ISSN 2076-5851. Bicuuk Yepkacbkoro yHiBepcutery. Bumyck Nel. 2018

C. T. Axonsin
Marictpantka, JloHebKUii HalllOHATBHUN yHIBepcUTeT iMeH1 Bacunsa Cryca,
Bianaus, Ykpaina

ORCID: 0000-0001-8427-2852
FO.C. Kyapuu
ACHCTEHT,
JloHenpkuii HarlioHabHKUNA yHIBepcuTeT iMeH1 Bacwst Ctyca, Binauis, Ykpaina,
uliakudrych1994@gmail.com

VIK 517.94 PACS 02,03,05,06,07
DOI: 10.31651/2076-5851-2018-1-88-98

IMOTOYKOBI OIIIHKH CJABKHNX PO3B’SI3KIB KBA3SLITHIMHUX
EJINTUYHUX PIBHSAHb IUBEPI'EHTHOI'O BUJAY 3 HECTAHIAPTHUMMUA
YMOBAMMU 3POCTY TA MOJOJIINMU YWIEHAMUA

B pobomi posensioaemuvcs keazininitine eninmuyne pPIiGHAHHSI OUBEPSEHMHO20 BUOY 3
HeCmaHOapmuuMu yMo8amu 3pocmy ma MONOOULO0 HacmuHow. J{oeedeHo oCHO8HUl
pe3yniomam podoomu. HepisHicmeb lapuaxa 0ns ciaOKux po3e’s3Ki6 KA3LNIHIUHUX DIGHAHb
0uBep2eHmMHO20 8UAY 3 HECMAHOAPMHUMU YMOBAMU 3DOCHY MA MOJOOUWUMU YNEHAMU.

KurouoBi ciioBa: kBa3uTiHINHI €NINTUYHI PIBHSAHHSA, HEPIBHICTH ['apHaka, MOTOYKOBI
OIlIHKH, CJTA0KU# pOo3B’s30K, moTeHiianu Bonbsda.

1. Beryn

[lomana poOoTa TpHCBSYEHA [TOBEIEHHIO IMOTOYKOBUX OIMHOK [UIS  CJIAOKHUX
HEBIJI’EMHUX PO3B’A3KIB HEOJHOPIIHUX KBA3UIHIMHUX €NINTUYHUX PIBHSAHB AUBEPreHTHOTO
THUITY 3 MOJIOAIIOT yacTUHOI0. Hai pe3ynbpTaT y3araiabHIOE BIAIOMUN KIacHYHUX pe3yabTaT T.
Kilpelainen, J. Maly (aus. [1]), siki 32 JonmoMororo HeniHIMHUX noTeHuianiB Boiabsda nosenu
MMOTOYKOBI OITIHKK PO3B’SI3KIB KBa3UTIHIHOTO ENINTUYHOTO PIBHSIHHS p-Jlamiaca 3 Mexer |
B NpaBiii. B moxanbiiomy, 111 ouiHKY OyiIM y3arajibHEH1 Ha CTPOTO HENIHINHI PIBHAHHSA ( JAMB.
[2] ) Ta Ha cTporo HemiHIHI cyOelINTHYHI KBa3UIHINAHI piBHSAHHA (OuB. poboty [3]).
OTtpumani pe3yapTaTH 0yJI0 3aCTOCOBAHO JJIsl IOJIAJIBILIOTO BUBYEHHS MUTAHb PO3B’SI3HOCTI Ta
PEryasipHOCTI PO3B’SI3KIB JUIsl PI3HOMAHITHUX JIIHIMHUX Ta HEMIHIMHUX pIBHSAHb  (IIUB.,
Harnpukian, poobotu J. Maly, W. Ziemer [4], G. Mingione [5], [.I. Skrypnik [6]). 3aBasiku
TOMY, IO JesfKl KBa3UIHIAHI PIBHAHHA 3 HECTaHJAPTHUMHU YMOBaMH 3pOCTY
BUKOPUCTOBYIOTHCSI IIPU MOJICIIOBAHHI MOBEIIHKHU ejlekTpopeosoriunux pinuH (M.Ruzicka
[7]), sikicHa Teopis JUIs TAaKUX PIBHSHb IOCTIMHO PO3BUBAETHCS, BUKIMKAIOUU 10 cede
3aliKaBJIeHICTh 3 00Ky JocnigHuKIB. Hanpukian, 11 piBHSIHb BUTIISLY

