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A research of efficient computation of square matrix product on GPU is represented. For this, MATLAB gpuArray 

method is used on three types of NVIDIA® GPU. The method optimal use, if any, requires the matrix order be greater than 120. 
For a long sequence of products, when order increases, generating matrices directly on GPU is fully inefficient. The efficiency 
holds if matrices are generated directly on GPU just for a few times. 
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ОПТИМАЛЬНЕ ВИКОРИСТАННЯ MATLAB-МЕТОДУ GPUARRAY ДЛЯ ДОБУТКУ КВАДРАТНИХ МАТРИЦЬ 

 
Представляється дослідження ефективного обчислення добутку квадратних матриць на GPU. Для цього 

використовується MATLAB-метод gpuArray на трьох типах NVIDIA® GPU. Для оптимального використання цього методу, 
якщо таке існуватиме, необхідно, щоб порядок матриці був більший за 120. Для довгої послідовності добутків генерування 
матриць безпосередньо на GPU є повністю неефективним. Ефективність має місце тоді, коли матриці генеруються 
безпосередньо на GPU лише декілька разів. 

Ключові слова: добуток матриць, паралелізація, MATLAB, метод gpuArray, продуктивність часу рахунку. 
 

Problems and tasks of parallelizing computations 
Computation is a fundamental routine in observing, modeling, forecasting, controlling, etc. Naturally, any 

computational routine is desired to be accomplished as rapid as possible. If the routine has identical or similar 
sections which are independent, they can be accomplished or processed concurrently. Thus, computation is 
parallelized and sped up. 

Key problems addressed by parallel computing are: 1) running parallel loops; 2) executing batch jobs in 
parallel; 3) partitioning large data sets. Tasks of parallelizing computations lie mostly in speedup and large array 
data distribution [1, 2]. However, there is no criterion of whether parallelization is expedient. Not every entry can be 
parallelized efficiently, after all. Parallelization expedience and its rate are undisclosed even for a rudiment of 
parallel computing, i. e. for matrix product being the most parallelized event [1, 3, 4]. 

 

Analysis of preceding origins on parallelization of matrix computations 
Matrix computations relate to the most studied mathematical objects. Matrix product is parallelized on 

multicore processors, GPUs, and computer clusters. Using GPU is preferable to clustering. And in fact, GPU itself 
contains multicore processors. 

Many different algorithms have been designed for multiplying matrices. The most studied algorithms are 
iterative algorithm, divide-and-conquer algorithm, sub-cubic algorithms, parallel and distributed algorithms. They 
have different computational complexity and running time efficiency. 

Iterative algorithm directly applies the mathematical definition of matrix multiplication [1, 2]. Divide-and-
conquer algorithm is an alternative to the iterative algorithm [5]. It relies on the block partitioning which works for 
all square matrices whose dimensions are powers of two. At the top of the partitioning, the matrix product consists 
of eight multiplications of pairs of submatrices, followed by an addition step. The divide-and-conquer algorithm 
computes the smaller multiplications recursively, using the scalar multiplication as its base case. 

Iterative and divide-and-conquer algorithms are straightforward. Sub-cubic algorithms provide better 
running times than those straightforward ones. The Strassen’s algorithm is complex enough, but it is faster for large 
sized matrices [6, 7]. The Le Gall’s algorithm, and the algorithm of Coppersmith — Winograd on which it is based, 
are similar to Strassen’s algorithm: a way is devised for multiplying two N N× -matrices with fewer than 3N  
multiplications, and this technique is applied recursively [7, 8]. However, these algorithms are only worthwhile for 
matrices that are too large to handle on present-day computers [2, 7, 9, 10]. 

