (35) òà ñïiââiäíîøåííÿ

V jα (xj) =
hj−1+α

(xk)j+(−1)α
+O(h2j−1+α),

ðiâíîñòi (33), (34) çà íåïàðíèõ m çâîäÿòüñÿ äî

φ(m̄)(x1, u)− φ(x1, u) =
1

~1

{
1

x1

[
hm+1
2 x2k2ψ

2
1(x2, u)− hm+1

1 x0k0ψ
1
1(x0, u)−

−hm+1
2 x2k2ψ̄

2
1(x2)(xku

′)2 + hm+1
1 x0k0ψ̄

1
1(x0)(xku

′)0
]
−

− hm+1
2 ψ̃2

1(x2, u) + hm+1
1 ψ̃1

1(x0, u)
}
+O

(
hm+2
1 + hm+2

2

~1

)
,

(36)

φ(m̄)(xj , u)− φ(xj , u) =
1

~j

{
1

xj

[
hm+1
j+1 kj+1ψ

j+1
1 (xj+1, u)− hm+1

j kj−1ψ
j
1(xj−1, u)−

−hm+1
j+1 kj+1ψ̄

j+1
1 (xj+1)(xku

′)j+1 + hm+1
j kj−1ψ̄

j
1(xj−1)(xku

′)j−1

]
−

− hm+1
j+1 ψ̃

j+1
1 (xj+1, u) +h

m+1
j ψ̃j1(xj−1, u)

}
+O

(
hm+2
j + hm+2

j+1

~j

)
,

(37)

à çà ïàðíèõ m � äî âèðàçiâ

φ(m̄)(x1, u)− φ(x1, u) =
1

x1~1
[
hm2 x2k2ψ

2
1(x2, u)− hm1 x0k0ψ1

1(x0, u)−

−hm2 x2k2ψ̄2
1(x2)(xku

′)2 + hm1 x0k0ψ̄
1
1(x0)(xku

′)0
]
+O

(
hm+1
1 + hm+1

2

~1

)
,

(38)

φ(m̄)(xj , u)− φ(xj , u) =
1

xj~j

[
hmj+1kj+1ψ

j+1
1 (xj+1, u)− hmj kj−1ψ

j
1(xj−1, u) −

− hmj+1kj+1ψ̄
j+1
1 (xj+1)(xku

′)j+1 +hmj kj−1ψ̄
j
1(xj−1)(xku

′)j−1

]
+O

(
hm+1
j + hm+1

j+1

~j

)
.

(39)

Îñêiëüêè
kj−1ψ

j
1(xj−1, u) = kjψ

j
1(xj , u) +O(hj), ψ̃

j
1(xj−1, u) = ψ̃j1(xj , u) +O(hj),

kj−1ψ̄
j
1(xj−1)(xku

′)j−1 = kjψ̄
j
1(xj)(xku

′)j +O(hj),

òî ç óðàõóâàííÿì xj = xj+(−1)α + (−1)α+1hj−1+α iç (36)�(39) âèïëèâàþòü îöiíêè (29), (30).
Äîâåäåìî íåðiâíîñòi (31), (32). Iç (14), (15) âèïëèâàþòü ñïiââiäíîøåííÿ

Φ̃1(x, u, 0, 0) = 0,
∂Φ̃1(x, u, 0, 0)

∂h
= −f(x, u)

4k(x)
, Φ̃2(x, u, 0, 0) = −

f(x, u)

2
,

Φ1(x, u, y, 0) =
y

k(x)
,
∂Φ1(x, u, y, 0)

∂h
= −1

2

(
f(x, u)

k(x)
+

y

k(x)x
+
yk′(x)

k2(x)

)
,

Φ2(x, u, y, 0) = −f(x, u)−
y

x
, Φ3(x, 0, 0) =

1

xk(x)
,
∂Φ3(x, 0, 0)

∂h
= − 1

2xk(x)

(
1

x
+
k′(x)

k(x)

)
.

Îòæå, ñïðàâäæóþòüñÿ ðiâíîñòi

Y
(m̄)1
1 (x1, u) =u0 + h1Φ̃1 (x0, u0, 0, 0) + h21

∂Φ̃1 (x0, u0, 0, 0)

∂h
+
h31
2

∂2Φ̃1

(
x0, u0, 0,

ˆ̄h
)

∂h2
=

=u0 − h21
f(x0, u0)

4k0
+
h31
2

∂2Φ̃1

(
x0, u0, 0,

ˆ̄h
)

∂h2
,

Z
(m)1
1 (x1, u) =h1Φ̃2 (x0, u0, 0, 0) + h21

∂Φ̃2

(
x0, u0, 0,

ˆ̃
h
)

∂h
= −h1

f(x0, u0)

2
+ h21

∂Φ̃2

(
x0, u0, 0,

ˆ̃
h
)

∂h
,
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Y (m̄)j
α (xj , u) =uj+(−1)α + (−1)α+1hj−1+α

[
1− (−1)α+1hj−1+α

2

(
1

xj+(−1)α
+
k′j+(−1)α

kj+(−1)α

)]
u′j+(−1)α−

−
h2j−1+α

2

f(xj+(−1)α , uj+(−1)α)

kj+(−1)α
+ (−1)α+1

h3j−1+α

2

∂2Φ1

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̄
)

∂h2
,

Z(m)j
α (xj , u) =

(
1− (−1)α+1hj−1+α

xj+(−1)α

)
(ku′)j+(−1)α − (−1)α+1hj−1+αf(xj+(−1)α , uj+(−1)α)+

+h2j−1+α

∂Φ2

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̃
)

∂h
,

V (m̄)j
α (xj) =

hj−1+α

(xk)j+(−1)α
+ (−1)α+1h2j−1+α

∂Φ3

(
xj+(−1)α , 0, h̆

)
∂h

,

V (m̄)j
α (xj) =

hj−1+α

(xk)j+(−1)α

(
1− (−1)α+1hj−1+α

2

(
1

xj+(−1)α
+
k′j+(−1)α

kj+(−1)α

))
+
h3j−1+α

2

∂2Φ3

(
xj+(−1)α , 0, h̆

)
∂h2

.

