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Po3pobdaeno memoo npoznosysanns 006zompu-
eanoi MiyHocmi KOHCMPYKUIHUX Mmamepianie
npu i3omepMmivHii N0B3Y1OCMi 8 YM08AX 00HOOC-
HO20 CMAUIOHAPHO20 HABAHMANCEHHS 3 YPAXY-
8anHaAM cmaodii 3miunenns. 3anpononosano cmo-
xacmuuny mooesv pYuHY8aAHHs NPU NOE3Y1oCni
i Memoouxy idenmudpixauii Koncmanm noeé3y41o-
cmi mamepiany. IIpoeedeno pozpaxynox napame-
mpie cmoxacmuunoi modeni, aKuii niomeepoicye
il adexeamnicmo excnepumenmaioHUM 0AHUM

Kntouoei cnosa: pyinyeanuns, izomepmiuna
noesyuicmov, NOWMKO00NCEHHA mamepiany, 4ac 00
PYyunyeanns, iMoGIPHICHUL PO3N00ia

= yu

Paspaboman memoo npoeznosuposanus 0Ju-
MebHOU NPOUHOCIMU KOHCMPYKUUOHHBIX Mame-
puanos npu uzomepmMuuecKol noasyuecmu 6
YCA0BUAX 00HOOCHO20 CIAYUUOHAPHOZ0 HAZPYHCE-
Hus ¢ yuemom cmaouu ynpounenus. Ilpednoscena
cmoxacmuyueckas Mooeb pa3pyueHus npu noJ3-
Yyuecmu u Memoouxa udenmudurxauyuu Koncmanm
noasywecmu mamepuana. IIpogeden pacuem
napamempoe cmoxacmuueckoi mooenu, Komo-
Ppolil noomeepicoaem eé adexeamuocny IKCnepu-
MEHMATILHBIM OAHHBIM

Kmoueevie crosa: paspywenue, usomepmuue-
CKas nonzyuecmv, nOBPe’Nco0eHHOCmb Mamepua-
Ja, epems 00 paspyuieHus, 6epPoIMHOCmHoe pac-
npedenenue

u] =,

1. Introduction

Prediction of the durability of structural elements is
one of the most important problems of modern mechanical
engineering.

Currently, the development of methods of prediction of
the long-term strength of various classes of structural mate-
rials, operating in a wide range of stresses and temperatures
is of particular importance for reasonable assignment of the
service life of structures, operating in extreme conditions. At
the same time, the defining relations of creep should be on
the one hand physically reasonable, and on the other — sim-
ple and easy to use in engineering calculations [1-3].

The most natural way to describe the spread of the time
to failure of structural materials in creep is to construct
a physically adequate stochastic model of failure and use
statistical physics methods. This way, as applied to the prob-
lem under consideration presents severe difficulties due to
the complexity and multiscale heterogeneity of structural
elements of solids. Possibilities for obtaining quantitative
characteristics of durability of modern structural materials
in this way are rather limited.

The use of statistical methods, based on direct experi-
mental data on the time to failure spread and construction of
simple probability models of failure in creep is more effective
from the practical standpoint [4—10].

This problem is particularly relevant for the determina-
tion of the long-term strength characteristics of the long-
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operated products at constant loads and high temperatures,
when the creep effect is manifested.

2. Literature review and problem statement

The damage criteria in the form of the relation of the
current value of the controlled parameter to its maximum
value in failure are widely used in the calculations of the
long-term strength for evaluating durability performance.
The mathematical reflection of these processes is cumulative
failure models based on the hypothesis of linear and non-lin-
ear damage summation.

Prediction of the long-term strength of metallic mate-
rials also involves the Larsen-Miller, Manson-Haferd, Orr-
Sherby-Dorn parametric methods, which allow taking into
account mostly a limited number of factors. To analyze more
factors, the base diagram approach should be used.

Since there is a large spread of experimental data on the
time to failure for specimens made of a single metal casting
in creep tests, even under ideal laboratory conditions, the
use of deterministic models is not always reasonable for ob-
taining long-term strength characteristics.

Hence the need to develop stochastic models of creep
and long-term strength, which on the one hand justify the
probabilistic nature of the failure, and on the other — allow
one to adequately determine the time to failure and its pos-
sible spread.




Stochastic models of structural materials in creep are
generally built by a generalization of various deterministic
models.

The basic approaches to the construction of stochastic
models of failure of structural materials in creep were laid
in the works [1-3] and are based on the hypothesis that the
creep strain rate is determined by the stress, temperature,
and some structural parameters. Structural parameters
make it possible to more accurately describe the strain pro-
cesses, and in some cases even to take into account the effect
of loading history on the current stress-strain state of the
material.

The work [4] notes that the main problems of the theo-
ry of creep are physical and stochastic nonlinearity of the
problem. The method of reliability assessment of structural
elements in creep, implemented on a model example for a
thin-walled pipe under internal pressure was developed.
However, this method does not allow a reliable prediction of
the durability of structural elements in creep in terms of ser-
vice life, which is several orders of magnitude greater than
the experimental data.

Probabilistic damage and failure models are considered
in [5], where the methods for determining the probability
characteristics of strength reliability of engineering prod-
ucts were developed. However, all the proposed hypotheses
of damage summation are of limited use. Each hypothesis
is based on assumptions that are not entirely valid. The
statistics are often not enough to confirm this or that theo-
ry, and the materials are different in damage accumulation
patterns.

The work [6] provides a unified description of the pat-
terns of instantaneous and short-term strain, creep, stress
relaxation, and long-term strength of heat-resistant materi-
als. It should be noted that in some cases this approach gives
worse results, than some parametric methods in the stress
calculations for the specified durability, not exceeding one
order in relation to the available experimental data.