Parallel and distributed algorithms spread computations over multiple processors or over a network. Here, 
exploiting shared-memory parallelism, the divide-and-conquer algorithm is parallelized for shared-memory 
multiprocessors. This parallelization algorithm is not practical due to the communication cost inherent in moving 
data to and from the temporary matrix. A speedup is achieved without using a temporary, though. To some contrary, 
communication-avoiding and distributed algorithms handle the so-called communication bandwidth. On a single 
machine this is the amount of data transferred between RAM and cache, while on a distributed memory multi-node 
machine it is the amount transferred between nodes. In this case, the Cannon’s algorithm (known as the 2D 
algorithm), partitions each input matrix into a block matrix whose elements are ( ) ( )3 3M M× -submatrices, 

where M  is the size of fast memory [11]. The naïve algorithm is then used over the block matrices, computing 
products of submatrices entirely in fast memory. This reduces communication bandwidth to asymptotically optimal 
size. In a distributed setting with P  processors arranged in ( ) ( )P P×  2D mesh, one submatrix of the result can 

be assigned to each processor, and the product can be computed with each processor. This can be improved by the 
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3D algorithm, which arranges the processors in a 3D cube mesh, assigning every product of two input submatrices 
to a single processor. The result submatrices are then generated by performing a reduction over each row. This 
algorithm can be combined with the Strassen’s algorithm to further reduce runtime [12]. 

A large number of other algorithms use these ones as base. Their efficiency may be improved just on the 
parallelization paradigm. Thus, modern computational environments are enhanced with GPU device controllers. 

 

Parallelization of matrix computations with MATLAB Parallel Computing Toolbox 
MATLAB® is one of the most powerful computational environments supporting GPU devices. The 

MATLAB environment has gpuArray method in MATLAB Parallel Computing Toolbox. This method copies the 
input numeric data to the GPU. The resulting object is of a class concerning GPU arrays. This object can be operated 
on by using one of the methods defined for objects of the class. 

After matrices-multiplicands are copied to GPU, a matrix product is computed straightforwardly on GPU. 
It is reputed that matrix computations on GPU are quicker than on CPU owing to parallelization. This is experienced 
for large sized matrices. But it is uncertain if GPU or, specifically, MATLAB gpuArray method is suitable for any 
matrix computations. The reason is that the likely quicker GPU computations are preceded by copying matrices 
from CPU to GPU, accomplished factually by gpuArray. The copying takes significant time as the CPU-GPU bus 
bandwidth is not so large. Consequently, optimal parallelization of matrix computations with MATLAB Parallel 
Computing Toolbox using its gpuArray method is to be ascertained. But now we are to solve a simpler problem — 
to find a threshold which delimits the domain where gpuArray method brings gain (speedup), and where it does not. 
This should be started and executed on the simplest case of matrix product. 

 

Goal and items for its achievement 
For MATLAB gpuArray method purposed to gain running time efficiency in matrix computations, we have 

to determine where it is really effective. The pattern for the determination is square matrix product. For achieving 
this goal, the following items are to be fulfilled: 

1. Formalize the problem, i. e. state the goal using mathematical notation. 
2. Define the range of square matrices order. 
3. Select a few types of GPU available within MATLAB. 
4. According to the formalized problem, compose a MATLAB code with cycled square matrix products 

over the defined range of square matrices order. 
5. Appoint minimal number of cycles for initialization and computation which should ensure stable 

statistical estimation of the running time. 
6. Run the MATLAB code for square matrices whose order increases with minimal increment step. 
7. Both for CPU and GPU, estimate time for initialization of the matrix elements depending on the order. 
8. Both for CPU and GPU, estimate time for square matrix product depending on the order. 
9. For each type of the applied GPU, find a subrange of square matrices order, where the GPU running time 

is shorter than the CPU running time. 
 

Formalization of the running time efficiency problem and the range of square matrices order 
Let two N N× -matrices ( )ij N N

a
×

=A  and ( )ij N N
b

×
=B  have real-valued entries. For quite certain 

assignment of these entries, let them be values of standard normal variates: 
 ( )0, 1, N∈A N   and  ( )0, 1, N∈B N  (1) 

by the infinite set ( )0, 1, NN  of N N× -matrices in which every entry is a value drawn from the standard normal 
distribution. Before computing product of matrices A  and B  on GPU, they are copied to a GPU device. The copier 
is a mapping C  taking a matrix Z  on CPU and returning the matrix GPUZ  on GPU, where GPU =Z Z . Hence, the 
GPU running time ( )GPUt N  is sum of three components: period of assignment (1), period of transferring 