—div(|Vu PO Vu)+V [u PO u=f

OyJI0 BUBYEHO MUTAHHS JIOKAIbHOI PETYISPHOCTI PO3B’A3KY, JOBEJE€HAa HEPIBHICTDH
l'apnaka, oTpumanuii kputepiii Binepa npu npupojHix npunymieHHsSX Ha (QyHKUi0 p(X).
Oryisim  BIAMOBIAHMX pe3yibTaTiB MOXKHAa 3Hailth B crartax  Y.A. Alkhutov, O.V.
Krasheninnikova [8], V. Liskevich, I.I. Skrypnik [9]. Ilpuknamu, siki Oyno nmoO6ymoBano M.

Giaquinta [10] Ta P. Marcellini [11]. noxazanu, mo 3a ymoB t”~ < g(¢)<t*" nHa QyHkuiio
g(t) icHye HeoOMeX)eHUU PO3B 30K PIBHSAHHSA (SKIIO P Ta q JOCTATHBO «HAJIEK1» OJUH BiJ
oaHoro). Jlyis pIBHSAHB

Vu
| Vu|

- diV(g(a(X),Vu) J =f(x)
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3 KoedilieHTaMu, A AKUX HoTeHuianu Bonbda 6yayTh CKIHUEHHUMU, BapTO OYIKYBATH, 1110
HepiBHICTh ['apHaka mMatume micue (auB. [14]). OcHOBHa TpPYyIHICTH, SIka BUHUKAaTUME Ha
LUIAXY JOBEJIEHHS 1i€i HEPIBHOCTI moJjsiratume B Tomy, 1o Hi Meroauka E. De Giorgi, Hi
Meton J. Moser B IbOMYy BUIIAAKYy HE MPALOIOTh. AJle BUKOPUCTOBYIOUH ITE€palliiiHy TEXHIKY
po6otu [1], sika Oyna mpoaeMOHCTpoBaHa yisi piBHAHHS p-Jlamaca, MOXKHa JOBECTH
aQHAJIOTTYHUUM pe3yibTarT 1 s PIBHIHB, 110 PO3risiiaTbesa. CMparoyuch TaKOXK Ha poOOTy
[14], B poboTi poBeAeHa cxema JoBeAeHHsT HepiBHOCTI ['apHaka 3a JI0MOMOTOI0 amamTariii
Buie3raganoi irepamiiinoi meromuku T. Kilpepailen, J.Maly nns cnaOkux HeBiIEMHHX
pPO3B’SI3KIB  KBA3UIHIMHMX E€IINTUYHUX PIBHSHb JUBEPreHTHOrO BHUAY 3 MOJIOJIIOO
YaCTHUHOIO.

OTxe, pO3rISHEMO KBa3UIIHIMHE €JIINTHYHE PIBHSAHHS JUBEPreHTHOTO BHUAY 3
HECTaHIAPTHUMH YMOBaMH 3pOCTY i MOJIOAIIOK YacTuHOow b(X,u, Vi)

—divA(x, Vu) + b(x,u,Vu) = f(x). (1)
ne f(x) € L1(2). Hpunycrumo, mo dynkuis A(x,&): 2 X R™ — R™, 10 3a0BOJbHSE
HACTYITHUM yMOBAaM:
1) A(x, &) 3amoBoabHsie ymMoBi Kapareomopi,
2) A(x,§) = g (©)IEl,
3) 4G9 = n29(f),

4) [bCx,w, 8| = e g() + c9(1ED),
3 NEAKUMU CTAUMU [y, Uy, €1, C; > 0. Po3risHemo Bumamok:

p—1 q—1
g €CRY,(2) gggg(z) O<t<tl<p=l<n )

