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Äîñëiäæåíî êðàéîâó çàäà÷ó äëÿ îäíîãî âèðîäæåíîãî çà ðàäiàëüíîþ çìiííîþ ïàðàáîëi-

÷íîãî ðiâíÿííÿ. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i. Çà äîïîìîãîþ
ìåòðè÷íîãî ïiäõîäó âñòàíîâëåíî îöiíêó çíèçó äëÿ çíà÷åíü ôóíêöié Áåññåëÿ ïiâöiëîãî iíäå-
êñó, ùî âõîäÿòü çíàìåííèêàìè ó âèðàçè äëÿ êîåôiöi¹íòiâ ðÿäó Ôóð'¹, ÿêèì çîáðàæó¹òüñÿ
ðîçâ'ÿçîê çàäà÷i.
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Âñòóï 1

Êðàéîâi çàäà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõi-
äíèìè ç âèðîäæåíèìè êîåôiöi¹íòàìè âèíèêàþòü ïiä
÷àñ ìîäåëþâàííÿ äèôóçiéíèõ, ãiäðî- òà ãàçîäèíàìi-
÷íèõ ïðîöåñiâ, ÿâèù òåïëîìàñîïåðåíîñó, êðèñòàëî-
ãðàôi¨ òîùî. Äîñëiäæåííþ òàêèõ çàäà÷ ïðèñâÿ÷å-
íi ðîáîòè [5, 6, 12, 8, 19]. Çîêðåìà, ó ïðàöÿõ [5, 8]
äîñëiäæåíî ëîêàëüíi òà íåëîêàëüíi êðàéîâi çàäà÷i
äëÿ âèðîäæåíèõ ãiïåðáîëi÷íèõ òà áåçòèïíèõ ðiâíÿíü.
Ó ðîáîòàõ [12, 19] âèâ÷åíî íåëîêàëüíi äâîòî÷êîâi òà
áàãàòîòî÷êîâi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âè-
ðîäæåííÿìè òà îñîáëèâîñòÿìè.

Âàæëèâèì êëàñîì ðiâíÿíü iç âèðîäæåíèìè êîå-
ôiöi¹íòàìè ¹ ðiâíÿííÿ, ùî ìiñòÿòü îïåðàòîð Áåññå-
ëÿ. Óìîâè ðîçâ'ÿçíîñòi çàäà÷ ç iíòåãðàëüíèìè óìîâà-
ìè äëÿ ëiíiéíèõ òà íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü
äðóãîãî ïîðÿäêó ç îïåðàòîðîì Áåññåëÿ çà ïðîñòîðî-
âîþ çìiííîþ (B-ïàðàáîëi÷íèõ ðiâíÿíü) âñòàíîâëåíî
ó ïðàöÿõ [3, 17], à óìîâè ðîçâ'ÿçíîñòi ëîêàëüíî¨ áàãà-
òîòî÷êîâî¨ çàäà÷i äëÿ B-ïàðàáîëi÷íîãî ðiâíÿííÿ âè-
ñîêîãî ïîðÿäêó � â ðîáîòi [11]. Çàäà÷ó Êîøi äëÿ ãi-
ïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç îïåðàòîðîì
Áåññåëÿ çà ÷àñîì ó íåîáìåæåíèõ îáëàñòÿõ âèâ÷åíî ó
ïðàöÿõ [7, 16].

Ó öié ðîáîòi äëÿ ðiâíÿííÿ (1), ùî âèðîäæó¹òüñÿ
çà çìiííîþ r i ¹ ïàðàáîëi÷íèì çà r ñòîñîâíî çìií-
íî¨ φ, äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ (â êëà-
ñi ôóíêöié, àíàëiòè÷íèõ çà r, 2π-ïåðiîäè÷íèõ çà φ)
ðîçâ'ÿçêó u(r, φ), ÿêèé ñïðàâäæó¹ êðàéîâó óìîâó (2).
Ïiä ÷àñ ïîáóäîâè òà âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿç-
êó öi¹¨ çàäà÷i âèíèêàþòü ìàëi çíàìåííèêè ó âèãëÿäi
çíà÷åíü ôóíêöié Áåññåëÿ ïiâöiëîãî iíäåêñó; äëÿ îöi-
íþâàííÿ çíèçó öèõ âåëè÷èí çàñòîñîâàíî ìåòðè÷íèé
ïiäõiä [10]. Çàóâàæèìî, ùî ìåòðè÷íi îöiíêè äëÿ çíà-

÷åíü ôóíêöié Áåññåëÿ ïiâöiëîãî iíäåêñó ó íàóêîâié
ëiòåðàòóði âiäñóòíi i â öié ðîáîòi îòðèìàíi âïåðøå.

Ðåçóëüòàòè ðîáîòè àíîíñîâàíî â [14].

