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Çíàéäåíî êëàñ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåîäíîðiäíèìè iíòåãðàëüíèìè ÷àñîâè-

ìè óìîâàìè äëÿ îäíîðiäíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì,
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ðîçâ'ÿçîê çàäà÷i ïîäàíî çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó ÿê äiþ äèôå-
ðåíöiàëüíèõ âèðàçiâ, ñèìâîëàìè ÿêèõ ¹ ïðàâi ÷àñòèíè iíòåãðàëüíèõ óìîâ, íà äåÿêi ôóíêöi¨
ïàðàìåòðiâ.
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Âñòóï

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè â îñòàí-
íi ðîêè çíàõîäÿòü øèðîêå çàñòîñóâàííÿ ó âàæëèâèõ
ïðàêòè÷íèõ äîñëiäæåííÿõ. Iíòåãðàëüíi óìîâè âèêî-
ðèñòîâóþòü, çîêðåìà, ó ìîäåëÿõ ïîøèðåííÿ òåïëà òà
âîëîãîïåðåíîñó, ó äåìîãðàôi÷íèõ ìîäåëÿõ òà çàäà-
÷àõ ìàòåìàòè÷íî¨ áiîëîãi¨, â îáåðíåíèõ çàäà÷àõ òåîði¨
òåïëîïðîâiäíîñòi, çàäà÷àõ îïòèìàëüíîãî êîíòðîëþ â
òåõíiöi òîùî [6, 10�13, 16].

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè ¹ óìîâíî êîðåêò-
íèìè. Âñòàíîâëåííþ óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi òà-
êèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííè-
ìè ïîõiäíèìè ïðèñâÿ÷åíî ÷èìàëî ïðàöü â÷åíèõ (äèâ.,
íàïðèêëàä, [1, 2, 5, 7�9, 15] òà áiáëiîãðàôiþ â íèõ).

Öÿ ñòàòòÿ ¹ ïðîäîâæåííÿì äîñëiäæåíü [4, 14] i
ïðèñâÿ÷åíà ïèòàííþ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà-
÷i ç íåîäíîðiäíèìè iíòåãðàëüíèìè ÷àñîâèìè óìîâàìè
äëÿ îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ iç ÷àñ-
òèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì òà â
çàãàëüíîìó âèïàäêó íåñêií÷åííîãî ïîðÿäêó çà ïðîñ-
òîðîâîþ çìiííîþ ó ñìóçi. Ðîçâ'ÿçêè çàäà÷i çà äîïî-
ìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó [3] ó êëà-
ñi êâàçiïîëiíîìiâ áóäóþòüñÿ â ÿâíîìó âèãëÿäi ÿê ðå-
çóëüòàò äi¨ äåÿêèõ äèôåðåíöiàëüíèõ âèðàçiâ íà ìå-
ðîìîðôíi ôóíêöi¨ ïàðàìåòðà ç ïîäàëüøèì íàêëàäà-
ííÿì íóëüîâîãî çíà÷åííÿ öüîãî ïàðàìåòðà.

I. Ôîðìóëþâàííÿ çàäà÷i

Ó ñìóçi Sh =
{
(t, x) ∈ R2 : t ∈ (0, h), x ∈ R

}
øè-

ðèíîþ h > 0 âèâ÷à¹ìî çàäà÷ó[
∂

∂t
− a

(
∂

∂x

)]2
U(t, x) = 0, (1)

h∫
0

U(t, x) dt = φ1(x),

h∫
0

t U(t, x) dt = φ2(x), (2)

äå a (∂/∂x) � äèôåðåíöiàëüíèé âèðàç, ñèìâîë a(ν)
ÿêîãî ¹ äîâiëüíà öiëà ôóíêöiÿ, ùî íå ¹ ñòàëîþ.