MonenbHUM NpuKiIaaoM piBHIHHS (1) ciyXuTh
—div (g(|rfu|)|z_—':|) + b, u, V) = (),
3)

abo
Vu

|I7u|) + g(u) + g(IVu|) = f(x)

—div (g(|l7u|)

2. OcHoBHUI pe3yabTaT po6oTH: HepiBHicTHL I'apHaka ais c1a0KuX po3B’A3KIB
KBa3ULIiHITHUX PIBHAAHb JIMBEPreHTHOr0 BUIY 3 HECTAHAAPTHUMHM YMOBAMH 3POCTY Ta
MOJIOAIIMMH YJIEeHAMHU

BBaxxarumemo, 1o (QyHKIIOHAJIBHUNW OpOCTIp claa0KUX po3B’si3kiB piBHAHHA (1),
W 1€ (), Bu3HAYEHNH 3riHO 3 HACTYITHAM O3HAYEHHAM CIA0KOTO po3’BA3Ky piBHAHHS (1).

O3nauenna 1. bynemo ka3atu, 1O u# - cjHaOkuil po3B 30K piBHAHHA (1), sKIIo
u € W€ (1) Ta 3a10B0s1bHSE HACTYNHIH IHTErpaNbHi TOTOKHOCTI

fﬂ A(x, Vu)Vpdx + fﬂ b(x,u, Vu)edx = fﬂ fodx

0
st Beix @ € W6 ().
Jlnis piBHSHHSA (3) NPUXOJUMO J0 HACTYITHOTO O3HAYEHHSI CIA0KOT0 PO3B SI3KY :
O3nauenna 2. bynemo ka3aTu, 1O u# - ciHaOkuil po3B s30K piBHAHHA (1), sKIIo

u € W€ (1) Ta 3a10B0s1bHSE HACTYNHIH IHTErpaNbHi TOTOKHOCTI
Vu
fﬂ (g(|l7u|)w) Vedx + fﬂ b(x,u, Vu)pdx = fg fedx (4)

0
101 BCix @ € W6 (02).
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Chopmynroemo Ta J0BEAEMO MOTOYKOBI OIIHKM HEBII €MHUX CIIA0KHX PO3B’SI3KIB
piBHsHHES (1) y TepMminax moTeHmianis Boibda W_ng (xo,R)

:.c
%{g(xOJR):: ijg pf’—nf |fldx P = %!J =12,..
=0 Bp ;(*o)

ne g € obepHena yHkuis g0 GyHKUIi g.

OCHOBHHMMHU pe3ysibTaTaMU pOOOTH € HACTYITHI TEOPEMHU.

Teopema 1. Hexait u € W€ (Q) N [ - HeBin eMunii cnabkuii po3s’a3ox piBHsuEA (1)
Ta yMOBHU 1)-4) Ta (2) BUKOHYIOThCSA. Tol ICHYIOTh CTall ¢y, C; = 0, KOTp1 3ajeXaTh TUIBKU
B P, q, 1, [ig, Hp TaKI, IO JUIS MAIDKe BCIX X € {2, By, (xo © {2) Ma€e Miclie HaCTyIHA OLIHKa:

u(xo) < &1 Wyly (xo.p) (5)
abo

gt (@) < cpm Bp[xo)‘gl+‘10 (E) dx (6)

ne 0 <4y < ﬁ
Teopema 2. Hexait u € WHC(Q2) N L” - € HeBin eMHMiA cabkuii po3B 30K PiBHAHHS
(1), f = 0 ta ymoBu 1)-4) ta (2) BukoHani. ToJi ICHYIOTb cTall c3, ¢4 > 0, KOTp1 3ajexarh
TUIBKH Bill P, g, 1, [iy, [l TaKi, MO JUIS MAIKe BCIX Xo € {2, By, (xp C ) Mae micue HacTynna
OIlIHKa:
6314/1{;(;(0,,0) =u(xg) = ¢ inf u+ cq_MEfg(xO,Zp). (7)