Çâiäñè

φ(m̄)(x0, u) =
1

h1

(
u0 − Y (m̄)1

1 (x1, u)
)
=

=
1

h1

h21 f(x0, u0)4k0
+
h31
2

∂2Φ̃1

(
x0, u0, 0,

ˆ̄h
)

∂h2

 = h1
f(x0, u0)

4k0
+O(h21),

(40)

φ(m̄)(x1, u) =
1

~1

[
Z

(m)1
2 (x1, u)− Z(m)1

1 (x1, u) +
Y

(m̄)1
2 (x1, u)− u2
x1V

(m̄)1
2 (x1)

]
=

=
1

~1

{
h1
2
f(x0, u0) +

[
1− 1

x1V
(m̄)1
2 (x1)

h2
2k2

]
h2f(x2, u2) +

+

[
1 +

h2
x2
− h2

x1V
(m̄)1
2 (x1)

(
1

k2
+
h2
2

(
k′2
k22

+
1

(xk)2

))]
(ku′)2 − h21

∂Φ̃2

(
x0, u0, 0,

ˆ̃
h
)

∂h
+

+ h22

∂Φ2

(
x2, u2, (ku

′)2, h̃
)

∂h
− h32

2x1V
(m̄)1
2 (x1)

∂2Φ1

(
x2, u2, (ku

′)2, h̄
)

∂h2

}
=

=
1

~1

(
h1
2
f(x0, u0) +

h2
2
f(x2, u2)

)
+O

(
h21 + h22

~1

)
,

(41)

φ(m̄)(xj , u) =
1

~j

2∑
α=1

(−1)α
[
Z(m)j
α (xj , u) + (−1)α

Y
(m̄)j
α (xj , u)− uj+(−1)α

xjV
(m̄)j
α (xj)

]
=

=
1

~j

2∑
α=1

{[
1− 1

xjV
(m̄)j
α (xj)

hj−1+α

2kj+(−1)α

]
hj−1+αf(xj+(−1)α , uj+(−1)α) +

+ (−1)α
[
1− (−1)α+1hj−1+α

xj+(−1)α
− hj−1+α

xjV
(m̄)j
α (xj)

×

×

(
1

kj+(−1)α
− (−1)α+1hj−1+α

2

(
k′j+(−1)α

k2j+(−1)α
+

1

(xk)j+(−1)α

))]
(ku′)j+(−1)α+

+ (−1)αh2j−1+α

∂Φ2

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̃
)

∂h
+

+
(−1)α+1h3j−1+α

2xjV
(m̄)j
α (xj)

∂2Φ1

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̄
)

∂h2

}
=

=
1

~j

2∑
α=1

hj−1+α

2
f(xj+(−1)α , uj+(−1)α) +O

(
h2j + h2j+1

~j

)
.

(42)
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Òîäi ∣∣∣φ(m̄)(x0, u)
∣∣∣ ≤M |h|, |φ(m̄)(xj , u)| ≤ K +M |h|.

Äîâåäåìî îöiíêó (32). Îñêiëüêè

|φ(m̄)(x0, u)− φ(m̄)(x0, v)| ≤
h1
4k0
|f(x0, u0)− f(x0, v0)|+

+
h21
2

∣∣∣∣∣∣
∂2Φ̃1

(
x0, u0, 0,

ˆ̄h
)

∂h2
−
∂2Φ̃1

(
x0, v0, 0,

ˆ̄h
)

∂h2

∣∣∣∣∣∣ ,
|φ(m̄)(x1, u)−φ(m̄)(x1, v)| ≤

1

~1

[
h1
2
|f(x0, u0)− f(x0, v0)|+

h2
2
|f(x2, u2)− f(x2, v2)| ×

×

1 + h22

|V (m̄)1
2 (x1)|

∣∣∣∣∣∣
∂Φ3

(
x2, 0, h̆

)
∂h

∣∣∣∣∣∣
+

h32

2x2|V (m̄)1
2 (x1)|

∣∣∣∣∣∣
∂2Φ3

(
x2, 0, ĥ

)
∂h2

∣∣∣∣∣∣ ∥xku′ − xkv′∥0,∞,ω̂+
h
+

+ h21

∣∣∣∣∣∣
∂Φ̃2

(
x0, u0, 0,

ˆ̃
h
)

∂h
−
∂Φ̃2

(
x0, v0, 0,

ˆ̃
h
)

∂h

∣∣∣∣∣∣+
+ h22

∣∣∣∣∣∣
∂Φ2

(
x2, u2, (ku

′)2, h̃
)

∂h
−
∂Φ2

(
x2, v2, (kv

′)2, h̃
)