 ( )GPU C=A A   and  ( )GPU C=B B , (2) 

and period of the product GPU GPU⋅A B  computation, denoted by ( )GPUp N . The CPU running time ( )t N  is sum of 

period of assignment (1) and period of the product ⋅A B  computation, denoted by ( )p N . 
The matrix initialization on GPU is assignment (1) and transferring (2), whose total time we denote by 

( )GPU Nθ . The matrix initialization on CPU is just assignment (1), whose time is ( )Nθ . Then running times are 

 ( ) ( ) ( )GPU GPU GPUt N N p N= θ + , (3) 

 ( ) ( ) ( )t N N p N= θ + . (4) 
The third way exists for the product GPU GPU⋅A B  computation when matrices are generated directly on GPU: 
 ( )GPU 0, 1, N∈A N   and  ( )GPU 0, 1, N∈B N . (5) 

Here, GPU matrix initialization is just assignment (5), whose time is ( )*
GPU Nθ , without any transferring. Period of 

the product GPU GPU⋅A B  computation is ( )*
GPUp N . And the GPU running time ( )*

GPUt N  for this way is 

 ( ) ( ) ( )* * *
GPU GPU GPUt N N p N= θ + . (6) 
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The goal is to find those { }max2,N N∈ , at which, individually, the following three inequalities are true: 

 ( ) ( )GPUt N t N< ,  ( ) ( )GPUp N p N< ,  ( ) ( )*
GPUp N p N< ,  ( ) ( )*

GPUt N t N< . (7) 

Along with (7), the relationship between ( )*
GPUp N  and ( )GPUp N  ought to be ascertained also. The range { }max2, N  

of square matrices order starts from 2, indisputably. And let the largest order maxN  be 800, what is expected to be 
enough for seeing domains where gpuArray method brings speedup gain. 

 

Selection of GPU available within MATLAB for clocking the running time 
We select three types of NVIDIA® GPU for clocking their running time of square matrix product 

computation 1) GeForce GTS 450 (Figure 1); 2) Tesla K40c (Figure 2); 3) GeForce GT 610 (Figure 3). 
 

Fig. 1. MATLAB object representing  
GPU device GeForce GTS 450 

Fig. 2. MATLAB object representing  
GPU device Tesla K40c 

Fig. 3. MATLAB object representing  
GPU device GeForce GT 610 

 
Estimation of the running time of square matrix product 

The composed MATLAB code is split into two sections. Each section contains initialization of two matrices 
and their product. The product is cycled for 1000 times what ensures stable statistical estimation of the running time. 
Within the first section, initialization is cycled as well. Within the second section, initialization is not cycled. 

Unexpectedly for the cycled initialization, when matrices are generated directly on GPU due to (5), it takes 
badly increasing initialization period both for GeForce GTS 450 and Tesla K40c (Figures 4 and 5). Though there is 
a problem of memory (cache) of MATLAB and GPU device while matrix order monotonously increases, the 
computation period increases normally. Henceforth only single time initialization matters. 

 

 
 

Fig. 4. Badly increasing period of matrix 1000-cycled-initialization for GeForce GTS 450 
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Fig. 5. Badly increasing period of matrix 1000-cycled-initialization for Tesla K40c 
 
When 1000-cycled-initialization is on, each GPU device is conjectured to have its own gpuArray method 

optimal use. Pure product computation time on GeForce GTS 450 is less than on CPU by 160N >  (Figure 6). The 
same appears for single time initialization (Figure 7). But assignment (1) and transferring (2) to GeForce GTS 450 
has no effect. Total GPU GeForce GTS 450 running time exceeds CPU running time or comparable till 300N = . 
Period of preassigning singly two matrices is shorter on CPU rather than on GeForce GTS 450 (Figures 6 and 8). 
Preassigning directly on this GPU is efficient by 410N >  (Figure 8). 

 

 
 

Fig. 6. Estimations of the running time for GeForce GTS 450, when matrices are preassigned during 1000 cycles 
 
On Tesla K40c, pure product computation time is less than on CPU by 130N >  (Figures 9 and 10). And 

( ) ( )GPUt N t N<  by 210N >  (Figure 9). Preassigning directly on Tesla K40c is efficient by 120N >  (Figure 11). 
Pure assignment (1) and transferring (2) is inefficient because gpuArray method itself takes some period [13]. 