Bp(x0)
3. lonomiskHi TBep/AKEeHHS Ta JIeMHU
Metonuka noBeneHHs TeopeM | Ta 2 Oyne cnuparucs Ha pesyapTatd podotu LI
Ckpunaik, K. O.Bypsiuenko [14] 3 momaBanHsM Mojommoro wiena b(x,u, Vu)—iue nemu

tuny De Giorgi Ta Kilpelainen-Maly. B Hacninok ymoBu (2) cripaBaKyeTbcsl Taka HEPIBHICTD
gla)b =eg(a)atg (E) b, a,b,e > 0. (8)
Hiiico, sxkmo b < ea, 10 g(a)b < eg(a)a. Sxmo b = ca, 10 g(a)b = g (g) b.
[To3Haunmo dyepe3 ¥ HesKy CTajly, IO 3aJeKUTh JHIIE Bl P, q, N, [y, Uy. s JOBEICHHS
TeopeM | Ta 2 HaM 3HaOOIATHCS HACTYIHI TBEPAKEHHS.
Jlema 1. Hexait 0 <A< min{l,p—1} ta m > q. Toxmi, Ui KOXKHOTO CIAOKOTO
po3B’si3ky u piBHsHHS (1), meskux 0 < [,8,0 <r <p Ta ¢yukuii ¢ € CF (B, (xp)) , sKi
3aJI0BOJIBHAIOTH YMOBaM

r
0=¢=1,8x)=1,Vx € Br(xy), V¢ = 5
2

CIpaBeUIMBa HACTYIHA OL[IHKA!

u—I\ 1 u—I\
f (1 + ) G(|Vul|)é™dx < yor f (1 +—) G(w)§™mdx +
L q L 6
o) S u—1
a1 =4 (£ 1+, [ £ m-q
+yér g (r)-];g (r (1—!— 3 ))f dx +

+/,g (§(1 + ”T‘E)) §mdx+y6 [, . fdx, ©)

ne L = B.(x) N {u> 1}, = /"LE—j.
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12
Jlosedenns: BizpmMeMo ¢ = ( fE . (1 + S?I) ds) ™ y skocTi mpoOHOI QyHKIIT B
+
IHTEerpaJibHIA TOTOXKHOCTI (4), 1o BinnoBiiae piBHsAHHIO (1). Bukopucraemo ymoBu 2)-4) Ta

HEpPIBHICTb

u s—1\ 174 _
( J; (1 ?) ds)+ < ¥8, OTpHUMYEMO
~1-2

fL(l ! u—_f) G(IPul§mdx = y6r™ j; g(Ivul)§™*dx +

5
+y6rt [ g)Emdx +yé [, f Emdx.

—1-4
o 1 -1 &
Buxopucraemo  mepiemicte  (8) &= (1 + %) ,a = |Vul,b = i_g’

1 u_p\ 1+4 _
yor g(rulgmdr =3[ (145)  GUvundr+y fo(F(1+5) )emrdx

12
Buxopucraemo HEPIBHICTb (8) JUIS e=1 (1 + %I)

BumieBkazani o1iHKHA pa3oM 3 HEPIBHICTIO

5 u— I\ ) 5 u—1
_ —Ag [ 1+Ag | _
g(r(1+ 3 ) )g‘g O(r)‘g O(r(H 5 ))

JoToMararoTb ~ HaM  oTpuMatd  HeoOximHy — omiHKy  (9). Ilokmamemo — Temep
142

U= E(Lu(l +S—_I) Tds) r, F(t) = fotg(r)dr,

é é
—t
F(ﬂ_,p—l—i)
. T

T
@ = B ( u—l)l'”"

+—
15

Toni 3 (2) Maemo %G(t) <F(t) < iG(t).