Çà çðàçêîì ðiâíÿííÿ (1) çàìiíîþ ∂/∂t íà d/dt
i ∂/∂x íà ν çàïèøåìî çâè÷àéíå äèôåðåíöiàëüíå
ðiâíÿííÿ [

d

dt
− a(ν)

]2
T = 0. (3)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (3) ìà¹ âèãëÿä

T (t, ν) = C1(ν) e
a(ν)t + C2(ν) t e

a(ν)t, (4)

äå C1(ν) i C2(ν) � äîâiëüíi ôóíêöi¨ ïàðàìåòðà ν.
Çíàéäåìî ðîçâ'ÿçêè T̂1(t, ν), T̂2(t, ν) ðiâíÿííÿ (3),

ÿêi çàäîâîëüíÿþòü óìîâè

h∫
0

T̂1(t, ν) dt = 1,

h∫
0

t T̂1(t, ν) dt = 0, (5)

h∫
0

T̂2(t, ν) dt = 0,

h∫
0

t T̂2(t, ν) dt = 1. (6)

c⃝ Êàëåíþê Ï. I. òà iíøi, 2013



Êàëåíþê Ï. I. òà iíøi

Øóêà¹ìî T̂1(t, ν) ó âèãëÿäi (4), äå C1(ν) i C2(ν) �
íåâiäîìi ôóíêöi¨ ïàðàìåòðà ν. Çàäîâîëüíÿþ÷è óìîâè
(5), îäåðæó¹ìî ñèñòåìó ðiâíÿíü{

C1(ν)I0(ν) + C2(ν)I1(ν) = 1,

C1(ν)I1(ν) + C2(ν)I2(ν) = 0,
(7)

äå

I0(ν) =

h∫
0

ea(ν)t dt =
ea(ν)h − 1

a(ν)
,

I1(ν) =

h∫
0

t ea(ν)t dt =
ha(ν)I0(ν) + h− I0(ν)

a(ν)
,

I2(ν) =

h∫
0

t2ea(ν)tdt =

=
a2(ν)h2I0(ν)+a(ν)h

2−2ha(ν)I0(ν)−2h+2I0(ν)

a(ν)
.

Çàóâàæèìî, ÿêùî a(ν0) = 0, òî I0(ν0) = h,
I1(ν0) = h2/2, I2(ν) = h3/3.

Ãîëîâíèé âèçíà÷íèê ñèñòåìè (7) ìà¹ âèãëÿä

∆(ν) =

∣∣∣∣ I0(ν) I1(ν)
I1(ν) I2(ν)

∣∣∣∣ = I0(ν)I2(ν)− I21 (ν) =

=
I20 (ν)− a(ν)h2I0(ν)− h2

a2(ν)
.

Âðàõîâóþ÷è ïîçíà÷åííÿ äëÿ I0(ν), çíàõîäèìî

∆(ν) =

(
ea(ν)h − 1

)2 − h2a2(ν) ea(ν)h
a4(ν)

, (8)

ïðè÷îìó, ÿêùî a(ν0) = 0, òî ∆(ν0) = h4/12.
Ïîçíà÷èìî

M = {ν ∈ C : ∆(ν) ̸= 0} . (9)

Îá÷èñëþ¹ìî âèçíà÷íèêè

∆11(ν) =

∣∣∣∣ 1 I1(ν)
0 I2(ν)

∣∣∣∣ = I2(ν),

∆12(ν) =

∣∣∣∣ I0(ν) 1
I1(ν) 0

∣∣∣∣ = −I1(ν).
Äëÿ ν ∈M çíàõîäèìî

T̂1(t, ν) =
∆11(ν) + t∆12(ν)

∆(ν)
ea(ν) t =

I2(ν)− tI1(ν)
∆(ν)

ea(ν) t =

=

(
a2(ν)h2 − 2a(ν)h+ 2

)
ea(ν)h − 2− a(ν)t ea(ν)h (a(ν)h− 1)− a(ν)

a3(ν)∆(ν)
ea(ν)t.

Àíàëîãi÷íî çíàõîäèìî T̂2(t, ν) ó âèãëÿäi (4), çàäî-
âîëüíÿþ÷è óìîâè (6):

T̂2(t, ν) =
∆21(ν) + t∆22(ν)

∆(ν)
ea(ν) t =

=
−I1(ν) + tI0(ν)

∆(ν)
ea(ν) t =

=
−(a(ν)h−1) ea(ν)h− 1 +a(ν) t

(
ea(ν)h−1

)
a2(ν)∆(ν)

ea(ν)t.

Çíîâó çàóâàæèìî, ÿêùî a(ν0) = 0, òî

T̂1(t, ν0) =
2(2h− 3t)

h2
, T̂2(t, ν0) =

6(2t− h)
h3

.