∂h

∣∣∣∣∣∣+
+

h32

2x1|V (m̄)1
2 (x1)|

∣∣∣∣∣∂2Φ1

(
x2, u2, (ku

′)2, h̄
)

∂h2
−
∂2Φ1

(
x2, v2, (kv

′)2, h̄
)

∂h2

∣∣∣∣∣
]
,

|φ(m̄)(xj , u)− φ(m̄)(xj , v)| ≤
1

~j

2∑
α=1

{
hj−1+α

2
|f(xj+(−1)α , uj+(−1)α)− f(xj+(−1)α , vj+(−1)α)| ×

×

1 + h2j−1+α

|V (m̄)j
α (xj)|

∣∣∣∣∣∣
∂Φ3

(
xj+(−1)α , 0, h̆

)
∂h

∣∣∣∣∣∣
+

+
h3j−1+α

2xj |V (m̄)j
α (xj)|

∣∣∣∣∣∣
∂2Φ3

(
xj+(−1)α , 0, h̃

)
∂h2

∣∣∣∣∣∣ ∥xku′ − xkv′∥0,∞,ω̂+
h
+

+
h3j−1+α

2xj |V (m̄)j
α (xj)|

∣∣∣∣∣∂2Φ1

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̄
)

∂h2
−

−
∂2Φ1

(
xj+(−1)α , vj+(−1)α , (kv

′)j+(−1)α , h̄
)

∂h2

∣∣∣∣∣+
+ h2j−1+α

∣∣∣∣∣∣
∂Φ2

(
xj+(−1)α , uj+(−1)α , (ku

′)j+(−1)α , h̃
)

∂h
−

−
∂Φ2

(
xj+(−1)α , vj+(−1)α , (kv

′)j+(−1)α , h̃
)

∂h

∣∣∣∣∣∣
 ,

òî çà ôîðìóëîþ ñêií÷åííèõ ïðèðîñòiâ çíàéäóòüñÿ û, ŷ, ū, ȳ, ũ, ỹ òàêi, ùî

|φ(m̄)(x0, u)−φ(m̄)(x0, v)| ≤M |h|∥u− v∥0,∞,ω̂−
h
,

|φ(m̄)(x1, u)− φ(m̄)(x1, v)| ≤ (L+M |h|)∥u− v∥0,∞,ω̂−
h
+M |h|2∥xku′ − xkv′∥0,∞,ω̂+

h
+

+M |h|

∣∣∣∣∣∣
∂2Φ̃2

(
x0, û, 0,

ˆ̃
h
)

∂h∂u

∣∣∣∣∣∣+
∣∣∣∣∣∣
∂2Φ2

(
x2, ũ, (ku

′)2, h̃
)

∂h∂u

∣∣∣∣∣∣+
∣∣∣∣∣∂3Φ1

(
x2, ū, (ku

′)2, h̄
)

∂h2∂u

∣∣∣∣∣
 ∥u− v∥0,∞,ω̂−

h
+

+M |h|

∣∣∣∣∣∣
∂2Φ̃2

(
x0, u0, ŷ,

ˆ̃
h
)

∂h∂y

∣∣∣∣∣∣+
∣∣∣∣∣∣
∂2Φ2

(
x2, u2, ỹ, h̃

)
∂h∂y

∣∣∣∣∣∣+
∣∣∣∣∣∂3Φ1

(
x2, u2, ȳ, h̄

)
∂h2∂y

∣∣∣∣∣
 ∥xku′ − xkv′∥0,∞,ω̂+

h
,
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|φ(m̄)(xj , u)− φ(m̄)(xj , v)| ≤ (L+M |h|)∥u− v∥0,∞,ω̂−
h
+M |h|2∥xku′ − xkv′∥0,∞,ω̂+

h
+

+M |h|


2∑

α=1

∣∣∣∣∣∣
∂2Φ2

(
xj+(−1)α , ũ, (ku

′)j+(−1)α , h̃
)

∂h∂u

∣∣∣∣∣∣+
+

∣∣∣∣∣∂3Φ1

(
xj+(−1)α , ū, (ku

′)j+(−1)α , h̄
)

∂h2∂u

∣∣∣∣∣
]}
∥u− v∥0,∞,ω̂−

h
+

+M |h|


2∑

α=1

∣∣∣∣∣∣
∂2Φ2

(
xj+(−1)α , uj+(−1)α , ỹ, h̃

)
∂h∂y

∣∣∣∣∣∣+
+

∣∣∣∣∣∂3Φ1

(
xj+(−1)α , uj+(−1)α , ȳ, h̄

)
∂h2∂y

∣∣∣∣∣
]}
∥xku′ − xkv′∥0,∞,ω̂+

h
.