I. Ïîñòàíîâêà çàäà÷i

Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ:

Jn(r) =
∞∑
m=0

(−1)m

Γ(m+ 1)Γ(m+ n+ 1)

(r
2

)2m+n

, n ≥ 0,−

ôóíêöiÿ Áåññåëÿ (äèâ. ñ. 21 ó [2] ïåðøîãî ðîäó ïî-
ðÿäêó n, äå Γ(q), q ≥ 0, � ãàììà-ôóíêöiÿ Åéëåðà;

ω(α, ν(k)) = αk
2

|k|ν(k), α ∈ R, k ∈ Z \ {0},

äå {ν(k) : k ∈ Z \ {0}} � ïîñëiäîâíiñòü äîäàòíèõ äié-
ñíèõ ÷èñåë; Eα,ν(k) � ïðîñòið òðèãîíîìåòðè÷íèõ ðÿäiâ
g(φ) =

∑
k∈Z\{0}

gke
ikφ, gk ∈ C, k ∈ Z \ {0}, äëÿ ÿêèõ

ñêií÷åííà íîðìà

∥g;Eα,ν(k)∥ =

√ ∑
k∈Z\{0}

|gk|2ω2(α, ν(k));

E2
α,ν(k) � ïðîñòið ðÿäiâ u(r, φ) =

∑
k∈Z\{0}

uk(r)e
ikφ,

êîåôiöi¹íòè uk(r), k ∈ Z\{0} ÿêèõ ¹ àíàëiòè÷íèìè çà
r íà âiäðiçêó [0, R], íîðìó â E2

α,ν(k) çàäàìî ôîðìóëîþ

∥u;E2
α,ν(k)∥ =

√√√√ ∑
k∈Z\{0}

2∑
j=0

max
r∈[0,R]

|u(j)k (r)|2ω2(α, ν(k)).

Ó öié ðîáîòi â ïðîñòîði E2
α,ν(k) äîñëiäæó¹ìî

ðîçâ'ÿçíiñòü çàäà÷i

r
∂2u(r, φ)

∂r2
− 2

∂3u(r, φ)

∂r∂φ2
+ γ2r

∂4u(r, φ)

∂φ4
= 0, (1)

1Ðîáîòà ÷àñòêîâî ïiäòðèìàíà ÄÔÔÄ Óêðà¨íè (ïðîåêò �54.1/027).
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u(R,φ) = g(φ). (2)

äå r ∈ (0, R), φ ∈ [0, 2π], γ > 0. Ðiâíÿííÿ (1) ¹ ïàðàáî-
ëi÷íèì (çà çìiííîþ r ñòîñîâíî çìiííî¨ φ) ó òîìó ñåíñi,
ùî äëÿ äîâiëüíîãî η ∈ R i äëÿ äîâiëüíîãî r ∈ (0, R)
ξ-êîðåíi ðiâíÿííÿ

rξ2 + 2η2ξ + γ2rη4 = 0,

ñïðàâäæóþòü îöiíêè

Reξj(r, η) ≤ −δ(R)η2, j ∈ {1, 2},

äå δ(R) > 0.
Çàóâàæèìî, ùî äî ðiâíÿííÿ (1) çâîäèòüñÿ (ïåðå-

õîäîì âiä äåêàðòîâî¨ ñèñòåìè (x, y) äî ïîëÿðíî¨ ñèñ-
òåìè (r, φ)) ðiâíÿííÿ, ÿêå ¹ àíàëîãîì ðiâíÿííÿ Òðè-
êîìi (äèâ. [8, ñ. 133]) i ìà¹ âèãëÿä

y4
∂4v(x, y)

∂x4
+ x4

∂4v(x, y)

∂y4
+ F = 0,

äå ñèìâîë F ïîçíà÷à¹ ëiíiéíó êîìáiíàöiþ ôóíêöié
v, ∂v∂x ,

∂v
∂y , . . . ,

∂4v
∂y∂x3 , êîåôiöi¹íòè ÿêî¨ ¹ ìíîãî÷ëåíàìè

âiä x, y.

II. Óìîâè ¹äèíîñòi ðîçâ'ÿçêó

Ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòîðó E2
α,ν(k) øó-

êà¹ìî ó âèãëÿäi ðÿäó

u(r, φ) =
∑

k∈Z\{0}

uk(r)e
ikφ. (3)

Êîæíà ç ôóíêöié uk(r), k ∈ Z \ {0}, ¹ âiäïîâiäíî ðîç-
â'ÿçêîì çàäà÷i

r
d2uk(r)

dr2
+ 2k2

duk(r)

dr
+ (γk2)2ruk(r) = 0, (4)

uk(R) = gk, (5)

äå gk, k ∈ Z \ {0}, � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ g(φ).
Ôóíêöiÿ uk(r), k ∈ Z \ {0}, ¹ àíàëiòè÷íîþ çà r,