Jlema 2. Hexait Bukonani ymosu Jlemu 1. Toai cipaBe/yiBa HACTYIIHA OLIHKA

[i7@emidr < yrig () [ (§(1 + I))fm_qu +

N -1-2
tyor [ (1+57)  G)gmdx +y [y fdx (10)

p—1-4
Jlosedennsa.  3azHaunmmo, 1O U =Y (1 + %_E) ¥ . Iokmagmemo B (8)

s -1
e=1a :—(1 —I—u—),
T )
b = |Vu|, Toxi mist Beix x € L, Gynemo MaTu

g(l + ug I)) |Pu|&E™

_|_
O I (R

a(F0r5)
gm—l <

A

o
I
I7(w™)] <

Rl
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—-1-A4 —-1-1
u—1

( 5 I) G(|Tul)é™ +'y8r_lj; (1 + 5 ) G(w)&Mmdx +

2o (s ()

—1-A
. ) ) -1 ) )
B ocranHiii HEpIBHOCTI J0JaHOK 3 (1 + = 3 ) G (|Vul)é™ ouinmmo 3rigao 3 JleMoro

%( L ) B AG(IVuI)fm+¥(1 +”T_l)_lg(g(1+”gl))§mﬂ<_:
]/
=35

1 (muB. HepiBHICTH (9)). Lle 1 0yne nosoautu (10).
[Moxmamemo 1 = Ly B; = Brj(xo),j =0,12,..

2]
a TaKOX
=r"g -1-4 1+, (¥4 pm—q
4;(D:= °( " )fsjn{u:.zj}g °( " )ff dx. (D
Bizbmemo [y = 0, a koxHe HACTYIHE [j44,j = 0 BU3HAYEMO 3 YMOBH
Ai(ls) =k

Tyr k € (0,1) - dikcoBaHa noaaTHa craia, sika 3aJIeXKUTh TUIBKU BIA P, q, N, [y, iy Ta
Oyne BU3HAYCHA B IIpolieci qoBeAeHHs. [lo3HaunMo Takox uepes
6;(D) =1-1;6 = &(Lj+1) = Ljs1 — 1,
L; =B;n {u > [j},
& €C3(B)0=¢=1¢(x)=1Vx€ By, |V¢| = f—}
Hactynna Jlema nexuts B ocHoBi merona T. Kilpelainen, J. Maly Ta € ocHOBHUM

JTOTIOMDKHHUM PE3yIbTaTOM JUIS JOBEACHHS OILIHOK B Teopemax 1 Ta 2.
Jlema 3. JIns Bcix j = 1 Mae miclie HacTyIHa OI[IHKA

1 -
& =081 +y1g (?} "fgjfdx). (12)
Josedenns. 3adikcyemo aesike j = 1 Ta BBaXKaTUMEMO
1
VY npoTuBHOMY BUIIaKy HEpiBHICTH (12) oueBuaHa. BecranoBumo, 1o
n
|L;| = 2"k
(13)
. u—i!j—l u—Ij . . .
Hacnopasnai, st x € L f j-1=1ra 5 =1+ 5 = 1 mae miciie HepIBHICTh
j-1 j-1
Il = g7 (22 [ g (222 l)f’“l‘*dx <
-1/ Ju i-1) "
< gt Sj-1 [ gt u—ljy EM 0y = 1k
- T L; Tj-1 i-1 -1

BpaxoByroun ymoBu Aj(ljﬂ) = k , aTakox (11), ocranus oninka g0BoauThH (13).
Ouinemo unenu B npasiii vactuui (11) npu [ =l [ng wporo poskiagemo
L; = L} U LJ, Tyr L:= {x € Lj:%:j < s]. Manuii napamerp £ >0 Oyae BHU3HAUCHUI
MI3HILIE.
3 ymoB (2) ta (13) orpumaemo:
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J.rgl—hlo (” _ rj) fjm_qu < £(1+20)@~1) g1+ (i) |L;| =
L L 1

i)
< (D 14 (f_)k (14)
]