II. Îñíîâíi ðåçóëüòàòè

Ëåìà 1. Íåõàé T (t, ν) � ðîçâ'ÿçîê ðiâíÿííÿ
(3), ÿêèé äëÿ ν ∈M i t ∈ [0, h] çàäîâîëüíÿ¹ óìîâè

h∫
0

T (t, ν) dt = 0,

h∫
0

t T (t, ν) dt = 0, (10)

òîäi T (t, ν) ≡ 0 íà [0, h]×M .

� Äîâåäåííÿ. ßêùî T (t, ν) � ðîçâ'ÿçîê ðiâíÿííÿ
(3), òî éîãî ìîæíà çîáðàçèòè ó âèãëÿäi (4), äå C1(ν) i
C2(ν) � äîâiëüíi ôóíêöi¨ ïàðàìåòðà ν. Çàäîâîëüíÿþ-
÷è óìîâè (10), îäåðæó¹ìî äëÿ öèõ ôóíêöié ñèñòåìó
ðiâíÿíü {

C1(ν)I0(ν) + C2(ν)I1(ν) = 0,

C1(ν)I1(ν) + C2(ν)I2(ν) = 0.
(11)

Îñêiëüêè ν ∈M , äåM � ìíîæèíà (9), òî îòðèìó¹-
ìî óìîâó ∆(ν) ̸= 0. Çâiäñè âèïëèâà¹, ùî ñèñòåìà (11)
ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê C1(ν) = C2(ν) = 0.
Òîìó T (t, ν) ≡ 0 íà [0, h]×M . �

Ëåìà 2. ßêùî P = {ν ∈ C : a(ν) ∈ R}, òî
P ⊆M .

� Äîâåäåííÿ. Ïîçíà÷èìî a(ν)h = x. Îñêiëüêè
a(ν) ∈ R, òî x ∈ R i íàâïàêè. Ìà¹ìî äiéñíîçíà÷íó
ôóíêöiþ íà P :

∆(ν) =
(ex − 1 )

2 − x2ex

x4
h4.

Ôóíêöiÿ f(x) =
(ex − 1 )

2 − x2ex

x4
â òî÷öi x = 0 ìà¹

6 Ìàòåìàòèêà



Îäíîçíà÷íà ðîçâ'ÿçíiñòü çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì

óñóâíó îñîáëèâiñòü. Ñïðàâäi,

lim
x→0

f(x) = lim
x→0

(ex − 1 )
2 − x2ex

x4
=

= lim
x→0

e2x − 2ex + 1− x2ex

x4
=

= lim
x→0


(
1 + 2x+ (2x)2

2! + (2x)3

3! + (2x)4

4! + o
(
x4
))

x4
−

−
2
(
1 + x+ x2

2! +
x3

3! +
x4

4! + o
(
x4
))

x4
+

+
1

x4
−
x2
(
1 + x+ x2

2! + o
(
x2
))

x4

 =

= lim
x→0

(2x)4

4! − 2x
4

4! −
x4

2! + o
(
x4
)

x4
=

=
24

4!
− 2

4!
− 1

2!
=

16

24
− 2

24
− 1

2
=

1

12
.

Ðiâíÿííÿ (ex − 1 )
2 − x2ex = 0 åêâiâàëåíòíå äâîì

ðiâíÿííÿì ex−1−xex/2 = 0 òà ex−1+xex/2 = 0, àáî
sh x

2 = x
2 òà sh x

2 = −x2 . Öi ðiâíÿííÿ äiéñíèõ íåíóëüî-
âèõ êîðåíiâ íå ìàþòü (äèâ. ðèñ. 1).

Ðèñ. 1. Ãðàôiêè ôóíêöié y = sh x
2
, y = x

2
, y = −x

2

Îòæå, f(x) ̸= 0 íà R, òîìó ∆(ν) = f(a(ν)h)h4 ̸= 0
íà P , òîáòî P ⊆M . �

Ëåìà 3. ßêùî P̃ = {ν ∈ C : ia(ν) ∈ R}, òî
P̃ ⊆M .
� Äîâåäåííÿ. Ïîçíà÷èâøè a(ν)h = ix, îäåðæèìî,

ùî x ∈ R. Òîäi

∆(ν) =

(
eix − 1

)2
+ x2eix

x4
h4.

