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Ïîáóäîâàíî ñèñòåìó ôóíêöié, áiîðòîãîíàëüíó ç ñèñòåìîþ ôóíêöié Áåññåëÿ. Âñòàíîâëåíî
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Âñòóï

Áiîðòîãîíàëüíi ñèñòåìè ôóíêöié êîìïëåêñíî¨
çìiííî¨ òà ìåòîäè ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié
â ðÿäè çà öèìè ñèñòåìàìè ðîçãëÿäàþòüñÿ â ðîáîòàõ
[1�4, 7, 11, 12, 14�20]. Âiäøóêàííÿ êîåôiöi¹íòiâ ðÿäiâ
 ðóíòó¹òüñÿ íà âëàñòèâîñòi áiîðòîãîíàëüíîñòi, i âî-
íè âèðàæàþòüñÿ ÷åðåç ïîõiäíi ôóíêöié, ÿêi ðîçâèâà-
þòüñÿ â öi ðÿäè. Ñèñòåìè ïîëiíîìiâ i áiîðòîãîíàëü-
íi ç íèìè ñèñòåìè ôóíêöié âèêîðèñòàíî ó ðîáîòàõ
[5, 9, 21] äëÿ çîáðàæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ç ïîëiíîìiàëüíèìè
êîåôiöi¹íòàìè.

Ó öié ðîáîòi ïîáóäîâàíî ñèñòåìó ôóíêöié, áiîð-
òîãîíàëüíó ç ñèñòåìîþ ôóíêöié Áåññåëÿ. Âñòàíîâëå-
íî óìîâè ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié â ðÿäè çà
ôóíêöiÿìè Áåññåëÿ. Íàâåäåíî ïðèêëàäè òàêèõ ðîç-
âèíåíü.

Ðîçãëÿíåìî ñèñòåìó {Jn(z)}∞n=0 ôóíêöié Áåññåëÿ
[6, ñ. 12] ïåðøîãî ðîäó öiëîãî ïîðÿäêó n êîìïëåêñíî¨
çìiííî¨

Jn(z) =
(z
2

)n ∞∑
l=0

(−1)l

22ll! (l + n)!
z2l. (1)

Iç ñïiââiäíîøåíü (1) îòðèìà¹ìî âèðàçè ôóíêöié
Jn(z) îêðåìî äëÿ ïàðíèõ òà íåïàðíèõ çíà÷åíü n:

J2n(z) =
1

22n

∞∑
l=0

(−1)l

22ll! (l + 2n)!
z2(l+n) =

=
∞∑
j=n

(−1)j−n

22j(j − n)!(j + n)!
z2j =

∞∑
j=n

(−1)j−nCj+n2j

22j(2j)!
z2j ,

J2n+1(z) =
∞∑
j=n

(−1)j−nCj+n+1
2j+1

22j+1(2j + 1)!
z2j+1.

Âiäîìi [10, ñ. 781] çàëåæíîñòi ñòåïåíiâ zn âiä ôóí-
êöié Áåññåëÿ:

1 = J0(z) + 2
∞∑
j=1

J2j(z),

zn = 2n
∞∑
j=0

(2j + n)(j + n− 1)!

j!
J2j+n(z). (2)

Íåõàé

(
2k

k + n

)∗

=

 1, n = 0,
2k

k + n
, n ̸= 0.

Òîäi iç ñïiââiäíîøåíü (2) îòðèìà¹ìî âèðàçè ñòå-
ïåíiâ zn îêðåìî äëÿ ïàðíèõ òà íåïàðíèõ çíà÷åíü n:

z2n = 22n
∞∑
j=0

(2j + 2n)(j + 2n− 1)!

j!
J2j+2n(z) =

= 22n
∞∑
k=n

(
2k

k + n

)∗
(k + n)!