òîìó âîíà äîïóñêà¹ ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä

uk(r) =

∞∑
q=0

ak,qr
q. (6)

Ïiäñòàâëÿþ÷è ðÿä (6) ó ðiâíÿííÿ (4), äiñòàíåìî, ùî
éîãî êîåôiöi¹íòè ïðè íåïàðíèõ ñòåïåíÿõ çìiííî¨ r äî-
ðiâíþþòü íóëþ

ak,2q−1 = 0, q ∈ N,

à êîåôiöi¹íòè ïðè ïàðíèõ ñòåïåíÿõ çìiííî¨ r âèðàæà-
þòüñÿ ÷åðåç ak,0 i îá÷èñëþþòüñÿ çà ôîðìóëàìè

ak,2q =
(−1)q(γk2)2qak,0

2qΓ(q + 1)
q∏

m=1
(2m− 1 + 2k2)

, q ∈ N. (7)

Òîäi ç ôîðìóë (6), (7) îòðèìó¹ìî, ùî

uk(r) = ak,0 +
∞∑
q=1

(−1)q(γk2r)2qak,0

2qΓ(q + 1)
q∏

m=1
(2m− 1 + 2k2)

.

Âðàõîâóþ÷è, ùî

Γ(k2 + 1/2) =
√
π2k

2
k2∏
p=1

(2p− 1),

q∏
m=1

(2m− 1 + 2k2) =
2qΓ(q + k2 + 1/2)

Γ(k2 + 1/2)
,

îòðèìó¹ìî

uk(r) = ak,0 +
∞∑
q=1

(−1)q(γk2r)2qΓ(k2 + 1/2)ak,0
22qΓ(q + 1)Γ(q + k2 + 1/2)

=

=
ak,0Γ(k

2 + 1/2)2k
2−1/2

(γk2r)k2−1/2

∞∑
q=1

(−1)q(γk2r/2)2q+k
2−1/2

Γ(q + 1)Γ(q + k2 + 1/2)
=

=
ak,0Γ(k

2 + 1/2)2k
2−1/2

(γk2)k2−1/2

Jk2− 1
2
(γk2r)

rk2−1/2
. (8)

ßêùî Jk2− 1
2
(γk2R) ̸= 0 äëÿ âñiõ k ∈ Z\{0}, òî êîåôi-

öi¹íò ak,0 ìîæíà âèçíà÷èòè ç óìîâè (5) çà ôîðìóëîþ

ak,0 =
(γk2)k

2−1/2

Γ(k2 + 1/2)2k2−1/2

Rk
2−1/2gk

Jk2− 1
2
(γk2R)

. (9)

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1),
(2) ó ïðîñòîði E2

α,ν(k), α>0, {ν(k) : k∈Z \ {0}}⊂R+,
íåîáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà

∀k ∈ Z \ {0} Jk2− 1
2
(γk2R) ̸= 0. (10)

Çàóâàæåííÿ 1. Äëÿ äîâiëüíîãî ôiêñîâàíîãî ðiâ-
íÿííÿ (1) óìîâà (10) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìî-
æëèâî, çëi÷åííî¨ êiëüêîñòi) çíà÷åíü R > 0. Öå âèïëè-
âà¹ ç òîãî, ùî ïðè ôiêñîâàíèõ γ > 0 òà k ∈ Z \ {0}
ôóíêöiÿ Jk2− 1

2
(γk2R) ¹ àíàëiòè÷íîþ çà R i íà äîâiëü-

íîìó âiäðiçêó äîäàòíî¨ ïiâîñi ìîæå ìàòè ëèøå ñêií-
÷åííó êiëüêiñòü íóëiâ.

III. Óìîâè iñíóâàííÿ ðîçâ'ÿçêó

Íàäàëi ââàæàòèìåìî, ùî óìîâà (10) ñïðàâäæó¹-
òüñÿ. Òîäi ç ôîðìóë (8), (9) îòðèìó¹ìî, ùî ðîçâ'ÿçîê
çàäà÷i (4), (5) çîáðàæó¹òüñÿ ôîðìóëîþ

uk(r) =
gkJk2− 1

2
(γk2r)

Jk2− 1
2
(γk2R)

(
R

r

)k2− 1
2

, k ∈ Z \ {0}. (11)

Iç ðiâíîñòåé (3), (11) äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2)
îòðèìó¹ìî ôîðìàëüíå çîáðàæåííÿ ó âèãëÿäi ðÿäó

u(r, φ) =
∑

k∈Z\{0}

gkJk2− 1
2
(γk2r)

Jk2− 1
2
(γk2R)

(
R

r

)k2− 1
2

eikφ. (12)
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Êðàéîâà çàäà÷à äëÿ îäíîãî âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

Äëÿ âñòàíîâëåííÿ óìîâ çáiæíîñòi ðÿäó (12) íàì
çíàäîáèòüñÿ òàêå òâåðäæåííÿ ïðî îöiíêè çãîðè ôóíê-
öié Jk2− 1

2
(γk2r)/rk

2− 1
2 òà ¨õ ïîõiäíèõ.