Ôóíêöiÿ f(x) =
(eix−1 )

2
+x2eix

x4 â òî÷öi x = 0 òà-

êîæ ìà¹ óñóâíó îñîáëèâiñòü, à ðiâíÿííÿ
(
eix − 1

)2
+

x2eix = 0 åêâiâàëåíòíå äâîì ðiâíÿííÿì sin x
2 = x

2 òà

sin x
2 = −x2 . Îñòàííi ðiâíÿííÿ äiéñíèõ íåíóëüîâèõ êî-

ðåíiâ íå ìàþòü (äèâ. ðèñ. 2).

Ðèñ. 2. Ãðàôiêè ôóíêöié y = sin x
2
, y = x

2
, y = −x

2

Òîìó àíàëîãi÷íî ∆(ν) ̸= 0 íà P̃ . Îòæå, P̃ ⊆M . �
Ââåäåìî ó ðîçãëÿä äâà êëàñè êâàçiïîëiíîìiâ.
Íåõàé KM � êëàñ êâàçiïîëiíîìiâ âèãëÿäó

φ(x) =
m∑
j=1

Qj(x) e
αjx, (12)

äå αj ∈ M ⊆ C, αj ̸= αk äëÿ j ̸= k, j, k = 1, . . . ,m,
m ∈ N; Qj(x), j = 1, . . . ,m, � ïîëiíîìè ç êîìïëåêñíè-
ìè êîåôiöi¹íòàìè.

Çàóâàæèìî, ùî êîæíèé êâàçiïîëiíîì φ(x) âèãëÿ-
äó (12) âèçíà÷à¹ äèôåðåíöiàëüíó îïåðàöiþ φ (∂/∂ν)
ñêií÷åííîãî ïîðÿäêó íà êëàñi öiëèõ ôóíêöié Φ(ν), à
ñàìå:

φ

(
∂

∂ν

)
Φ(ν) =

m∑
j=1

Qj

(
∂

∂ν

)
Φ(ν + αj),

çîêðåìà,

φ

(
∂

∂ν

)
Φ(ν)

∣∣∣∣
ν=0

=

m∑
j=1

Qj

(
∂

∂ν

)
Φ(ν)

∣∣∣∣
ν=αj

. (13)

Êðiì òîãî, KC,M � êëàñ êâàçiïîëiíîìiâ

f(t, x) =

m∑
j=1

N∑
l=1

Plj (t, x) e
βlt+αjx,

äå Plj(t, x) � ïîëiíîìè çìiííèõ t òà x ç êîìïëåêñíèìè
êîåôiöi¹íòàìè, βl ∈ C, αj ∈ M , βr ̸= βl äëÿ r ̸= l,
r, l = 1, . . . , N , αk ̸= αj äëÿ k ̸= j, k, j = 1, . . . ,m,
m,N ∈ N.

Òåîðåìà 1. Íåõàé ïðàâi ÷àñòèíè φ1(x) òà
φ2(x) iíòåãðàëüíèõ óìîâ (2) íàëåæàòü äî êëàñó
KM , äå M � ìíîæèíà (9). Òîäi ó êëàñi êâàçiïîëiíî-
ìiâ KC,M iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé
ìîæíà çíàéòè çà ôîðìóëîþ

U(t, x) =
2∑
j=1

φj

(
∂

∂ν

){
T̂j(t, ν)e

νx
}∣∣∣∣
ν=0

. (14)

Mathematics 7
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� Äîâåäåííÿ. ßêùî φ ∈ KM , à T (t, ν) �
ðîçâ'ÿçîê ðiâíÿííÿ (3), òî çãiäíî ç (13) ôóíêöiÿ
φ (∂/∂ν) {T (t, ν)eνx}|ν=0 íàëåæèòü äîKC,M . Òîäi äëÿ
äîâiëüíèõ φ1, φ2 ∈ KM çà ôîðìóëîþ (14) îäåðæó¹ìî,
ùî U(t, x) ¹ êâàçiïîëiíîìîì ç êëàñó KC,M . Âèêîðè-
ñòîâóþ÷è ðiâíiñòü a (∂/∂x) eνx = a(ν)eνx, ïîêàæåìî,
ùî ôóíêöiÿ (14) çàäîâîëüíÿ¹ ðiâíÿííÿ (1):[

∂

∂t
− a

(
∂

∂x

)]2
U(t, x) =

=

[
∂

∂t
−a
(
∂

∂x

)]2 2∑
j=1

φj

(
∂

∂ν

){
T̂j(t, ν)e

νx
}∣∣∣∣
ν=0

=

=
2∑
j=1

φj

(
∂

∂ν

){[
∂

∂t
−a
(
∂

∂x

)]2{
T̂j(t, ν)e

νx
}}∣∣∣∣∣

ν=0

=

=
2∑
j=1

φj

(
∂

∂ν

){
eνx

[
d

dt
− a(ν)

]2
T̂j(t, ν)

}∣∣∣∣∣
ν=0

= 0.