(k − n)!
J2k(z) =

= 22n (2n)!
∞∑
k=n

(
2k

k + n

)∗

C2n
k+nJ2k(z),

z2n+1=22n+1(2n+1)!
∞∑
k=n

(2k+1)C2n+1
k+n+1

k + n+ 1
J2k+1(z). (3)

I. Âëàñòèâîñòi áiîðòîãîíàëüíèõ
ñèñòåì ôóíêöié

Ïîçíà÷èìî ÷åðåç ωm(z) ôóíêöi¨, àñîöiéîâàíi [12,
ñ. 160] ç ôóíêöiÿìè Áåññåëÿ. �õ áóäåìî øóêàòè ó âèã-
ëÿäi

ω2m(z) =
m∑
l=0

aml
z2l+1

, ω2m+1(z) =
m∑
l=0

bml
z2l+2

(4)
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i òàêèìè, ùîá âèêîíóâàëèñü óìîâè áiîðòîãîíàëüíî-
ñòi:

1

2πi

∫
Γ

Jn(z)ωm(z)dz = δnm, (5)

äå δnm � ñèìâîë Êðîíåêåðà, Γ � çàìêíåíèé ãëàäêèé
êîíòóð, ùî îõîïëþ¹ íóëüîâó òî÷êó.

Ïîìíîæèìî ïåðøå ñïiââiäíîøåííÿ â (3) íà ôóí-
êöiþ ω2m(z) i ïðîiíòåãðó¹ìî âçäîâæ êîíòóðó Γ. Îòðè-
ìà¹ìî

m∑
l=0

aml
1

2πi

∫
Γ

dz

z2(l−n)+1
=

= 22n(2n)!
∞∑
k=n

(
2k

k + n

)∗

C2n
k+n

1

2πi

∫
Γ

J2k(z)ω2m(z)dz.

Âðàõóâàâøè âiäîìèé iíòåãðàë [8, ñ. 81�82]

1

2πi

∫
Γ

dz

zn
=

{
1, n = 1,

0, n ̸= 1.
(6)

òà óìîâè (5), çíàõîäèìî

amn = 22n(2n)!

(
2m

m+ n

)∗

C2n
m+n.

Àíàëîãi÷íî

bmn =
22n+1(2n+ 1)!(2m+ 1)C2n+1

m+n+1

m+ n+ 1
.

Ïiäñòàâëÿþ÷è âèðàçè äëÿ êîåôiöi¹íòiâ amn , b
m
n ó ñïiâ-

âiäíîøåííÿ (4), îäåðæèìî

ω2m(z) =
m∑
l=0

(
2m

m+ l

)∗

22l(2l)!C2l
m+l

1

z2l+1
=

= 22m
m∑
j=0

(
2m

2m− j

)∗ (2m− 2j)!Cj2m−j

22j
1

z2(m−j)+1
,

ω2m+1(z) = (2m+ 1)
m∑
l=0

22l+1(2l + 1)!C2l+1
l+m+1

l +m+ 1

1

z2l+2
=

=22m+1(2m+1)
m∑
j=0

(2m−2j+1)!Cj2m−j+1

22j(2m−j+1)

1

z2(m−j)+2
(7)

àáî

ωm(z)=2m
[m2 ]∑
j=0

(
m

m−j

)∗ (m−2j)!Cjm−j

22j
1

zm−2j+1
. (8)

Íàñëiäîê 1. Ñïðàâåäëèâi êîìáiíàòîðíi òîòî-
æíîñòi

m∑
k=n

2m

m+ k
(−1)k−nCk+n2k C2k

m+k = δnm,

(2m+ 1)
m∑
k=n

(−1)k−n

m+ k + 1
Ck+n+1

2k+1 C2k+1
m+k+1 = δnm.

� Äîâåäåííÿ. Ïiäñòàâëÿþ÷è â óìîâó (5) âèðà-
çè äëÿ ôóíêöié J2n(z) òà ω2m(z), îòðèìà¹ìî

∞∑
j=n

(−1)j−nCj+n2j

22j(2j)!

m∑
k=0

(
2m

m+ k

)∗

22k(2k)!C2k
m+k×

× 1

2πi

∫
Γ

dz

z2(k−j)+1
= δnm.