Ëåìà 1. Äëÿ äîâiëüíèõ γ > 0, äëÿ âñiõ k ∈ Z,
k ̸= 0, ñïðàâäæóþòüñÿ îöiíêè

max
r∈[0,R]

∣∣∣∣∣ dqdrq
(
Jk2− 1

2
(γk2r)

rk
2− 1

2

)∣∣∣∣∣ ≤ C1

(γe
2

)k2
|k|2q, (13)

äå q ∈ N ∪ {0}, C1 = C1(γ) > 0.

� Äîâåäåííÿ. Iç ôîðìóëè Ïóàññîíà äëÿ ôóíêöié Áåñ-
ñåëÿ ( äèâ. ñ. 58 ó [2]) äëÿ äîâiëüíèõ γ > 0, r ≥ 0,
k ∈ Z \ {0}, îòðèìó¹ìî

Jk2− 1
2
(γk2r) =

(
γk2r

2

)k2− 1
2 1

Γ(k2)
×

×
π∫

0

cos(γk2r cos θ) sin2k
2+1 θdθ. (14)

Âðàõîâóþ÷è åëåìåíòàðíi íåðiâíîñòi

| cos(γk2r cos θ) sin2k
2+1 θ| ≤ 1,

θ ∈ [0, π], γ > 0, r ∈ [0, R], k ∈ Z \ {0},

à òàêîæ ôîðìóëó Ñòiðëiíãà (äèâ. c. 134 ó [4])

Γ(k2) =
√
2π|k|2k

2−1e−k
2

e
δ1(k)
12 , (15)

0 < δ1(k) < 1, k ∈ Z \ {0},

iç (14) îòðèìó¹ìî

max
r∈[0,R]

∣∣∣∣∣Jk2− 1
2
(γk2r)

rk
2− 1

2

∣∣∣∣∣ ≤ C2

(γe
2

)k2
,

C2 =
√
γπ/2. Äèôåðåíöiþþ÷è ðiâíiñòü (14) q ðàçiâ çà

çìiííîþ r, îäåðæó¹ìî, ùî

dq

drq

(
Jk2− 1

2
(γk2r)

rk
2− 1

2

)
=

(
γk2

2

)k2− 1
2 (γk2)q

Γ(k2)
×

×
π∫

0

cosq θ sin2k
2−1 θ cos(γk2r cos θ + qπ/2)dθ. (16)

Iç ôîðìóë (16) íà ïiäñòàâi (15) òà åëåìåíòàðíèõ ïå-
ðåòâîðåíü îòðèìó¹ìî íåðiâíîñòi

max
r∈[0,R]

∣∣∣∣∣ dqdrq
(
Jk2− 1

2
(γk2r)

rk
2− 1

2

)∣∣∣∣∣ ≤ C3

(γe
2

)k2
|k|2q, (17)

äå C3 = C3(γ) > 0, q ∈ N ∪ {0}, ç ÿêèõ âèïëèâà¹
òâåðäæåííÿ ëåìè 1. �

Âñòàíîâèìî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó
çàäà÷i (1), (2).

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà (10)
òà iñíóþòü α1 > 0 i ïîñëiäîâíiñòü {ν1(k) :
k ∈ Z \ {0}} ⊂ R+ òàêi, ùî äëÿ âñiõ (êðiì ñêií-
÷åííî¨ êiëüêîñòi) çíà÷åíü k ∈ Z \ {0} âèêîíó¹òüñÿ
íåðiâíiñòü

|Jk2− 1
2
(γk2R)| ≥ ω(α1,−ν1(k)). (18)

ßêùî g ∈ Eα0,ν0(k), äå

α0 =
αγeR

2α1
, ν0(k) = ν(k) + ν1(k) + 4,

òî â ïðîñòîði E2
α,ν(k) iñíó¹ ðîçâ'ÿçîê çàäà÷i (1), (2),

ÿêèé çîáðàæó¹òüñÿ ðÿäîì (12) i íåïåðåðâíî çàëå-
æèòü âiä ôóíêöi¨ g.