Ïåðøà ç iíòåãðàëüíèõ óìîâ (2) äëÿ ôóíêöi¨ (14)
âèïëèâà¹ ç âëàñòèâîñòi (5):

h∫
0

U(t, x)dt =

=

h∫
0

( 2∑
j=1

φj

(
∂

∂ν

){
T̂j(t, ν)e

νx
}∣∣∣∣
ν=0

)
dt =

=
2∑
j=1

φj

(
∂

∂ν

) { h∫
0

T̂j(t, ν)e
νx dt

}∣∣∣∣∣∣
ν=0

=

=
2∑
j=1

φj

(
∂

∂ν

) {
eνx

h∫
0

T̂j(t, ν) dt

}∣∣∣∣∣∣
ν=0

=

= φ1

(
∂

∂ν

)
eνx
∣∣∣∣
ν=0

=φ1(x)e
νx

∣∣∣∣
ν=0

= φ1(x).

Àíàëîãi÷íî ç âëàñòèâîñòi (6) ìà¹ìî âèêîíàííÿ
äðóãî¨ iíòåãðàëüíî¨ óìîâè (2):

h∫
0

t U(t, x) dt =

=

h∫
0

( 2∑
j=1

φj

(
∂

∂ν

){
t T̂j(t, ν)e

νx
}∣∣∣∣
ν=0

)
dt =

=
2∑
j=1

φj

(
∂

∂ν

) { h∫
0

t T̂j(t, ν)e
νx dt

}∣∣∣∣∣∣
ν=0

=

=
2∑
j=1

φj

(
∂

∂ν

) {
eνx

h∫
0

t T̂j(t, ν) dt

}∣∣∣∣∣∣
ν=0

=

= φ2

(
∂

∂ν

)
eνx
∣∣∣∣
ν=0

= φ2(x)e
νx

∣∣∣∣
ν=0

= φ2(x).

Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî ¹äèíiñòü
ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïàði êëàñiâ KM , KC,M .

Ïðèïóñòèìî, ùî äëÿ äåÿêèõ φ1, φ2 ∈ KM ó êëàñi
KC,M iñíóþòü äâà ðîçâ'ÿçêè U1, U2 çàäà÷i (1), (2) ó
ñìóçi Sh. Òîäi ¨õ ìîæíà ïîäàòè ó âèãëÿäi:

U1(t, x) =
2∑
j=1

φj

(
∂

∂ν

){
T̂1j(t, ν)e

νx
}∣∣∣∣∣∣
ν=0

,

U2(t, x) =
2∑
j=1

φj

(
∂

∂ν

){
T̂2j(t, ν)e

νx
}∣∣∣∣∣∣
ν=0

,

äå T̂1j(t, ν), T̂2j(t, ν), j = 1, 2, � äåÿêi ðîçâ'ÿçêè
ðiâíÿííÿ (3).

Ðiçíèöÿ öèõ ôóíêöié

V (t, x) ≡ U1(t, x)− U2(t, x) =

=

2∑
j=1

φj

(
∂

∂ν

){(
T̂1j(t, ν)− T̂2j(t, ν)

)
eνx
}∣∣∣∣∣∣
ν=0

çàäîâîëüíÿ¹ ó ñìóçi Sh ðiâíÿííÿ (1) i íóëüîâi iíòåã-
ðàëüíi óìîâè

h∫
0

V (t, x) dt = 0,

h∫
0

t V (t, x) dt = 0. (15)