Âðàõîâóþ÷è ôîðìóëó (6), ïðèõîäèìî äî ïåðøî¨
òîòîæíîñòi. Äðóãà òîòîæíiñòü âñòàíîâëþ¹òüñÿ àíà-
ëîãi÷íî. �

Òâåðäæåííÿ 1. Ôóíêöi¨ ωm(z) àíàëiòè÷íi
ççîâíi êðóãà ÿê çàâãîäíî ìàëîãî ðàäióñà ç öåíòðîì ó
ïî÷àòêó êîîðäèíàò.

� Äîâåäåííÿ. Àíàëiòè÷íiñòü ôóíêöié ωm(z)
âèïëèâà¹ ç òîãî, ùî âîíè ìiñòÿòü ñêií÷åííå ÷èñëî äî-
äàíêiâ çà âiä'¹ìíèìè ñòåïåíÿìè çìiííî¨ z. �

Òâåðäæåííÿ 2. Äëÿ ôóíêöié ωm(t) ñïðàâå-
äëèâi îöiíêè

|ωm(t)| ≤ 2mm!

|t|m+1

[m2 ]∑
j=0

|t|2j

j!
(9)

äëÿ âñiõ t òàêèõ, ùî 0 < |t| <∞.
� Äîâåäåííÿ. Âðàõîâóþ÷è ñïiââiäíîøåííÿ (8),

çíàõîäèìî

|ωm(t)| ≤ 2m
[m2 ]∑
j=0

(
m

m− j

)∗
(m− j)!

22jj!

1

|t|m−2j+1
≤

≤ 2mm!

|t|m+1

[m2 ]∑
j=0

|t|2j

j!
.

�

Òâåðäæåííÿ 3. Ñïðàâåäëèâi êîìáiíàòîðíi òî-
òîæíîñòi

j∑
k=n

(−1)j−k
(

2k

k + n

)∗

Ck+j2j C2n
k+n = δnj ,

j∑
k=n

(−1)j−k
2k + 1

k + n+ 1
Ck+j+1

2j+1 C2n+1
k+n+1 = δnj . (10)

�Äîâåäåííÿ. Ïiäñòàâèìî ó ñïiââiäíîøåííÿ (3)
âèðàç äëÿ ôóíêöié J2n(z) òà çìiíèìî ïîðÿäîê ïiäñó-
ìîâóâàííÿ. Îäåðæèìî

z2n=22n(2n)!
∞∑
k=n

(
2k

k + n

)∗

C2n
k+n

∞∑
j=k

(−1)j−kCk+j2j

22j(2j)!
z2j=

= 22n(2n)!

∞∑
j=n

z2j

22j(2j)!

j∑
k=n

(−1)j−k
(

2k

k + n

)∗

Ck+j2j C2n
k+n.
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Âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü ñòåïåíiâ z2n,
ïðèõîäèìî äî ïåðøî¨ êîìáiíàòîðíî¨ òîòîæíîñòi.
Äðóãà òîòîæíiñòü âñòàíîâëþ¹òüñÿ àíàëîãi÷íî. �

Òåîðåìà 1. Ñïðàâåäëèâå ïîäàííÿ

∞∑
k=0

Jk(z)ωk(t) =
1

t− z
. (11)

Ïðè öüîìó ðÿä â (11) çáiãà¹òüñÿ ðiâíîìiðíî äëÿ
|z| ≤ r, |t| ≥ ρ, äå 0 < r <∞, ρ > r.

� Äîâåäåííÿ. Ïiäñòàâèâøè ó ëiâó ÷àñòèíó
ñïiââiäíîøåííÿ (11) âèðàçè äëÿ ôóíêöié Jk(z) òà àñî-
öiéîâàíèõ ç íèìè ôóíêöié ωk(t), îòðèìà¹ìî

∞∑
k=0

Jk(z)ωk(t)=

∞∑
k=0

J2k(z)ω2k(t)+

∞∑
k=0

J2k+1(z)ω2k+1(t)=

=
∞∑
k=0

∞∑
j=k

(−1)j−kCj+k2j

22j(2j)!
z2j

k∑
l=0

(
2k

k + l

)∗

22l(2l)!C2l
k+l

1

t2l+1
+

+
∞∑
k=0

∞∑
j=k

(−1)j−kCj+k+1
2j+1

22j+1(2j + 1)!
z2j+1(2k + 1)×

×
k∑
l=0

22l+1(2l + 1)!C2l+1
k+l+1

l + k + 1

1

t2l+2
.