Çâiäñè îòðèìà¹ìî îöiíêè (32). �
Íà îñíîâi ïîïåðåäíiõ òâåðäæåíü äîâîäèòüñÿ

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (4)�(7), ëåìè 1, òîäi ∃h0 > 0 òàêå, ùî ïðè |h| ≤ h0 ÒÐÑ (26)
ìà¹ ¹äèíèé ðîçâ'ÿçîê, òî÷íiñòü ÿêîãî õàðàêòåðèçó¹òüñÿ îöiíêîþ

∥∥∥y(m̄) − u
∥∥∥∗
1,∞,ω̂h

= max

{∥∥∥y(m̄) − u
∥∥∥
0,∞,ω̂−

h

,

∥∥∥∥xkdy(m̄)

dx
− xkdu

dx

∥∥∥∥
0,∞,ω̂+

h

}
≤M |h|m̄,

äå [
xk
dy(m̄)

dx

]
x=x1

= x1Z
(m)1
1 (x1, y

(m̄)),

[
xk
dy(m̄)

dx

]
x=xj

= xjZ
(m)j
1

(
xj , y

(m̄)
)
+
y
(m̄)
j − Y (m̄)j

1

(
xj , y

(m̄)
)

V
(m̄)j
1 (xj)

, j = 2, 3, ..., N.

� Äîâåäåííÿ. Ïîêàæåìî, ùî çà óìîâ òåîðåìè ÒÐÑ ðàíãó m̄ (26) ìà¹ ¹äèíèé ðîçâ'ÿçîê y(m̄)(x), x ∈ ω̂h.
Âèêîðèñòà¹ìî ïðèíöèï ñòèñêóâàëüíèõ âiäîáðàæåíü (äèâ., íàïð., [7, 8]). Ðîçãëÿíåìî îïåðàòîðíå ðiâíÿííÿ

y
(m̄)
i = ℜh(xi, (y(m̄)

j )Nj=0) =
∑
ξ∈ω̂h

~(ξ)G(m̄)(xi, ξ)φ
(m̄)
(
ξ, y(m̄)

)
+ µ2 + h1φ

(m̄)
(
x0, y

(m̄)
)
δi,0, (43)

äå δi,j � ñèìâîë Êðîíåêêåðà, G(m̄)(x, ξ) � ôóíêöiÿ Ãðiíà çàäà÷i (26) âèãëÿäó (äèâ., íàïð., [9, c.184])

G(m̄)(x, ξ) =

{
ξV (m̄)(ξ), 0 ≤ x ≤ ξ,
ξV (m̄)(x), ξ ≤ x ≤ R,

V (m̄)(xj) =
N∑

k=j+1

hk
a(m̄)(xk)

=
N∑

k=j+1

V
(m̄)k
1 (xk).

Çàóâàæèìî, ùî[
xk
dy(m̄)

dx

]
x=x1

= O
(
|h|2
)
,

[
xk
dy(m̄)

dx

]
x=xj

= a(m̄)(xj)y
(m̄)
x̄,j +O (|h|) , j = 2, 3, ..., N.

Âðàõîâóþ÷è ôîðìóëó ïiäñóìîâóâàííÿ çà ÷àñòèíàìè (äèâ., íàïð., [10, c. 233]), îòðèìà¹ìî

N−1∑
j=1

G(m̄)(xi, xj)~j = V (m̄)(xi)
i∑

j=1

xj~j +
N−1∑
j=i+1

V (m̄)(xj)xj~j =
1

2
V (m̄)(xi)xi+1xi+

+
1

2

N−1∑
j=i+1

V (m̄)(xj)(xjxj−1)x̂,j~j = −
1

2

N∑
j=i+1

(
V (m̄)(xj)− V (m̄)(xj−1)

)
xjxj−1 =

=
1

2

N∑
j=i+1

V
(m̄)j
1 (xj)xjxj−1 ≤

1

2c1

N∑
j=i+1

xjhj ≤
1

4c1

N∑
j=i+1

(
x2j + h2j

)
≤ R2

4c1
+M |h|,

(44)
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∣∣∣a(m̄)(xi)
∣∣∣N−1∑
j=1

∣∣∣∣(G(m̄)(xi, xj)
)
x̄,i

∣∣∣∣ ~j = hi

∣∣∣V (m̄)
x̄,i (xi)

∣∣∣∣∣∣V (m̄)i
1 (xi)

∣∣∣
i−1∑
j=1

xj~j =
i−1∑
j=1

xj~j =
1

2
xixi−1 ≤

R2

2
. (45)

Îòæå, ∥∥∥ℜh(x, (uj)Nj=0)− u(0)(x)
∥∥∥∗
1,∞,ω̂h

≤ max

{
R2

4c1
+M |h|, R

2

2

}
(K +M |h|) =

=
KR2

4c1
max(1, 2c1) +M |h| = r +M |h| ≤ r +∆ ∀(uj)Nj=0 ∈ Ω(ω̂h, r +∆),

(46)

òîáòî îïåðàòîð ℜh(x, (uj)Nj=0) ïåðåâîäèòü Ω(ω̂h, r +∆) â ñåáå.
Êðiì òîãî, âðàõîâóþ÷è íåðiâíîñòi (32),∥∥ℜh(x, (uj)Nj=0)−ℜh(x, (vj)Nj=0)

∥∥∗
1,∞,ω̂h

≤

≤ max

{
R2

4c1
+M |h|, R

2

2

}
max

j=1,N−1

∣∣∣φ(m̄) (xj , u)− φ(m̄) (xj , v)
∣∣∣+ h1

∣∣∣φ(m̄) (x0, u)− φ(m̄) (x0, v)
∣∣∣ ≤

≤
(
LR2

4c1
max(1, 2c1) +M2|h|

)
∥u− v∥∗

1,∞,ω̂h
= q2∥u− v∥∗1,∞,ω̂h

∀(uj)Nj=0, (vj)
N
j=0 ∈ Ω(ω̂h, r +∆).