� Äîâåäåííÿ. Iç ôîðìóë (11), (18) íà ïiäñòàâi îöiíîê
(13) ëåìè 1 äëÿ êîæíîãî k ∈ Z \ {0} îòðèìó¹ìî

2∑
q=0

max
r∈[0,R]

|u(q)k (r)| ≤ Rk
2−1/2|gk|

|Jk2− 1
2
(γk2R)|

×

×
2∑
q=0

max
r∈[0,R]

∣∣∣∣∣ dqdrq
(
Jk2− 1

2
(γk2r)

rk
2− 1

2

)∣∣∣∣∣ ≤
≤ C4ω

(
eγR

2α1
, ν1(k) + 4

)
|gk|, C4 > 0. (19)

Îòæå, iç (19) ìà¹ìî

∥u;E2
α,ν(k)∥

2 =
∑

k∈Z\{0}

2∑
q=0

max
r∈[0,R]

|u(q)k (r)|2ω2(α, ν(k))≤

≤C5

∑
k∈Z\{0}

ω2

(
αeγR

2α1
, ν(k) + ν1(k) + 4

)
|gk|2=

= C5∥g;Eα0,ν0(k)∥
2. (20)

Iç (20) âèïëèâà¹ äîâåäåííÿ òåîðåìè. �

IV. Îöiíêè ìàëèõ çíàìåííèêiâ

Çáiæíiñòü ðÿäó (12) ó ïðîñòîðàõ E2
α,ν(k), α > 0,

{ν(k) : k ∈ Z \ {0}} ⊂ R+, ïîâ'ÿçàíà iç ìîæëèâiñòþ
âèêîíàííÿ îöiíîê (18). Ç'ÿñó¹ìî ïèòàííÿ ïðî ¨õ âè-
êîíàííÿ. Äëÿ öüîãî âñòàíîâèìî äîïîìiæíi ëåìè 2, 3.

Ëåìà 2. Äëÿ äîâiëüíîãî n ∈ N∪ {0} òà λ > 0
ñïðàâäæó¹òüñÿ ôîðìóëà(

1

t

d

dt

)n (
tn+

1
2 Jn+ 1

2
(λt)

)
=
√

2/πλn−
1
2 sin(λt), t > 0.

(21)
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� Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ ií-
äóêöi¨ çà n. Äëÿ n = 0 òâåðäæåííÿ ëåìè âèïëèâà¹ ç
âiäîìî¨ (äèâ. ñ. 66 ó [2]) ôîðìóëè

J 1
2
(z) =

√
2/(πz) sin z, z > 0.

Ïðèïóñòèìî, ùî ëåìà 3 ïðàâèëüíà ïðè n = m,m ≥ 1.
Äîâåäåìî ¨¨ iñòèííiñòü ïðè n = m+ 1. Î÷åâèäíî, ùî(

1

t

d

dt

)m+1 (
tm+ 3

2 Jm+ 3
2
(λt)

)
=

=

(
1

t

d

dt

)m(
1

t

d

dt

)(
tm+ 3

2 Jm+ 3
2
(λt)

)
. (22)

Iç çîáðàæåííÿ ôóíêöi¨ Áåññåëÿ ó âèãëÿäi ðÿäó îòðè-
ìó¹ìî

d

dt

(
tm+ 3

2 Jm+ 3
2
(λt)

)
=

(
2

λ

)m+ 3
2

×

× d

dt

(∞∑
l=0

(−1)l

Γ(l + 1)Γ(l +m+ 5
2 )

(
λt

2

)2l+2m+3
)

=

=

(
2

λ

)m+ 1
2

∞∑
l=0

(−1)l(2l + 2m+ 3)

Γ(l + 1)Γ(l +m+ 5
2 )

(
λt

2

)2l+2m+2

.

(23)
Íà ïiäñòàâi âëàñòèâîñòi ãàììà-ôóíêöi¨

Γ(l +m+ 5/2) =
(2l + 2m+ 3)

2
Γ(l +m+ 3/2)

iç ðiâíîñòi (23) îòðèìó¹ìî(
1

t

d

dt

)(
tm+ 3

2 Jm+ 3
2
(λt)

)
= λtm+ 1

2×

×
∞∑
l=0

(−1)l

Γ(l + 1)Γ(l +m+ 3
2 )

(
λt

2

)2l+m+ 1
2

=

= λtm+ 1
2 Jm+ 1

2
(λt). (24)

Iç ôîðìóë (22), (24) òà ïðèïóùåííÿ iíäóêöi¨ îäåðæó-
¹ìî (

1

t

d

dt

)m+1 (
tm+ 3

2 Jm+ 3
2
(λt)

)
=

=
√
2/πλm+ 1

2 sin(λt), t > 0, λ > 0.

Îòæå, òâåðäæåííÿ ëåìè ñïðàâåäëèâå ïðè n = m+ 1.
Ëåìó äîâåäåíî. �

Ëåìà 3. Íåõàé f(t) ∈ Cn(a, b) ¹ òàêîþ, ùî
äëÿ âñiõ t ∈ (a, b) âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣(1

t

d

dt

)n
f(t)

∣∣∣∣ ≥ δ > 0.

Òîäi äëÿ äîâiëüíîãî ε > 0

mesR{t ∈ (a, b) : |f(t)| < ε} ≤ cn
a

n

√
ε

δ
, cn = 2n

n
√
n!.