Çìiíèâøè ó ñóìàõ ïîðÿäîê ïiäñóìîâóâàííÿ, ìàòèìå-
ìî

∞∑
k=0

Jk(z)ωk(t) =

∞∑
j=0

z2j

22j(2j)!

j∑
k=0

(−1)j−kCj+k2j ×

×
k∑
l=0

(
2k

k + l

)∗

22l(2l)!C2l
k+l

1

t2l+1
+

+
∞∑
j=0

z2j+1

22j+1(2j + 1)!

j∑
k=0

(−1)j−k(2k + 1)Cj+k+1
2j+1 ×

×
k∑
l=0

22l+1(2l + 1)!C2l+1
k+l+1

l + k + 1

1

t2l+2
=

=
∞∑
j=0

z2j

22j(2j)!

j∑
l=0

22l(2l)!

t2l+1

j∑
k=l

(−1)j−k
(

2k

k + l

)∗

Cj+k2j C2l
k+l+

+
∞∑
j=0

z2j+1

22j+1(2j + 1)!

j∑
l=0

22l+1(2l + 1)!

t2l+2
×

×
j∑
k=l

(−1)j−k
(2k + 1)Cj+k+1

2j+1 C2l+1
k+l+1

k + l + 1
.

Âèêîðèñòàâøè êîìáiíàòîðíi òîòîæíîñòi (10), îñòàòî-
÷íî çíàõîäèìî

∞∑
k=0

Jk(z)ωk(t) =
∞∑
j=0

z2j

t2j+1
+

∞∑
j=0

z2j+1

t2j+2
=

∞∑
j=0

zj

tj+1
=

=
1

t
· 1

1− z

t

=
1

t− z
.

Ïîêàæåìî, ùî ðÿä ó ñïiââiäíîøåííi (11) çáiãà¹-
òüñÿ ðiâíîìiðíî. Âðàõóâàâøè âiäîìó îöiíêó [6, ñ. 23]
äëÿ ôóíêöié Áåññåëÿ

Jµ(z) ≤
∣∣∣z
2

∣∣∣µ e|y|

Γ (µ+ 1)
(y = Im z) (12)

òà (9), çíàõîäèìî ∣∣∣∣∣
∞∑
k=0

Jk(z)ωk(t)

∣∣∣∣∣ ≤
≤

∞∑
k=0

|J2k(z)| |ω2k(t)|+
∞∑
k=0

|J2k+1(z)| |ω2k+1(t)| ≤

≤ e|z|

 1

|t|

∞∑
k=0

∣∣∣z
t

∣∣∣2k k∑
j=0

|t|2j

j!
+

|z|
|t|2

∞∑
k=0

∣∣∣z
t

∣∣∣2k k∑
j=0

|t|2j

j!

 =

= e|z|
(

1

|t|
+

|z|
|t|2

) ∞∑
k=0

∣∣∣z
t

∣∣∣2k k∑
j=0

|t|2j

j!
=

=
e|z| (|t|+ |z|)

|t|2
∞∑
j=0

|t|2j

j!

∞∑
k=j

∣∣∣z
t

∣∣∣2k =

=
e|z| (|t|+ |z|)

|t|2
∞∑
j=0

|t|2j

j!

∞∑
l=0

∣∣∣z
t

∣∣∣2l+2j

=

=
e|z| (|t|+ |z|)

|t|2
∞∑
j=0

|z|2j

j!