(47)

ßêùî âèáðàòè h0 òàêèì, ùî q2 = q +M2|h| < 1, òî âiäîáðàæåííÿ ℜh(x, (uj)Nj=0) ñòèñêóâàëüíå.
Äëÿ ïîõèáêè z(x) = y(m̄) − u(x), x ∈ ω̂h îòðèìà¹ìî çàäà÷ó

zx,0 = φ(x0, u)− φ(m̄)(x0, y
(m̄)), a

(m̄)
2 zx,1/(~1x1) = φ(x1, u)− φ(m̄)(x1, y

(m̄)) +
(
a2 − a(m̄)

2

)
ux,1/(~1x1),

1

xj
(a(m̄)zx̄)x̂,j = φ(xj , u)− φ(m̄)(xj , y

(m̄)) +
1

xj

[(
a− a(m̄)

)
ux̄

]
x̂,j
, j = 2, 3, . . . , N − 1, zN = 0,

ðîçâ'ÿçîê ÿêî¨ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà ìîæíà çàïèñàòè ó âèãëÿäi

zi =
N−1∑
j=1

~jG(m̄)(xi, xj)
[
φ(m̄)

(
xj , y

(m̄)
)
− φ (xj , u)

]
+

+

N−1∑
j=2

~j
1

xj
G(m̄)(xi, xj)

[(
a(m̄)(xj)− a(xj)

)
ux̄,j

]
x̂,j

+
1

x1
G(m̄)(xi, x1)

(
a
(m̄)
2 − a2

)
ux,1+

+ h1

{
φ(m̄)

(
x0, y

(m̄)
)
− φ (x0, u)

}
δi,0 =

=
N∑
j=2

hj

[
1

xj
G(m̄)(xi, xj)

]
x̄,j

[
a(xj)− a(m̄)(xj)

]
ux̄,j+

+
N−1∑
j=1

~jG(m̄)(xi, xj)
[
φ(m̄)

(
xj , y

(m̄)
)
− φ (xj , u)

]
+ h1

{
φ(m̄)

(
x0, y

(m̄)
)
− φ (x0, u)

}
δi,0,

(48)

Äëÿ íåïàðíîãî m ç óðàõóâàííÿì (28), (29), ç (48) îòðèìà¹ìî

zi =
N∑
j=2

hj

{
1

xj
G(m̄)(xi, xj)

}
x̄,j

[
a(xj)− a(m̄)(xj)

]
ux̄,j−

−
N∑
j=1

hm+2
j

{
G(m̄)(xi, xj)

}
x̄,j

[
k(x)

(
ψj1(x, u)− ψ̄

j
1(x)xk(x)

du

dx

)
− ψ̃j1(x, u)

]
x=xj+0

+

+
N−1∑
j=1

~jG(m̄)(xi, xj)
[
φ(m̄)

(
xj , y

(m̄)
)
− φ(m̄) (xj , u)

]
+

+h1

{
φ(m̄)

(
x0, y

(m̄)
)
− φ(m̄) (x0, u)

}
δi,0 +O(|h|m+1).

Òîäi

|zi| ≤
(

1

c1xi
+M |h|

)
∥a− a(m+1)∥0,1,ω̂+

h \x1
∥ux̄∥0,∞,ω̂+

h
+M |h|m+1 + q2∥z∥∗1,∞,ω̂h

≤M |h|m+1 + q2∥z∥∗1,∞,ω̂h
.
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ßêùî m � ïàðíå, òî, âðàõîâóþ÷è (28), (30), ðiâíiñòü (48) çàïèøåìî ó âèãëÿäi

zi =
N∑
j=2

hj

{
1

xj
G(m̄)(xi, xj)

}
x̄,j

[
a(xj)− a(m̄)(xj)

]
ux̄,j−

−
N∑
j=1

hm+1
j

{
G(m̄)(xi, xj)

}
x̄,j

[
k(x)

(
ψj1(x, u)− ψ̄

j
1(x)xk(x)

du

dx

)]
x=xj+0

+

+
N−1∑
j=1

~jG(m̄)(xi, xj)
[
φ(m̄)

(
xj , y

(m̄)
)
− φ(m̄) (xj , u)

]
+

+h1

{
φ(m̄)

(
x0, y

(m̄)
)
− φ(m̄) (x0, u)

}
δi,0 +O(|h|m).

Çâiäñè

|zi| ≤
(

1

c1xi
+M |h|

)
∥a− a(m)∥0,1,ω̂+

h \x1
∥ux̄∥0,∞,ω̂+

h
+M |h|m + q2∥z∥∗1,∞,ω̂h

≤M |h|m + q2∥z∥∗1,∞,ω̂h
.

Îòæå,
|zi| ≤M |h|m̄ + q2∥z∥∗1,∞,ω̂h

.

Âðàõîâóþ÷è ðiâíiñòü y(m̄)
j = Y j1 (xj , y

(m̄)
j ) (äèâ. ëåìó 3.1 [1]), îòðèìà¹ìî∣∣∣∣∣

[
xk
dz

dx

]
x=x1

∣∣∣∣∣ ≤ x1 ∣∣∣Z(m)1
1 (x1, y

(m̄))− Z1
1 (x1, y

(m̄))
∣∣∣+ ∣∣∣x1Z1

1 (x1, y
(m̄))− x1Z1

1 (x1, u)
∣∣∣ ,

∣∣∣∣∣
[
xk
dz

dx

]
x=xj

∣∣∣∣∣ ≤ xj ∣∣∣Z(m)j
1 (xj , y

(m̄))− Zj1(xj , y(m̄))
∣∣∣+ ∣∣∣xjZj1(xj , y(m̄))− xjZj1 (xj , u)

∣∣∣+
+

1∣∣∣V (m̄)j
1 (xj)

∣∣∣
∣∣∣Y j1 (xj , y(m̄))− Y (m̄)j

1 (xj , y
(m̄))

∣∣∣ , j = 2, 3, ..., N.