_P
_1+d p(ﬁv-‘?_l_}‘
1 u s—1; p oy \"i i
HOKJ'Ia)ICMO Uj = 3_ j; (1 + 5—) ds | ta wj = Eﬁ
i\l J L P
8j

p—1

t
Tyr F(t) = fo g(7) dr. BubGepemo A 3 ymoBu 0 < A < DD

Hust BCiX x € L;

Mae€ Miclie HaCTyIHa OI[IHKa

LTRSS ¥ u—l; _Aﬁ
gi*ho ( ) < y(£)g i (ﬁ) gﬁ( 31) (1 _|__‘TI) _ (15)
T T Ty S

P P
y e = ”;;f < y()P (16)

Kpim Toro

1
BHKOPHCTOBYIOUM NPHITYIIEHHS §; = 5 61, a TaKOX JIEMy 2, OTPHMAEMO

f gttho (i) " dx < y()g T (ﬁ) X
L] 7 ! "j

i
n—1

n [§. _P n
gn-1 ypmia L
5 m=q 1420 (L5 pmma ;. \"
X ) & i dx p g o 3 & i dx | =
J

" 1
; u— [\"n-1
1+ f)
( 6
1 5i m—g)—t \n-1
é'y(s)?}kﬁgﬂ"(—”) f (wjfj( Q)”‘l) dx
T L;

L 8j m—q)"\ -1 L /8
< y(e)rkn g’o (—J) f V(wj-fj( Q)’“) dx < y(e)rkngho (—”)x
i/ Ui
6; 8; — L m—g)=L_
x g—ﬂ(_f)f gt+ho _f(1+”‘6 f) fj( D dx +
Ui L; i ]

1A

st (1 +”§)_l_ G)E™dx +7; fdx) (17)
BpaxoByrouu Bubip 7 3 ymoB (m — q) n; — g = 1 otpumaemo
f gttho ( . (1 + )) £idx < y(e)rj'gttho (rj) k. (18)
Toni 3 ominok (14), (17) Ta (18) HpI/IXO,)II/IMO JI0 HEPIBHOCTI
k < 2n DOV 4y () (k + gt (?«j) iy fdx) (19)
Bubupaemo € noctatabo Mamnm, 2" e P Y = =g nani suGupaemo
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k =k(e):y(e)kn = ‘_11. Toni 3 (19) 6yzme cnimysaru (12). Jlema 3 nqoBeseHa.

[ToBepHeMocsi 10 MOBENEHHS TEOpeMH |, BUKOPHUCTOBYIOYHM JIOBEICHI1 TBEPKEHHS
(yiemu 1-3)
HepiBnicts (12) mpocymyemo o j = 1,2,...1 — 1.

Ly < v + YWy (x0,20). (20)
3 BU3HaueHHs [; MaeMo, 0 &y < o, TOJI MOCIIJOBHICTb {I} N 30iraerbest Ta 6 — 0

npu j — . [lepeiinemo no rpanuui I — o B (20). Hexaii I: = liml;. Toxi

j—rf

nf (H [l_h;l- -1 = 6[1+‘10)[p L - Olj — 00,

I)ELIH“)(p_l). Marumemo:

Bubupaemo B SKOCTI X, JIEOETOBY TOYK KINiT (u —
p 0 Y Yy QOyH B

u(xgy) = L Sxmo x u(xp) = 2'}/Wf ¢(x0,2p), Toni 3 (20) crminye mpyra ouinka Teopemu l.

Teopema 1 mOBHICTIO TOBEIEHA.

B ocHOBI1 10BeieHHS TeopeMu 2 JeXaTh HACTYIIHI AB1 JIEMU.
. F(t
Hexaii ¢ (t) = Q ,t > 0, Toal cnpaBaKyeTbCA HACTYNHE TBEpAKEHHA. Jljig Hamoro

BHIA/IKy BOHO aHAJIOTTYHO TBEPKEHHIO poO0TH [2] 6€3 MOJOAIINX YICHIB.
Jema 4. [2]. Hexali BukoHaH1 npunyieHHs teopemu 2, 1 < oy < 1,0 < r < p. Toxi