∞∑
l=0

∣∣∣z
t

∣∣∣2l =
=
e|z|+|z|2 (|t|+ |z|)

|t|2
· 1

1−
∣∣∣z
t

∣∣∣2 =
e|z|(1+|z|)

|t| − |z|
≤ er(1+r)

ρ− r
.

Îòæå, äëÿ âñiõ z i t òàêèõ, ùî |z| ≤ r, |t| ≥ ρ, äå
0 < r <∞, ρ > r, ðÿä â (11) çáiãà¹òüñÿ ðiâíîìiðíî. �

Ïîçíà÷èìî ÷åðåç Ar ïðîñòið îäíîçíà÷íèõ òà àíà-
ëiòè÷íèõ ó êðóçi |z| ≤ r, 0 < r <∞, ôóíêöié.

Òåîðåìà 2. Ñèñòåìà ôóíêöié {Jn(z)}∞n=0 ¹
áàçèñîì Øàóäåðà [12, ñ. 128�129] ó ïðîñòîði Ar,
0 < r <∞.

� Äîâåäåííÿ. Ñèñòåìà {Jn(z)}∞n=0 ¹ áàçèñîì â
Ar [12, ñ. 161], áî

à) ôóíêöi¨ ωm(z) àíàëiòè÷íi â îáëàñòi |z| > ρ > 0
çãiäíî ç òâåðäæåííÿì 1;

á) êîåôiöi¹íòè ó ðîçâèíåííÿõ (7) àñîöiéîâàíèõ
ôóíêöié çàäîâîëüíÿþòü óìîâè

lim
l→∞

[(
2m

l +m

)∗

22l(2l)!C2l
l+m

] 1
2l

= ρm < r,

lim
l→∞

[
22l+1(2l + 1)!C2l+1

l+m+1

l +m+ 1

] 1
2l+1

= ρm < r,

îñêiëüêè Clm = 0, ÿêùî l > m, i, âiäïîâiäíî, ρm = 0;
â) ñïðàâåäëèâå ðîçâèíåííÿ (11) i çà òåîðåìîþ 1

âiäïîâiäíèé ðÿä çáiãà¹òüñÿ ðiâíîìiðíî äëÿ âñiõ z i t
òàêèõ, ùî |z| ≤ r, |t| ≥ ρ, äå 0 < r <∞, ρ > r. �
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II. Ðîçâèíåííÿ ôóíêöié ó ðÿäè
çà ñèñòåìîþ ôóíêöié {Jn(z)}

Íåõàé f(z) � ñóìà ðÿäó çà ñèñòåìîþ {Jn(z)}∞n=0,
ÿêèé ðiâíîìiðíî çáiæíèé â îáëàñòi |z| ≤ R <∞:

f(z) =

∞∑
n=0

anJn(z). (13)

Ïîìíîæèìî ëiâó òà ïðàâó ÷àñòèíè ðiâíîñòi (13)
íà ôóíêöiþ ωm(z) i ïðîiíòåãðó¹ìî âçäîâæ êîíòóðó
Γ = {z : |z| = r}, 0 < r < R. Òîäi

1

2πi

∫
Γ

f(z)ωm(z)dz =
∞∑
n=0

an
1

2πi

∫
Γ

Jn(z)ωm(z)dz.

Âðàõîâóþ÷è óìîâè áiîðòîãîíàëüíîñòi (5) i ïîäàí-
íÿ (8), ìà¹ìî

am =
1

2πi

∫
Γ

f(z)ωm(z)dz =

= 2m
[m2 ]∑
j=0

(
m

m− j

)∗ (m− 2j)!Cjm−j

22j
1

2πi

∫
Γ

f(z)

zm−2j+1
dz.

Íà ïiäñòàâi ôîðìóëè Êîøi îäåðæèìî

am = 2m
[m2 ]∑
j=0

(
m

m− j

)∗ Cjm−j

22j
f (m−2j)(0).