Çàóâàæèìî, ùî ðîçâ'ÿçîê ÒÒÐÑ (8) ìîæíà çàïèñàòè ó âèãëÿäi

u(x) = ℜh(x, (uj)Nj=0) =
N∑
j=1

xj∫
xj−1

G(x, ξ)f(ξ, u(ξ))dξ + µ2, (49)

äå G(x, ξ)�ôóíêöiÿ Ãðiíà çàäà÷i (1)�(3), ôóíêöiÿ u(x) â ïðàâié ÷àñòèíi (49) âèçíà÷à¹òüñÿ ôîðìóëîþ

u(x) = Y j1 (x, u), x ∈ [xj−1, xj ], j = 1, 2, ..., N.

Îñêiëüêè çãiäíî ç ëåìîþ 3.3 ç [1] îïåðàòîð ℜh(x, (uj)Nj=0) ¹ ñòèñêóâàëüíèé, òî∣∣∣xjZj1(xj , y(m̄))− xjZj1 (xj , u)
∣∣∣ ≤ ∥∥ℜh(x, (ym̄j )Nj=0)−ℜh(x, (uj)Nj=0)

∥∥∗
1,∞,ω̂h

≤

≤ (q +M1|h|)∥ym̄ − u∥∗1,∞,ω̂h
= q1∥ym̄ − u∥∗1,∞,ω̂h

, j = 1, 2, ..., N.

Òîäi ∣∣∣∣∣
[
xk
dz

dx

]
x=xj

∣∣∣∣∣ ≤M |h|m̄ + q1∥z∥∗1,∞,ω̂h
, j = 1, 2, ..., N.

Îòæå,

∥z∥∗
1,∞,ω̂h

≤ M |h|m̄

1−max(q1, q2)
,

ç ÿêî¨ â ñèëó òîãî, ùî max(q1, q2) < 1 ïðè |h| ≤ h0 âèïëèâà¹

∥z∥∗
1,∞,ω̂h

≤M |h|m̄.

Òåîðåìà äîâåäåíà. �

Applied Mathematics and mechanics 95



Êóíèíåöü À. Â. , Êóòíiâ Ì. Â.

Ðîçâ'ÿçîê íåëiíiéíî¨ ÒÐÑ (26) ìîæå áóòè çíàéäåíî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1, òîäi ðîçâ'ÿçîê çàäà÷i (26) ìîæå áóòè çíàéäåíî çà
äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëèæåíü

y
(m̄,n)
x,0 = −φ(m̄)(x0, y

(m̄,n−1)), a
(m̄)
2 y

(m̄,n)
x,1 /(~1x1) = −φ(m̄)(x1, y

(m̄,n−1)),

1

xj

(
a(m̄)y

(m̄,n)
x̄

)
x̂,j

= −φ(m̄)(xj , y
(m̄,n−1)), j = 2, 3, . . . , N − 1,

y
(m̄,n)
N = µ2, n = 1, 2, . . . , y

(m̄,0)
j = µ2, j = 0, 1, . . . , N

(50)

i ñïðàâäæó¹òüñÿ îöiíêà ∥∥∥y(m̄,n) − u∥∥∥∗
1,∞,ω̂h

≤M(|h|m̄ + qn2 ),

äå [
xk
dy(m̄,n)

dx

]
x=x1

= x1Z
(m)1
1 (x1, y

(m̄,n)),

[
xk
dy(m̄,n)

dx

]
x=xj

= xjZ
(m)j
1 (xj , y

(m̄,n)) +
y
(m̄)
j − Y (m̄)j

1

(
xj , y

(m̄,n)
)

V
(m̄)j
1 (xj)

, j = 2, 3, ..., N,

ñòàëà M íå çàëåæèòü âiä |h|,m, n, à âåëè÷èíà q2 = q +M2|h| < 1.

� Äîâåäåííÿ. Â ñèëó òåîðåìè 1 ìà¹ìî∥∥∥y(m̄,n) − u∥∥∥∗
1,∞,ω̂h

≤
∥∥∥y(m̄) − u

∥∥∥∗
1,∞,ω̂h

+
∥∥∥y(m̄,n) − y(m̄)

∥∥∥∗
1,∞,ω̂h

≤M |h|m̄ +
∥∥∥y(m̄,n) − y(m̄)

∥∥∥∗
1,∞,ω̂h

. (51)

Ïîñëiäîâíiñòü íàáëèæåíü

y(m̄,n)(x) = ℜh(x, (y(m̄,n−1))Nj=0), x ∈ ω̂h, n = 1, 2, ...