� Äîâåäåííÿ. Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäó-
êöi¨. Íåõàé n = 1, f(t) ∈ C1(a, b), i íåõàé

∀t ∈ (a, b)

∣∣∣∣1t ddtf(t)
∣∣∣∣ ≥ δ.

Òîäi |f ′(t)| ≥ δt > δa äëÿ âñiõ t ∈ (a, b). Íà ïiäñòàâi
ëåìè 1 iç [13] îòðèìó¹ìî, ùî

mesR{t ∈ (a, b) : |f(t)| < ε} ≤ 2

a

ε

δ
.

Ïðèïóñòèìî, ùî ëåìà 3 ¹ ïðàâèëüíîþ äëÿ n = m,
m ≥ 1. Äîâåäåìî ¨¨ iñòèííiñòü äëÿ n = m+ 1.

Íåõàé f(t) ∈ Cm+1(a, b) i íåõàé∣∣∣∣∣
(
1

t

d

dt

)m+1

f(t)

∣∣∣∣∣ ≥ δ > 0, t ∈ (a, b).

Äëÿ êîæíîãî η > 0 ðîçãëÿíåìî ìíîæèíè

A1(η) = {t ∈ (a, b) : |h(t)| > η},

A2(η) = {t ∈ (a, b) : |h(t)| ≤ η},

äå h(t) = 1
t
d
dtf(t). Îñêiëüêè

∣∣∣( 1t ddt)m h(t)∣∣∣ > δ äëÿ âñiõ

t ∈ (a, b), òî çãiäíî ç ïðèïóùåííÿì iíäóêöi¨ ìà¹ìî

mesRA2(η) ≤
cm
a

m

√
η

δ
. (25)

ßêùî A1(η)=∅, òî mesRA1(η)=0, ÿêùî æ A1(η)̸=∅, òî
çà òåîðåìîþ (äèâ ñ. 14 ó [4]) ïðî ñòðóêòóðó âiäêðèòèõ
ìíîæèí â R ìíîæèíà A1(η) ¹ îá'¹äíàííÿì ïîïàðíî
íåïåðåòèííèõ iíòåðâàëiâ. Íà êîæíîìó ç òàêèõ iíòåð-
âàëiâ (êðiì, ìîæëèâî, äâîõ êðàéíiõ) ôóíêöiÿ 1

t
d
dth(t)

çà óçàãàëüíåíîþ òåîðåìîþ Ðîëëÿ [9, c. 63] ìà¹ õî÷à
á îäèí íóëü. Îñêiëüêè∣∣∣∣(1

t

d

dt

)m
(h(t)± η)

∣∣∣∣= ∣∣∣∣(1

t

d

dt

)m
h(t)

∣∣∣∣ ≥ δ > 0

äëÿ âñiõ t ∈ (a, b) òî ç óçàãàëüíåíî¨ òåîðåìè Ðîëëÿ
âèïëèâà¹, ùî ôóíêöiÿ 1

t
d
dth(t) ìîæå ìàòè íà (a, b) íå

áiëüøå (m−1) íóëiâ. Îòæå, êiëüêiñòü ïðîìiæêiâ ìíî-
æèíè A1(η) íå ïåðåâèùó¹ (m + 1). Çàñòîñîâóþ÷è íà
êîæíîìó ç öèõ ïðîìiæêiâ áàçó iíäóêöi¨, äiñòàíåìî

mesR{t ∈ A1(η) : |f(t)| < ε} ≤ 2(m+ 1)

a

ε

η
. (26)

Çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî η > 0

{t ∈ (a, b) : |f(t)| < ε} ⊂ {t ∈ A1(η) :

|f(t)| < ε} ∪ {t ∈ A2(η) : |f(t)| < ε}. (27)

Òîäi iç âêëþ÷åííÿ (27) íà ïiäñòàâi àäèòèâíîñòi ìiðè
Ëåáåãà òà îöiíîê (25), (26) îòðèìó¹ìî, ùî äëÿ äîâiëü-
íîãî η > 0

mesR{t ∈ (a, b) : |f(t)| < ε} ≤ 2(m+ 1)

a

ε

η
+
cm
a

m

√
η

δ
.

Äîñëiäæóþ÷è ôóíêöiþ

ψ(η)=
2(m+ 1)

a

ε

η
+

2m m
√
m!

a
m

√
η

δ
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íà ìiíiìóì çà çìiííîþ η > 0 (a,m, ε, δ � ôiêñîâàíi)
çíàõîäèìî, ùî

min
η>0

ψ(η) =
2(m+ 1) m+1

√
(m+ 1)!

a
m+1

√
ε

δ
.