Çâiäñè çíàõîäèìî îêðåìî äëÿ ïàðíèõ òà íåïàðíèõ
çíà÷åíü iíäåêñiâ m:

a2m = 22m
m∑
j=0

(
2m

2m− j

)∗ Cj2m−j

22j
f (2m−2j)(0) =

=
m∑
l=0

(
2m

l +m

)∗

22lC2l
l+mf

(2l)(0),

a2m+1 = (2m+ 1)
m∑
l=0

22l+1C2l+1
l+m+1

l +m+ 1
f (2l+1)(0). (14)

Òåîðåìà 1. ßêùî ôóíêöiÿ f(z) àíàëiòè÷íà â
êðóçi |z| ≤ R (R < ∞) i îáìåæåíà íà êîëi |z| = R
òàê, ùî max

|z|≤R
|f(z)| = M (M = const), òî êîåôiöi¹í-

òè â (13) çàäîâîëüíÿþòü íåðiâíiñòü

|an| ≤
M2nn!e

R2

4

Rn
(15)

i äëÿ êîæíîãî r ∈ (0, R) ðÿä (13) çáiãà¹òüñÿ ðiâíî-
ìiðíî äî f(z) ó êðóçi |z| ≤ r.

� Äîâåäåííÿ. Âðàõîâóþ÷è íåðiâíiñòü

∣∣f (n)(0)∣∣
n!

≤
max
|z|≤R

|f(z)|

Rn
=
M

Rn
,

îòðèìà¹ìî îöiíêè äëÿ êîåôiöi¹íòiâ (14)

|a2m| ≤ 22m
m∑
j=0

(
2m

2m− j

)∗ Cj2m−j

22j

∣∣∣f (2m−2j)(0)
∣∣∣ ≤

≤M22m
∞∑
j=0

(2m− j)!

22jj!(2m− 2j)!

1

R2(m−j) ≤

≤ M22m(2m)!

R2m

∞∑
j=0

(
R

2

)2j

j!
=
M22m(2m)!e

R2

4

R2m
.

Àíàëîãi÷íî

|a2m+1| ≤
M22m+1(2m+ 1)!e

R2

4

R2m+1
.

Îá'¹äíóþ÷è îöiíêè äëÿ êîåôiöi¹íòiâ a2m òà
a2m+1, îäåðæèìî (15).

Ïîêàæåìî ðiâíîìiðíó çáiæíiñòü ðÿäó (13). Íà ïiä-
ñòàâi îöiíîê (15) òà (12) ìà¹ìî

|f(z)| ≤
∞∑
n=0

|an| |Jn(z)| ≤Me
R2

4 +|z|
∞∑
n=0

(
|z|
R

)n
≤

≤Me
R2

4 +r
∞∑
n=0

( r
R

)n
=

MR

R− r
e
R2

4 +r

äëÿ |z| ≤ r, (r < R).
Îòæå, ðÿä (13) çáiãà¹òüñÿ ðiâíîìiðíî â îáëàñòi

|z| ≤ r, äå r < R. �

Ïðèêëàä 1. Ðîçâèíóòè â ðÿä ôóíêöiþ f(z) =
= cos(qz), äå q � äîâiëüíå äiéñíå ÷èñëî.

Îñêiëüêè f (2j)(0) = (−1)jq2j , f (2j+1)(0) = 0, òî, çãiä-
íî ç ôîðìóëàìè (14), ìà¹ìî

a0 = f(0) = 1,

a2m = 2m

m∑
j=0

(−1)j(2q)2jC2j
j+m

j +m
,

a2m+1 = 0.

Âèêîðèñòîâóþ÷è âiäîìèé âèðàç [13, ñ. 19] äëÿ ìíîãî-
÷ëåíiâ ×åáèøîâà Tm(z) ïåðøîãî ðîäó

Tm(z) =
1

2
m

[m2 ]∑
k=0

(−1)kCkm−k
2m−2k(m− k)

zm−2k (16)

îòðèìà¹ìî

m∑
j=0

(−1)j(2q)2jC2j
j+m

j +m
=

(−1)mT2m(q)

m
.

Çâiäñè a2m = 2(−1)mT2m(q).