Îñêiëüêè φ1, φ2 ∈ KM , òî çãiäíî ç (14) êâàçiïî-
ëiíîì V (t, x) íàëåæèòü äî êëàñó KC,M . Öåé êâàçiïî-
ëiíîì ìiñòèòü çíà÷åííÿ ôóíêöié T̂11(t, ν) − T̂21(t, ν),
T̂12(t, ν) − T̂22(t, ν) òà ¨õ âiäïîâiäíèõ ïîõiäíèõ çà ν
â òî÷êàõ (t, ν), äå ν ∈ M , t ∈ [0, h]. Ç óìîâè (15)
îäåðæó¹ìî, ùî ðiçíèöi ôóíêöié T̂11(t, ν) − T̂21(t, ν),
T̂12(t, ν)− T̂22(t, ν) çàäîâîëüíÿþòü óìîâè ëåìè 1. Òî-
ìó çãiäíî ç öi¹þ ëåìîþ îäåðæó¹ìî ðiâíîñòi ôóíêöié
T̂11(t, ν) = T̂21(t, ν), T̂12(t, ν) = T̂22(t, ν) òà ¨õ ïîõiäíèõ
çà ν â òî÷êàõ (t, ν). Îòæå, V (t, x) ≡ 0 ó ñìóçi Sh,
òîáòî U1(t, x) = U2(t, x). �

Çàóâàæåííÿ 1. ßêùî 0 ∈M , òî êëàñ iñíóâàí-
íÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ìîæíà çíà÷íî ðîçøèðèòè,
ââàæàþ÷è, ùî φ1, φ2 ∈ A(1)

∪
KM , äå A(1) � êëàñ öi-

ëèõ ôóíêöié ïîðÿäêó íèæ÷å âiä ïåðøîãî.

III. Ïðèêëàäè

Ïðèêëàä 1. Çíàéòè ðîçâ'ÿçîê çàäà÷i ó ñìóçi
S1 ç iíòåãðàëüíèìè óìîâàìè äëÿ áiêàëîðè÷íîãî ðiâ-
íÿííÿ[

∂

∂t
− ∂2

∂x2

]2
U(t, x) = 0,

1∫
0

U(t, x) dt = e−x,

1∫
0

t U(t, x) dt = 1.

(16)

Ìà¹ìî a(ν) = ν2, h = 1, φ1(x) = e−x, φ2(x) = 1. Äëÿ
êâàçiïîëiíîìiâ e−x òà 1 ïîêàçíèêè â åêñïîíåíòàõ �
÷èñëà −1 òà 0 � íàëåæàòü äî ìíîæèíè P , à òîìó çà
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ëåìîþ 2 íàëåæàòü äî M . Îòæå, óìîâè òåîðåìè 1 âè-
êîíóþòüñÿ. Òîäi ìà¹ìî

I0(ν) =
eν

2 − 1

ν2
, I1(ν) =

ν2I0(ν) + 1− I0(ν)
ν2

,

I2(ν) =
ν4I0(ν) + ν2 − 2ν2I0(ν)− 2 + 2I0(ν)

ν2
.

Çà ôîðìóëîþ (14) çíàõîäèìî ðîçâ'ÿçîê çàäà÷i (16):

U(t, x) = e
−
∂

∂ν

{
I2(ν)− tI1(ν)

∆(ν)
eν

2t+νx

}∣∣∣∣
ν=0

+

+

{
−I1(ν) + tI0(ν)

∆(ν)
eν

2t+νx

}∣∣∣∣
ν=0

=

=
I2(−1)− tI1(−1)

∆(−1)
et−x +

−I1(0) + tI0(0)

∆(0)
.

Âèêîðèñòîâóþ÷è ðiâíîñòi

I0(−1) = e− 1,

I1(−1) =
e− 1 + 1− (e− 1)

1
= 1,

I2(−1) = e− 1 + 1− 2 (e− 1)− 2 + 2 (e− 1) =

= e− 2,

∆(−1) = e2 − 3e+ 1,

I0(0) = 1, I1(0) =
1

2
,

∆(0) =
1

12
,

ìà¹ìî øóêàíèé ðîçâ'ÿçîê çàäà÷i (16)

U(t, x) =
e− 2− t
e2 − 3e+ 1

et−x + 12t− 6.

Ïðèêëàä 2. Çíàéòè ó ñìóçi S1 ðîçâ'ÿçîê çà-
äà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíîãî ðiâíÿííÿ

∂2

∂t2
U(t, x)− 2

∂

∂t
U(t, x+ 1) + U(t, x+ 2) = 0, (17)

1∫
0

U(t, x) dt = e2x,

1∫
0

t U(t, x) dt = 0. (18)

Çàïèøåìî ðiâíÿííÿ (17) ÿê äèôåðåíöiàëüíå ðiâ-
íÿííÿ íåñêií÷åííîãî ïîðÿäêó çà ïðîñòîðîâîþ êîîð-
äèíàòîþ: (

∂

∂t
− e ∂

∂x

)2

U(t, x) = 0.