Îòæå,
mesR{t ∈ (a, b) : |f(t)| < ε} ≤

≤
2(m+ 1) m+1

√
(m+ 1)!

a
m+1

√
ε

δ
=
cm+1

a
m+1

√
ε

δ
,

òîáòî òâåðäæåííÿ ëåìè ñïðàâåäëèâå i äëÿ n = m+1.
Ëåìó äîâåäåíî. �

Çàóâàæåííÿ 2. Ó ðîáîòàõ [10, 13, 18] âñòàíîâëå-
íî îöiíêè ìið ìíîæèí

{t ∈ (a, b) : |f(t)| < ε}, ε > 0, (28)

ÿêùî äëÿ âñiõ t ∈ (a, b) âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣( d

dt

)n
f(t)

∣∣∣∣ ≥ δ > 0. (29)

Ëåìà 3 öi¹¨ ðîáîòè ïîøèðþ¹ ðåçóëüòàòè ïðàöü [10, 13,
18] ïðî îöiíêè ìið ìíîæèí (28) íà âèïàäîê, êîëè â
óìîâi (29) äèôåðåíöiàëüíèé îïåðàòîð

(
d
dt

)n
çàìiíåíî

âèðàçîì
(
1
t
d
dt

)n
.

Âñòàíîâèìî òåïåð ðåçóëüòàò ïðî âèêîíàííÿ îöi-
íîê (18).

Òåîðåìà 3. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà â R) ÷èñåë R ∈ [R0, R1] íåðiâíiñòü (18) âè-
êîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) çíà-
÷åíü k ∈ Z \ {0}, ÿêùî α1 = eγ/R0, à ïîñëiäîâ-
íiñòü {ν1(k) : k ∈ Z \ {0}} ⊂ R+ ñïðàâäæó¹ óìîâó
ν1(k) = (5 + σ1)k

2 − 2 + σ2, k ∈ Z \ {0}, σ1, σ2 > 0.

� Äîâåäåííÿ. Ðîçiá'¹ìî âiäðiçîê [R0, R1] íà òà-
êi ïðîìiæêè Wq(k), q ∈ {1, . . . , N1(k)}, òà Vq(k),
q ∈ {1, . . . , N2(k)}, (êiíöÿìè ÿêèõ ¹ òî÷êè R0, R1 òà
R-íóëi ôóíêöié sin(γk2R)± 1

|k|1+σ2 , σ2 > 0), ùî

∀R ∈Wq(k) | sin(γk2R)| ≥ 1

|k|1+σ2
,

∀R ∈ Vq(k) | sin(γk2R)| ≤ 1

|k|1+σ2
.

Çðîçóìiëî, ùî |Nj(k)| ≤ C6|k|2, j ∈ {1, 2}. Çãiäíî
ç ïîáóäîâîþ ðîçáèòòÿ äëÿ êîæíîãî ïðîìiæêà Vq(k),
q ∈ {1, . . . , N2(k)}, iñíó¹ l ∈ Z òàêå, ùî

Vq(k) ⊂
[

1

γ|k|2

(
lπ − arcsin

1

|k|1+σ2

)
,

1

γ|k|2

(
lπ + arcsin

1

|k|1+σ2

)]
.

Òîìó

mesRVq(k) ≤
2

γ|k|2
arcsin

1

|k|1+σ2
, q ∈ {1, . . . , N2(k)}.

(30)

Äëÿ êîæíîãî k ∈ Z \ {0} ðîçãëÿíåìî ìíîæèíè

Q(k) =
{
R ∈ [R0, R1] : |Rk

2− 1
2 Jk2− 1

2
(γk2R)| ≤ ρ(k)

}
,

Sq(k) =
{
R ∈Wq(k) : |Rk

2− 1
2 Jk2− 1

2
(γk2R)| ≤ ρ(k)

}
,

q ∈ {1, . . . , N1(k)},

ρ(k) =
√
2/π(eγ)k

2−3/2|k|−(5+σ1)|k|2+2−σ2 , k ∈ Z \ {0},

σ1 > 0. Íà ïiäñòàâi ëåìè 3 îòðèìó¹ìî, ùî äëÿ âñiõ
R ∈Wq(k), q ∈ {1, . . . , N1(k)}, âèêîíóþòüñÿ îöiíêè∣∣∣∣∣

(
1

R

d

dR

)k2−1 (
Rk

2− 1
2Jk2− 1

2
(γk2R)

)∣∣∣∣∣ ≥
≥
√
2/πγk

2−3/2|k|2k
2−4−σ2 , k ∈ Z \ {0}. (31)

Iç ëåìè 3 íà ïiäñòàâi îöiíîê (15), (31) îòðèìó¹ìî

mesRSq(k) ≤
2(k2 − 1)

R0

(√
π/2(k2 − 1)!ρ(k)

γk
2− 3

2 |k|2k2−4−σ2

) 1
k2−1

≤

≤ C7

|k|3+σ1
, q ∈ {1, . . . , N1(k)}, k ∈ Z \ {0}, (32)