Îòæå,

cos(qz) = J0(z) + 2
∞∑
m=1

(−1)mT2m(q)J2m(z).
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Ïðè q = 1 ìà¹ìî T2m(1) = 1 [13, ñ. 13], òîìó

cos z = J0(z) + 2

∞∑
m=1

(−1)mJ2m(z).

Ïðèêëàä 2. Ðîçâèíóòè â ðÿä ôóíêöiþ f(z) =
= sin(qz), äå q � äîâiëüíå äiéñíå ÷èñëî.

Îñêiëüêè f (2j)(0) = 0, f (2j+1)(0) = (−1)jq2j+1, òî çà
ôîðìóëàìè (14) çíàéäåìî

a2m = 0, a2m+1 = (2m+1)
m∑
j=0

(−1)j(2q)2j+1C2j+1
j+m+1

j +m+ 1
.

Âèêîðèñòîâóþ÷è âèðàç (16), îäåðæèìî
m∑
j=0

(−1)j(2q)2j+1C2j+1
j+m+1

j +m+ 1
=

(−1)m2T2m+1(q)

2m+ 1
,

çâiäêè a2m+1 = (−1)m2T2m+1(q). Òîìó

sin(qz) = 2

∞∑
m=0

(−1)mT2m+1(q)J2m+1(z).

Ïðè q = 1 ìà¹ìî T2m+1(1) = 1 [13, ñ. 13], îòæå,

sin z = 2

∞∑
m=0

(−1)mJ2m+1(z).

Ïðèêëàä 3. Ðîçâèíóòè â ðÿä ôóíêöiþ f(z) =
= ch(qz), äå q � äîâiëüíå äiéñíå ÷èñëî.

Îñêiëüêè f (2j)(0) = q2j , f (2j+1)(0) = 0, òî, çãiäíî ç
ôîðìóëàìè (14), ìà¹ìî

a0 = f(0) = 1, a2m = 2m

m∑
j=0

(2q)2jC2j
j+m

j +m
, a2m+1 = 0.

Âèêîðèñòîâóþ÷è âèðàç (16), îäåðæèìî
m∑
j=0

(2q)2jC2j
j+m

j +m
=

(−1)mT2m(iq)

m
.

Çâiäñè a2m = (−1)m2T2m(iq).

Îòæå,

ch(qz) = J0(z) + 2

∞∑
m=1

(−1)mT2m(iq)J2m(z).

ßêùî q = 1, òî

ch z = J0(z) + 2

∞∑
m=1

(−1)mT2m(i)J2m(z).

Ïðèêëàä 4. Ðîçâèíóòè â ðÿä ôóíêöiþ f(z) =
= sh(qz), äå q � äîâiëüíå äiéñíå ÷èñëî.

Îñêiëüêè f (2j)(0) = 0, f (2j+1)(0) = q2j+1, òî, çãiäíî ç
ôîðìóëàìè (14), ìà¹ìî

a2m = 0, a2m+1 = (2m+ 1)
m∑
j=0

(2q)2j+1C2j+1
j+m+1

j +m+ 1
.

Âèêîðèñòîâóþ÷è âèðàç (16), îäåðæèìî
m∑
j=0

(2q)2j+1C2j+1
j+m+1

j +m+ 1
=

(−1)m2T2m+1(iq)

2m+ 1
.

Çâiäñè a2m+1 = (−1)m2T2m+1(iq).

Îòæå,

sh(qz) = 2
∞∑
m=0

(−1)mT2m+1(iq)J2m+1(z).

ßêùî q = 1, òî

sh z = 2
∞∑
m=0

(−1)mT2m+1(i)J2m+1(z).

Çàóâàæèìî, ùî ðîçâèíåííÿ ôóíêöié cos(qz) i
sin(qz) ñïiâïàäàþòü ç ðîçâèíåííÿìè â [13, ñ. 176]
ôóíêöié cos(zq) i sin(zq), ÿêi îòðèìàíi iíøèì ñïî-
ñîáîì.