Ìà¹ìî a(ν) = eν , h = 1, φ1(x) = e2x, φ2(x) = 0.
Äëÿ êâàçiïîëiíîìà e2x ïîêàçíèê â åêñïîíåíòi � ÷èñëî
2 � íàëåæèòü äî ìíîæèíè P , à òîìó çà ëåìîþ 2 íà-
ëåæèòü äî M . Îòæå, óìîâè òåîðåìè 1 âèêîíóþòüñÿ.
Òîìó

I0(ν) =
ee

ν − 1

eν
, I1(ν) =

eνI0(ν) + 1− I0(ν)
eν

,

I2(ν) =
e2νI0(ν) + eν − 2eνI0(ν)− 2 + 2I0(ν)

eν
.

Çà ôîðìóëîþ (14) ìà¹ìî

U(t, x) = e 2 ∂
∂ν

{
I2(ν)− tI1(ν)

∆(ν)
ee

νt+νx

}∣∣∣∣
ν=0

=

=
I2(2)− tI1(2)

∆(2)
ee

2t+2x.

Îá÷èñëþ¹ìî

I1(2) =
e2I0(2)+ 1−I0(2)

e2
=

(e2 − 1) e
e2−1
e2 + 1

e2
=

=
ee

2

(e2 − 1) + 1

e4
;

I2(2) =
e4I0(2) + e2 − 2e2I0(2)− 2 + 2I0(2)

e2
=

=
(e4 − 2e2 + 2)I0(2) + e2 − 2

e2
=

=
(e4 − 2e2 + 2) e

e2−1
e2 + e2 − 2

e2
=

=
(e4 − 2e2 + 2)ee

2 − 2

e4
;

∆(2) =

(
ee

2 − 1
)2
− ee2+4

e8
.

Çíàõîäèìî ðîçâ'ÿçîê çàäà÷i (17), (18) ó âèãëÿäi

U(t, x)=

(e4 − 2e2+2)ee
2− 2

e4
−te

e2(e2 − 1)+1

e4(
ee

2− 1
)2
− ee2+4

e8

ee
2t+2x=

=
(e4− 2e2+2)ee

2−2− t
(
ee

2

(e2− 1)+ 1
)

(
ee2 − 1

)2 − ee2+4
ee

2t+2x+4.

Ïðèêëàä 3. Çíàéòè ó ñìóçi S1 ðîçâ'ÿçîê çàäà÷i
ç iíòåãðàëüíèìè óìîâàìè[

∂

∂t
− ∂2

∂x2
+ 1

]2
U(t, x) = 0,

1∫
0

U(t, x) dt = 0,

1∫
0

t U(t, x) dt = ex sinx.

(19)

Ìà¹ìî a(ν) = ν2 − 1, h = 1, φ1(x) = 0, φ2(x) =
= ex sinx. Äëÿ êâàçiïîëiíîìà ex sinx ïîêàçíèêè â åêñ-
ïîíåíòàõ � ÷èñëà 1 ± i � íå íàëåæàòü äî ìíîæèí P
òà P̃ , àëå íàëåæàòü äî M , îñêiëüêè

a(1± i) = −1± 2i,

∆(1± i) =
(
e−1±2i − 1

)2 − (−1± 2i)2e−1±2i

(−1± 2i)4
≈

≈ −0, 0081± 0, 0265 i ̸= 0.
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Îòæå, óìîâè òåîðåìè 1 âèêîíóþòüñÿ. Òîäi ìà¹ìî

I0(ν) =
eν

2−1 − 1

ν2 − 1
,

I1(ν) =
(ν2 − 1)I0(ν) + 1− I0(ν)

ν2 − 1
,

I2(ν) =

(
ν2 − 1

)2
I0(ν) + ν2 − 1

ν2 − 1
+

+
−2
(
ν2 − 1

)
I0(ν)− 2 + 2I0(ν)

ν2 − 1
.