ICHY€ JI0J]aTHA CTana y , sKa 3aJeKUTh TUIbKU BiX P, q, N, [, TAKa 110
1

1

_1 so MY gy )0 < (¥ 1 NEAYMY
((cr'r)nf J (xo)t’b ( ! )dx) = ((d—a’)q(ar)“ fBa'r(xo)l’b (crr) dx) , 21
st Beix 0 < g = o <0< 1 T1a g Beix 0 < s < s <%
k

v o . n
Jloseoenns. Hexait k = 1 HaliiMEeHIIE IIJIe YHCIO, TaKe IO (—1) So = 5. Hua
e

j=12,...,k mokmagemo 1= (cr’+ (o — o’)i) r,Bj = B, (xo) mexait {; € C5(B)),

n—1

7
Oﬁfji:l,fj:‘l B Bj—l Ta |V€j|£%‘)r HOKHaI[CMO fj:‘l—(T) SO>0 Ta
6"{)18(

) BigMiTMO Tako:K, 110
Tj

p- lg@) 9@?) _F®) a-1g9()
90 < (5 = 29 - TD < 1290
3 TeopeMHU BKIIAJICHHS C060neBa Ta HepiBHOCTI (8) Oynae ciiyBatu
n—1

(J- gl);jdx) ii'}fflVngldxii
Bj Bj

gy 0 (2 iy o ()6

[TincraBMMO B O3HAYeHHS CIAOKOrO pO3B’A3KYy @ = P~ 5i (r—) qu Ta 3a JOIIOMOTOIO
j

| Vu |$jq dx. (22)

ymoBH (2) 1(8) orpumaemo:
. e (U 1
L}u o/ J‘(?})G(lVUqudx = Vfgjkb j (E)Q (m) V¢ |dx <
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= iy (2) =

3 "HepiBHOCTEM (22), (23) Oyne cninyBaTu

LN
(jgj Py 1dx) = (G ) j}ﬂ ;idx

[HTErpyroun ocTaHHIO HEPIBHICTH OTPUMYEMO HEOOX1IHY OLIHKY (21)

Hactynna nema — cnabka HepiBHicTh ['apHaka. Haragaemo, mo y Bunaaky 1BodasHuX
IHTErpaJIbHUX (YHKIIOHANIB noAiOHuMN pe3ynabTar O0yB oTpuManuii M. Colombo, G. Baroni,
G. Mingione [15]. JoBeaemo aHaJIOT [OTO PE3yIbTATy ISl HAIIIOTO PIBHSIHHS.

Jlema 5. Hexaii BukoHaHi ymoBU Teopemu 2, tomi i 0 < 55 < % 1 OyIb-sKOTO

0 < r = p Mae MicCIle HACTyITHA HEPIBHICTH:!
1
-n o N m(r)
(?" Bzr(xo)g ° (?’)dx) = yg( r ) ’ (24)

nem(r) = inf w
B;(xg)

lloseoenns. 3 ymoBu (2) Oyne CJ'Ii)IYBaTI/I
Po
P gy 97 (5 A = vors (") (14 Bzr(xo)(%)po dx) = ygr-s ("),

3acTocoBYIOUH JIEMY 4 IPUXOAUMO /10 OLIHKH (24)
Oninka 3BepXy B HepiBHOCTI (7) TeopeMu 2 Oyne ciigyBatu 3 Teopemu 1 Ta jsemu (5)

npu r = p:
u(xo) < ym(p) + YW/, (xo0,2p).

Hosenemo orinky 3HU3Y B (7). 1 bOTO B IHTETpAIbHY TOTOXKHICTD

fA(x,Vu)V(pdxﬂ-I b(x,u,Vu)pdx =J-f<pdx
0 n

0
nigcraBuMo @ = £9,¢ € C'SC(BT(xO)), 0<&L], E=1 B Br(xg) ta |VE|<yr
u—m[?’)) 1

u—m(r’)’

T

0 < r < p . BukopucToByioun ymosH 2)-3) Ta HepiBHICTb (8) 3 £, = e P (

) OTPUMAEMO:

. 1
0 < B < min (l,m
u—m(r)y ¢(|[Vu
c>)1 (DI,

fdx <y f g(Pu)|VEIET 1dx < ye f vt (
J.BE[XO) B, (x0) B (xg) r L= m(r)
2

+1] (xo)g(lu 2O pf (= m(’")))dx.