III. Çàñòîñóâàííÿ

Ðîçãëÿíåìî îäíîðiäíå ðiâíÿííÿ Ãåëüìãîëüöà ó
ïðÿìîêóòíié ñèñòåìi êîîðäèíàò:

∂2u

∂x2
+
∂2u

∂y2
+ u = 0. (17)

ßêùî ââåñòè êîìïëåêñíi çìiííi w = x+iy iw= x−iy,
òî ðiâíÿííÿ (17) ìîæíà çàïèñàòè ó âèãëÿäi

4
∂2u

∂w∂w
+ u = 0. (18)

Ìîæíà ïåðåêîíàòèñÿ, ùî ðîçâ'ÿçêàìè ðiâíÿííÿ (18)
¹ ñèñòåìà ôóíêöié

Uk(x, y)+iVk(x, y)=
(w
2

)k∞∑
l=0

(−1)l

22ll!(l+k)!
wlw l,

k = 0,±1, . . . .

(19)

Íåõàé w = ρeiφ, äå 0 ≤ ρ < ∞, −π < φ ≤ π. Òîäi
ñèñòåìà ðîçâ'ÿçêiâ (19) íàáóäå âèãëÿäó

Uk(x, y)=Re eikφJk(ρ), Vk(x, y)= Im eikφJk(ρ), (20)

äå ρ =
√
ww =

√
x2 + y2, Jk(ρ) � ôóíêöiÿ Áåññåëÿ

ïåðøîãî ðîäó ïîðÿäêó k [6, c. 12].

Âèñíîâêè

Ñèñòåìè ôóíêöié
{
Pn(z) = z−1ωn

(
z−1

)}
,{

ψm(z) = z−1Jm
(
z−1
)}

òàêîæ áiîðòîãîíàëüíi íà
çàìêíåíîìó êîíòóði, ùî îõîïëþ¹ íóëüîâó òî÷êó, ïðè
öüîìó {Pn(z)} � ñèñòåìà ìíîãî÷ëåíiâ � áàçèñ ïðîñòî-
ðó Ar.

Ñèñòåìà ôóíêöié (20) ìîæå áóòè âèêîðèñòàíà äëÿ
ôîðìóëþâàííÿ êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ Ãåëüì-
ãîëüöà. Íàïðèêëàä, äëÿ âèïàäêó y = 0 ñèñòåìà
ôóíêöié (20) çâåäåòüñÿ äî ñèñòåìè ôóíêöié Áåññå-
ëÿ âiäíîñíî çìiííî¨ x. Òîäi, ÿêùî çàäàíà ãðàíè÷íà
ôóíêöiÿ íà îñi Ox, òî, ðîçâèâàþ÷è ¨¨ çà ñèñòåìîþ
ôóíêöié Áåññåëÿ, ìîæíà îòðèìàòè ðîçâ'ÿçîê êðàéî-
âî¨ çàäà÷i äëÿ ðiâíÿííÿ Ãåëüìãîëüöà ó ïiâïëîùèíi.
Àíàëîãi÷íî ìîæíà ðîçâ'ÿçóâàòè êðàéîâó çàäà÷ó äëÿ
ðiâíÿííÿ Ãåëüìãîëüöà â êóòîâié îáëàñòi.
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Êëþ÷åâûå ñëîâà: ôóíêöèÿ Áåññåëÿ, áèîðòîãîíàëüíàÿ ñèñòåìà ôóíêöèé, àññîöèèðîâàííàÿ
ôóíêöèÿ.

2000 MSC: 33E30

ÓÄÊ: 517.53.57

THE SYSTEMS OF FUNCTIONS, BIORTOGONAL
WITH BESSEL FUNCTIONS

Sukhorolsky M. A., Dostojna V. V.
Lviv Polytechnic National University

12, S. Bandery Str., Lviv, 79013, Ukraine

The system of functions biortogonal to Bessel system of functions has been constructed.
Conditions of expression of analitic functions in series of Bessel functions have been found.
Examples of such expressions and their application have been presented.
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