çáiãà¹òüñÿ (äèâ. äîâåäåííÿ òåîðåìè 1) i ìà¹ ìiñöå îöiíêà øâèäêîñòi çáiæíîñòi (äèâ., íàïð., [8, c. 391])∥∥∥y(m̄,n) − y(m̄)
∥∥∥∗
0,∞,ω̂h

≤ qn2
1− q2

(r +∆). (52)

Ç íåðiâíîñòåé (51), (52) âèïëèâà¹ îöiíêà (50). �
Ç ïðàêòè÷íî¨ òî÷êè çîðó äëÿ îá÷èñëåííÿ ðîçâ'ÿçêó ÒÐÑ (26) äîöiëüíiøå âèêîðèñòîâóâàòè iòåðàöiéíèé

ìåòîä Íüþòîíà. Ëiíåàðèçó¹ìî (26) ç óðàõóâàííÿì ðiâíîñòåé

φ(m̄)(x0, y
(m̄,n)) = φ(m̄)(x0, y

(m̄,n−1)) +
h1
4k0

∂f(x0, y
(m̄,n−1)
0 )

∂u
∇y(m̄,n)0 +O(h21),

φ(m̄)(x1, y
(m̄,n)) = φ(m̄)(x1, y

(m̄,n−1)) +
h1
2~1

∂f(x0, y
(m̄,n−1)
0 )

∂u
∇y(m̄,n)0 +

+
h2
2~1

x2
x1

∂f(x2, y
(m̄,n−1)
2 )

∂u
∇y(m̄,n)2 +O

(
h21 + h22

~1

)
,

φ(m̄)(xj , y
(m̄,n)) = φ(m̄)(xj , y

(m̄,n−1)) +
hj
2~j

xj−1

xj

∂f(xj−1, y
(m̄,n−1)
j−1 )

∂u
∇y(m̄,n)j−1 +

+
hj+1

2~1
xj+1

xj

∂f(xj+1, y
(m̄,n−1)
j+1 )

∂u
∇y(m̄,n)j+1 +O

(
h2j + h2j+1

~j

)
,
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òîäi ìîäèôiêîâàíèé iòåðàöiéíèé ìåòîä Íüþòîíà ìàòèìå âèãëÿä

∇y(m̄,n)x,0 +
h1
4k0

∂f(x0, y
(m̄,n−1)
0 )

∂u
∇y(m̄,n)0 = −φ(m̄)(x0, y

(m̄,n−1))− y(m̄,n−1)
x,0 ,

a
(m̄)
2 ∇y(m̄)

x,1

~1x1
+

h1
2~1

∂f(x0, y
(m̄,n−1)
0 )

∂u
∇y(m̄,n)0 +

h2
2~1

x2
x1

∂f(x2, y
(m̄,n−1)
2 )

∂u
∇y(m̄,n)2 =

= −φ(m̄)(x1, y
(m̄,n−1))−

a
(m̄)
2 y

(m̄,n−1)
x,1

~1x1
,

1

xj

(
a(m̄)∇y(m̄,n)x̄

)
x̂,j

+
hj
2~j

xj−1

xj

∂f(xj−1, y
(m̄,n−1)
j−1 )

∂u
∇y(m̄,n)j−1 +

+
hj+1

2~1
xj+1

xj

∂f(xj+1, y
(m̄,n−1)
j+1 )

∂u
∇y(m̄,n)j+1 =

= −φ(m̄)(xj , y
(m̄,n−1)) +

1

xj

(
a(m̄)y

(m̄,n−1)
x̄

)
x̂,j
, ∇y(m̄,n)N = 0,

(53)

y
(m̄,n)
j = y

(m̄,n−1)
j +∇y(m̄,n)j , j = 0, 1, . . . , N, n = 1, 2, . . .

III. ×èñåëüíi åêñïåðèìåíòè

Ïðèêëàä. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

1

x

d

dx

[
x
du

dx

]
= u3 − 3u5, x ∈ (0, 1),

lim
x→0

x
du

dx
= 0, u(1) =

1√
2
,

ç âiäîìèì òî÷íèì ðîçâ'ÿçêîì u(x) =
1√

1 + x2
. Çàäà÷ó áóäåìî ðîçâ'ÿçóâàòè ÷èñåëüíî íà ðiâíîìiðíié ñiòöi ωh =

{xj = jh, j = 0, 1, . . . , N, h = 1/N} çà äîïîìîãîþ ñõåìè (26) ïðè m = m̄ = 4. Äëÿ ðîçâ'ÿçóâàííÿ äîïîìiæíèõ
çàäà÷ Êîøi (11), (12) çàñòîñó¹ìî ìåòîä ðÿäiâ Òåéëîðà ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi, òîäi îòðèìà¹ìî

Y
(4)1
1 (x1, u) = u0 −

h2

4
f(0, u0)−

h3

9

df(0, u0)

dx
− h4

32

d2f(0, u0)

dx2
,

Z
(4)1
1 (x1, u) = −

h

2
f(0, u0)−

h2

3

df(0, u0)

dx
− h3

8

d2f(0, u0)

dx2
− h4

30

d3f(0, u0)

dx3
,

Y (4)j
α (xj , u) = uj+(−1)α+

+ (−1)α+1h

[
1− (−1)α+1

2(j + (−1)α)
+

1

3(j + (−1)α)2
− (−1)α+1

4(j + (−1)α)3

]
du

dx

∣∣∣∣
x=xj+(−1)α

−

− h2

2

[
1− (−1)α+1

3(j + (−1)α)
+

1

4(j + (−1)α)2

]
f
(
xj+(−1)α , uj+(−1)α

)
−

− (−1)α+1h
3

6

[
1− (−1)α+1

4(j + (−1)α)