3acTocyemo Tenep ciadky HepiBHICTh ['apHaka (Jiemy 5)
-1-2
u—m(r)\ G(|Vu
()) b o

yor—1 J; (1 + u; I) G(u){™dx + ELT(XO}I’O_‘G ( r u—m(r)

< ']/r_lsf Yl F (L —;n(?‘)) dx =

By(xg)
— u—m(r — m(= -m(r)
1-5 ( r( )) dx < .y?,.n lg( (z)r ) (26)

(25)

<y o )

). e=gf (7m(5);m(r)), 10

Tak sk 0 < B < min(l,m
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'}f?‘_lf p (1 u —m(r) o (u - m(r)) dx <
Br(xg) \® T "

m (E) —m(r) u—m(r)
< yrilg \2) TNV + .yr—le—l—qj. g1+ﬁ?[q—1) (#) dx <
B

r
< ']/?‘n_lg (m(g)—m[r)). (27)

r(x0)

r

g (rl—“ B o) fdx) < (L):m“)). (28)

Iarerpyroun HepiBHICTh (28) mo 1 € (0, p) Ta KOPUCTYIOUHCH O3HAYEHHSIM MOTEHITIATY

3 (25)-(27) orpumaemo

Bonbsda

P _ _
g (r, o fdz) dr = W G p),
OTtpumanu ouiHky 3Hu3Y B (7). Teopema 2 MOBHICTIO AOBEIEHA.

4. BucHoBkn
B po6oti Oyno po3riasiHyro KBa3uTiHIMHE €NINTUYHE PIBHSAHHS JUBEPreHTHOTO BUIY 3

HECTaHJAPTHUMH YMOBAaMH 3pOCTYy 1 MOJIOJIIO YAaCTHHOIO. 3a JIOMOMOTOI0 ajamTariii
itepaniiinoi texHiku T.Kilpelainen, J. Maly 11 Takux piBHSHB JOBEIEHO OCHOBHUI
pesynbTaT poOOTH: HEpiBHICTH ['apHaka isi cIaOKWX pPO3B’S3KIB KBA3UIIHIMHUX PIBHSHB
JUBEPreHTHOTO BUJY 3 HECTAaHJAPTHUMHU YMOBAaMHU 3pOCTY Ta MOJIOAIIMMU YJIEHAMHU.
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POITWISE ESTIMATES OF WEAK SOLUTIONS TO QUASILINEAR
ELLIPTIC EQUATIONS OF A DIVERGENCE TYPE WITH NONSTANDARD
GROWTH CONDITIONS AND LOWER TERMS

Summary. In the present work we obtain the pointwise estimates of the weak solutions
to inhomogeneous quasilinear elliptic equations of the divergence type and lower terms. Our
result generalizes the classical one obtained by T. Kilpelainen and J. Maly. With the help of
nonlinear Wolff potential they proved the pointwise estimates of solutions to a quasilinear
elliptic equation with the p-Laplace and measure u on the right-hand side. Further, these
estimates were generalized to strongly nonlinear equations and to strongly nonlinear
subelliptic quasilinear equations and were applied as an efficient tool to the study of the
questions of solvability and solutions regularity to various linear, quasilinear and nonlinear
equations (see the works of J. Maly and W. Ziemer, G. Mingione and I.1I. Skrypnik ). Due to
application of some quasilinear equations with nonstandard growth conditions for the
modeling of a behavior of electrorheological fluids, the qualitative theory of such equations is
permanently developed, attracting the interest of researchers.

Key words: quasilinear elliptic equations, Harnack inequality, poitwise estimates, weak
solution, Wolff potentials.
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