äå C7 = C7(R0, π, γ). Î÷åâèäíî, ùî

Q(k) ⊂

N1(k)∪
q=1

Sq(k)

∪N2(k)∪
q=1

(Q(k) ∩ Vq(k))

 ,

(33)
äå k ∈ Z \ {0}. Iç (30), (32), (33), òà àäèòèâíîñòi ìiðè
Ëåáåãà îòðèìó¹ìî

mesRQ(k) ≤
N1(k)∑
q=1

mesRSq(k) + +

N2(k)∑
q=1

mesRVq(k) ≤

≤ C8

|k|1+σ1
+ C9 arcsin

1

|k|1+σ2
≤ C10

|k|1+σ3
, k ∈ Z \ {0},

äå σ3 = min{σ1, σ2}. Ó òàêèé ñïîñiá ðÿä∑
k∈Z\{0}

mesRQk ¹ çáiæíèì, òîäi çà ëåìîþ Áîðåëÿ-

Êàíòåëëi [15, ñ. 13] îöiíêà

|Jk2− 1
2
(γk2R)| >

√
2R1/(πγ3)

(eγ/R0)
k2

|k|(5+σ1)|k|2−2+σ
,

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â
R) ÷èñåë R ∈ [R0, R1] äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëü-
êîñòi) çíà÷åíü k ∈ Z \ {0}. Òåîðåìó äîâåäåíî. �

Çàóâàæåííÿ 3. Âiäçíà÷èìî, ùî íàÿâíiñòü äiî-
ôàíòîâèõ îöiíîê çíèçó äëÿ çíà÷åíü ôóíêöié Áåñ-
ñåëÿ äà¹ ìîæëèâiñòü îïèñàòè ñïåêòð ðîçâ'ÿçíîãî
ïîâîðîòíî-iíâàðiàíòíîãî ðîçøèðåííÿ îïåðàòîðà Ëà-
ïëàñà ó êðóçi (äèâ. c. 220 ó [1]). Îäíàê ó [1] òàêi
îöiíêè çíèçó íàêëàäåíi àêñiîìàòè÷íî, à ïèòàííÿ ïðî
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ìîæëèâiñòü âèêîíàííÿ öèõ îöiíîê ç ïîãëÿäó ìåòðè-
÷íîãî àíàëiçó íå ïðîâîäèëîñÿ.

Ç òåîðåì 2, 3 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé g ∈ Eα2,ν2(k), äå

α2 =
αR0R

2
, ν2(k) = ν(k) + (5 + σ1)k

2 + 2 + σ2,

σ1, σ2 > 0. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â
R) ÷èñåë R ∈ [R0, R1] â ïðîñòîði E

2
α,ν(k) iñíó¹ ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé çîáðàæó¹òüñÿ ðÿäîì
(12) i íåïåðåðâíî çàëåæèòü âiä ôóíêöi¨ g.

Âèñíîâêè

Ó ñïåöiàëüíèõ âàãîâèõ ïðîñòîðàõ âñòàíîâëå-
íî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i
äëÿ îäíîãî âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ i
ïîêàçàíî, ùî òàêi óìîâè âèêîíóþòüñÿ äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà íà ïðÿìié) ÷èñåë
R ∈ [R0, R1] .

Ìåòîäè, îïèñàíi â öié ðîáîòi, ìîæíà ïîøèðèòè
íà âèïàäîê áàãàòîòî÷êîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷à-
ñòèíííèìè ïîõiäíèìè âèñîêîãî ïîðÿäêó, à òàêîæ ñè-
ñòåì ðiâíÿíü, êîåôiöi¹íòè ÿêèõ ìiñòÿòü âèðîäæåííÿ.
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Èññëåäîâàíà êðàåâàÿ çàäà÷à äëÿ îäíîãî âûðîæäåííîãî ïî ðàäèàëüíîé ïåðåìåííîé ïà-
ðàáîëè÷åñêîãî óðàâíåíèÿ. Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
çàäà÷è. Ñ ïîìîùüþ ìåòðè÷åñêîãî ïîäõîäà óñòàíîâëåíà îöåíêà ñíèçó äëÿ çíà÷åíèé ôóíêöèé
Áåññåëÿ ïîëóöåëîãî èíäåêñà, âõîäÿùèõ çíàìåíàòåëÿìè â âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ
ðÿäà Ôóðüå, ïðåäñòàâëÿþùåãî ðåøåíèå çàäà÷è.
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We investigate a boundary problem for some degenerate in radial variable parabolic equations.
The theorems of existence and uniqueness the solution of the problem, are established. Using
metric approach thake is obtained a lover estimate for values of Bessel function with semi
integer index. The values are denominators in expression for coe�cients of Fourier series, that
is described a problem solutions.
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