Âèêîðèñòà¹ìî ôîðìóëó (14)

U(t, x) =

=e
∂
∂ν sin

∂

∂ν

{
−I1(ν) + tI0(ν)

∆(ν)
e(ν

2−1)t+νx
}∣∣∣∣
ν=0

=

=
1

2i

{
−I1(ν) + tI0(ν)

∆(ν)
e(ν

2−1)t+νx
}∣∣∣∣

ν=1+i

−

− 1

2i

{
−I1(ν) + tI0(ν)

∆(ν)
e(ν

2−1)t+νx
}∣∣∣∣

ν=1−i
=

=
1

2i

{
−I1(1 + i) + tI0(1 + i)

∆(1 + i)
e(2i−1)t+(1+i)x−

−−I1(1− i) + tI0(1− i)
∆(1− i)

e(−2i−1)t+(1−i)x
}

=

=
ex−t

2i

{
−I1(1 + i) + tI0(1 + i)

∆(1 + i)
ei(x+2t)−

−−I1(1− i) + tI0(1− i)
∆(1− i)

e−i(x+2t)

}
=

=
ex−t

2i

{
(A+Bi)ei(x+2t)−(A−Bi)e−i(x+2t)

}
=

= ex−t {A sin(x+ 2t) +B cos(x+ 2t)} ,

äå

A = Re
−I1(1 + i) + tI0(1 + i)

∆(1 + i)
,

B = Im
−I1(1 + i) + tI0(1 + i)

∆(1 + i)
.

Âèñíîâêè

Äëÿ îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ iç
÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì òà
çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà ïðîñòîðîâîþ êî-
îðäèíàòîþ ç íåîäíîðiäíèìè iíòåãðàëüíèìè ÷àñîâè-
ìè óìîâàìè çíàéäåíî êëàñ iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó çàäà÷i. Öåé êëàñ ìiñòèòü ôóíêöi¨ êâàçiïî-
ëiíîìíîãî âèãëÿäó. Ïðè öüîìó ðîçâ'ÿçîê çàäà÷i çîá-
ðàæåíî çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî
ìåòîäó ÿê ðåçóëüòàòè äié äèôåðåíöiàëüíèõ âèðàçiâ
íà êëàñè÷íî âiäîêðåìëåíi ðîçâ'ÿçêè îäíîðiäíîãî ðiâ-
íÿííÿ ç ïðèéíÿòòÿì ïiñëÿ äi¨ âèðàçiâ ïàðàìåòðà (çà
ÿêèì äiþòü âèðàçè), òàêèì, ùî äîðiâíþ¹ íóëåâi. Ñèì-
âîëàìè äèôåðåíöiàëüíèõ âèðàçiâ ¹ ïðàâi ÷àñòèíè ií-
òåãðàëüíèõ óìîâ.

Iíòåðåñ ñòàíîâèòü ó ïîäàëüøèõ äîñëiäæåííÿõ
âèâ÷åííÿ àíàëîãi÷íî¨ çàäà÷i äëÿ íåîäíîðiäíîãî ðiâ-
íÿííÿ ç îäíîðiäíèìè iíòåãðàëüíèìè óìîâàìè òà
äîñëiäæåííÿ ÿäðà çàäà÷i.

Äîñëiäæåííÿ ÷àñòêîâî ïiäòðèìàíi ÄÔÔÄ Óêðà¨-
íè (ïðîåêò � 54.1/027).
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Íàéäåí êëàññ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è ñ íåîäíîðîäíûìè èíòåãðàëüíûìè âðå-
ìåííûìè óñëîâèÿìè äëÿ îäíîðîäíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿä-
êà ïî âðåìåíè, êîòîðîå îáîáùàåò áèêàëîðè÷íîå óðàâíåíèå. Â ýòîì êëàññå ôóíêöèé êâàçèïî-
ëèíîìíîãî âèäà ðåøåíèå çàäà÷è ïðåäñòàâëåíî ñ ïîìîùüþ äèôôåðåíöèàëüíî-ñèìâîëüíîãî
ìåòîäà êàê äåéñòâèå äèôôåðåíöèàëüíûõ âûðàæåíèé, ñèìâîëàìè êîòîðûõ åñòü ïðàâûå ÷à-
ñòè èíòåãðàëüíûõ óñëîâèé, íà íåêîòîðûå ôóíêöèè ïàðàìåòðîâ.
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We distinguish a class of univalent solvability of the problem with nonhomogeneous integral
time conditions for homogeneous partial di�erential equation of second order in time which
generalizes a bicalorical equation. In this class of quasipolynomial functions, the solution of the
problem is represented as an action of di�erential expressions whose symbols are the right-hand
sides of the integral conditions, onto certain functions of parameters.
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