]
df(xj+(−1)α , uj+(−1)α)

dx
−

− h4

24

d2f(xj+(−1)α , uj+(−1)α)

dx2
,

Z(4)j
α (xj , u) =

[
1− (−1)α+1

j + (−1)α
+

1

(j + (−1)α)2
− (−1)α+1

(j + (−1)α)3
+

1

(j + (−1)α)4

]
du

dx

∣∣∣∣
x=xj+(−1)α

−

− (−1)α+1h

[
1− (−1)α+1

2(j + (−1)α)
+

1

2(j + (−1)α)2
− (−1)α+1

2(j + (−1)α)3

]
f(xj+(−1)α , uj+(−1)α)−

− h2

2

[
1− (−1)α+1

3(j + (−1)α)
+

1

3(j + (−1)α)2

]
df(xj+(−1)α , uj+(−1)α)

dx

∣∣∣∣
x=xj+(−1)α

− (−1)α+1h
3

6

[
1− (−1)α+1

4(j + (−1)α)

]
d2f(xj+(−1)α , uj+(−1)α)

dx2

∣∣∣∣
x=xj+(−1)α

− h4

24

d3f(xj+(−1)α , uj+(−1)α)

dx3

∣∣∣∣
x=xj+(−1)α

.
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Ðîçâ'ÿçîê ðiçíèöåâî¨ ñõåìè (26) y(4)j , j = 0, 1, . . . , N
øóêàòèìåìî çà äîïîìîãîþ ìîäèôiêîâàíîãî iòåðàöié-
íîãî ìåòîäó Íüþòîíà, à äëÿ ðîçâ'ÿçóâàííÿ ñèñòåìè
ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (53) ç òðèäiàãîíàëü-
íîþ ìàòðèöåþ � ìåòîä ïðîãîíêè. Ðåçóëüòàòè ÷èñåëü-
íîãî ðîçâ'ÿçóâàííÿ çàäà÷i íàâåäåíî â òàáëèöi, äå

error =
∥∥∥z(4)∥∥∥∗

1,∞,ωh

=
∥∥∥y(4) − u∥∥∥∗

1,∞,ωh

=

= max

{∥∥∥y(4) − u∥∥∥
0,∞,ω−

h

,

∥∥∥∥xdy(4)dx
− xdu

dx

∥∥∥∥
0,∞,ω+

h

}
,

p = log2

∥∥z(4)∥∥∗
1,∞,ωh∥∥z(4)∥∥∗

1,∞,ωh/2

,

NIT � êiëüêiñòü iòåðàöié.

Ðåçóëüòàòè ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ çàäà÷i
çà äîïîìîãîþ ÒÐÑ ïîðÿäêó òî÷íîñòi 4

N NIT error p
20 9 0.7337E-05
40 4 0.4527E-06 4
80 4 0.2802E-07 4
160 3 0.1741E-08 4
320 3 0.1091E-09 4

Âèñíîâêè

Îòæå, ó ñòàòòi äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ çà-
äà÷i (1)�(3) ïîáóäîâàíî òà îáãðóíòîâàíî ÒÐÑ âèñî-
êîãî ïîðÿäêó òî÷íîñòi. Ðåçóëüòàòè òåîðåòè÷íèõ äî-
ñëiäæåíü ïiäòâåðäæåíî ÷èñåëüíèìè ðîçðàõóíêàìè.
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ÒÐÅÕÒÎ×Å×ÍÀß ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ
ÒÎ×ÍÎÑÒÈ ÄËß ÍÅËÈÍÅÉÍÛÕ ÎÁÛÊÍÎÂÅÍÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
Â ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÅ ÊÎÎÐÄÈÍÀÒ

Êóíèíåö À. Â., Êóòíèâ Ì. Â.

Íàöèîíàëüíûé óíèâåðñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�,
óë. Ñ. Áàíäåðû, 12, Ëüâîâ, 79013, Óêðàèíà

Ðàçðàáîòàíî àëãîðèòìè÷åñêóþ ðåàëèçàöèþ òî÷íîé òðåõòî÷å÷íîé ðàçíîñòíîé ñõåìû ðå-
øåíèÿ íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â öèëèíäðè÷åñêîé ñèñ-
òåìå êîîðäèíàò ÷åðåç òðåõòî÷å÷íûå ðàçíîñòíûå ñõåìû ðàíãà m̄ = 2[(m + 1)/2] ( m � öå-
ëîå ïîëîæèòåëüíîå, [·] � öåëàÿ ÷àñòü). Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ
òðåõòî÷å÷íîé ðàçíîñòíîé ñõåìû ðàíãà m̄ è ïîëó÷åíà îöåíêà òî÷íîñòè. Ðåçóëüòàòû òåîðå-
òè÷åñêèõ èññëåäîâàíèé ïîäòâåðæäåíî íà ÷èñëåííîì ïðèìåðå.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ìåòîä ëèíåà-

ðèçàöèè è ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé, òî÷íàÿ òðåõòî÷å÷íàÿ ðàçíîñòíàÿ ñõåìà, òðåõòî-

÷å÷íàÿ ðàçíîñòíàÿ ñõåìà âûñîêîãî ïîðÿäêà òî÷íîñòè, èòåðàöèîííûé ìåòîä Íüþòîíà.
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