The worst testing results are for GeForce GT 610. Figures 12 and 13 expose totally noneffective use of 
gpuArray method. Period of preassigning singly two matrices on GeForce GT 610 is weakly and unstably 
competitive (Figure 14) by ( )180; 260N ∈ . These unexpectedly poor results may be caused by that both GeForce 
GT 610 and Tesla K40c were taking their shares on the same CPU and MATLAB session. Nevertheless, this 
confirms inefficiency GeForce GT 610, because Tesla K40c is efficient anyhow by 210N > . 
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Fig. 7. Estimations of the pure product computation time for GeForce GTS 450, when matrices are preassigned singly 
 

 
 

Fig. 8. Period of preassigning singly two matrices on GeForce GTS 450 
 

 
 

Fig. 9. Estimations of the running time for Tesla K40c, when matrices are preassigned during 1000 cycles 
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Fig. 10. Estimations of the pure product computation time for Tesla K40c, when matrices are preassigned singly 
 

 
 

Fig. 11. Period of preassigning singly two matrices on Tesla K40c 
 

 
 

Fig. 12. Estimations of the running time for GeForce GT 610, when matrices are preassigned during 1000 cycles 
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Fig. 13. Estimations of the pure product computation time for GeForce GT 610, when matrices are preassigned singly 
 

 
 

Fig. 14. Period of preassigning singly two matrices on GeForce GT 610 
 
Obviously, the running time on GeForce GT 610 is much longer than the CPU running time. So, MATLAB 

gpuArray method is not suitable for any square matrix computations on this GPU device. If 210N >  then gpuArray 
method for Tesla K40c is recommended to use. If matrices are already on Tesla K40c and their order is greater than 
130, then using this GPU device is efficient also. For pure product computation, efficiency of GeForce GTS 450 is 
roughly 10 times less than efficiency of Tesla K40c — compare polylines ( )GPUp N  and ( )*

GPUp N  in Figures 6 and 

7 to polylines ( )GPUp N  and ( )*
GPUp N  in Figures 9 and 10. At that, GeForce GTS 450 is optimally used with 

gpuArray method when matrix order is greater than 160. 
 

Conclusion 
Subranges of square matrices order, where the GPU running time is shorter than the CPU running time, if 

any, seem to start from a hundred or a few hundreds. No reason to think that the subranges have limits towards 
infinity — the span between the couples of dependencies 

( ) ( ){ }GPU ,t N t N ,  

( ) ( ){ }*
GPU ,t N t N ,  

( ) ( ){ }GPU ,p N p N ,  

and 
( ) ( ){ }*

GPU ,p N p N  

is only increasing (Figures 6, 7, 9, 10). 
Unlike GeForce GTS 450 and Tesla K40c, GeForce GT 610 is out of competitiveness (Figures 12 and 13). 
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Even if this is caused really by peculiarities of two GPU devices on the same CPU and MATLAB session, common 
quality of GeForce GT 610 is questionable and problematic anyway. 

MATLAB gpuArray method is optimally used with more powerful GPUs such as Tesla K40c. Comparison 
of GeForce GTS 450 to Tesla K40c hints that on powerful GPUs gpuArray method brings speedup earlier — for the 
lesser matrix order. 

For the tested GeForce GTS 450 and Tesla K40c, MATLAB gpuArray method optimal use, if any, requires 
the matrix order be greater than 120. And for a long sequence of products, when order increases, generating matrices 
directly on these GPUs is fully inefficient. The efficiency holds if matrices are generated directly on GeForce GTS 
450 or Tesla K40c just for a few times. Therefore, the running time is shortened when matrices are already on GPU. 

In general, effectiveness of GPU computations strongly depends upon the input data representation. We 
should combine arrays into larger ones, if it is possible. And for nonsquare matrix product, MATLAB gpuArray 
method may have specific optimal use. Especially, when numbers of lines and columns are very different. 
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