The work [7] presents an approach to the prediction of
the time to failure of polypropylene. It is shown that the
critical value of the cumulative creep strain does not depend
on the level of the applied load. The strain criterion is used
as the failure criterion. The proposed approach to creep pre-
diction can be applied to other materials.

The work [8] gives the results of numerical modeling of
the size effect in creep. The time to failure spread obtained
using the proposed model, correlates well with the experi-
mental data.

To study the size effect in creep, a series of long-term
strength tests for the thin tin alloy wires was carried out in
the work [9]. The influence of the size effect on the time to
failure is shown.

In the work [10], the Box-Wilson method was used to
quantify the effect of the loading parameters on the test
results. This method allows you to define the criteria for
finding optimum loading parameters.

The approach to the prediction of the time to failure of
polymers and polymer composites, proposed in the paper
[11] leads to a conclusion: when the cumulative creep strain
reaches a high value, the creep strain rate reaches its mini-
mum value with respect to time. The model was tested for
various types of polymer materials, as well as polymer com-
posites and showed good results.

The numerical model, presented in the work [12] is
designed to simulate the strain of rocks in creep. The key

parameter that affects the time to failure is the applied load.
This model allows us to simulate changes in the basic char-
acteristics of the material in creep.

The work [13] describes the basic problems of durability
prediction of structural materials and the influencing fac-
tors. The probabilistic model was constructed, and the time
to failure the spread was determined. The proposed model
allows one to properly plan the processes of design, testing,
operation and maintenance of structural materials.

The work [14] investigates the crack growth patterns
under quasi-static tension on the basis of defining relations
of creep, postulating a power law of damage accumulation.

Evaluation of the bearing capacity of structural ele-
ments based on the continuum mechanics of damage is
considered in [15]. It should be noted that such an approach
requires further improvement and better definition of ap-
plication areas.

Among stochastic models, those that are based on statis-
tical analysis of failures are widely used. In accordance with
these models, it is necessary to have a large amount of statis-
tical material for the experimental evaluation of durability
performance with a satisfactory level of probability.

To estimate the unknown parameters of stochastic mod-
els of long-term strength, it is possible to use the known
methods: least squares, maximum likelihood, correlation
and regression analysis, minimizing functions of several
variables.

The literature review showed that conventional ap-
proaches to solving long-term strength problems present
great difficulties associated with the need for complete infor-
mation on the rheological characteristics of the material and
the stochastic and physical nonlinearity, defining the creep
equation. It is impossible to fully apply numerical methods to
solve the relevant problems. The volume of long laboratory
tests is usually insufficient.

3. Research goal and objectives

The goal of the research is to construct a stochastic
model of long-term strength of structural materials based on
parametric, strain and mixed criteria of failure.

The problems solved in order to achieve the goal of the
research:

— development of the stochastic isothermal creep model,
considering the hardening and damage of the material;

— development of a method that allows identifying the
unknown constants of the model, based on the analysis of
experimental data on creep curves;

— evaluation of the adequacy of the constructed stochas-
tic model of long-term strength according to the results of
pilot studies of failure of structural materials in creep.

4. Research materials and methods

The objects of the research were experimental data of the
long-term strength test of PA6 aluminum alloy at different
levels of stress and temperature [16].

The methods of the probability theory and mathematical
statistics, numerical integration methods and the method of
random outliers elimination from experimental data were
used [17]. Creep and damage of the material are described
by the system of kinetic equations [1].
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where t istime; € is creep strain; ¢ is stress; T is tempera-
ture; o is metal damage (0<®<1).

3. The results of the research of failure prediction of
structural materials in creep

The paper proposes an approach that allows predict-
ing the durability performance of structural materials in
isothermal creep under uniaxial steady loading, which
considers three stages of creep: transient, steady-state, and
accelerated, prior to failure.

We assume the kinetic equations describing the creep
process in the following form [18]:

a.exp(—%)o“ ~[1+c~exp(—s/g)]

E = , 2
) (1-o) @

. b~exp(—%)~0“‘
(,0=W7 (3)

where a, b, n, m, 1, p, h, ¢, g are constants of creep and damage
of the material. The parameters ¢, g describe the strain hard-
ening characteristic of the transient creep stage.

We consider the parameters n, m, 1, p, h, ¢, g as determin-
istic values, and the parameters a, b — normally distributed
random variables.

By integrating the relations (2) and (3), we obtain the
expressions for the creep curve and damage parameter:

e(t):gln[(c+1)-exp(12§)J—c:|, %)
1
(o(t)=1—|:1—(1+1)~b~exp(—$)~(5‘“~t:|l+1, 5)
where
a.exp(ﬂ).c“’m
1,(t)= T x
’ b-(n-1-1)
l-n+1
x [1—(1+1)~b~exp(—};)-6m~t] I+l (6)

The proposed probabilistic model of long-term strength
is based on the use of the three criteria of failure in creep:
parametric, strain and mixed.

5. 1. Parametric failure criterion

Parametric criterion assumes that failure occurs when
the damage parameter ® reaches the value 1.

In this case, the time to failure t, is determined by the
relation (5) as a solution of the equation w(t)=1:

- 1 . M

[(l+1)~b-exp(—$)~c“‘]

On the basis of the relation (6), we find the distribution
function of the time to failure:

- ®)
- [ f(odt x>0,

0

where f,(t) is the distribution density of the random vari-

able b.

3. 2. Strain failure criterion

Strain failure criterion assumes the occurrence of failure
when the creep strain & reaches a maximum permissible
value €.

We consider the random process S(t) as normal.

Since the creep strain is a non-decreasing function of
time, for the non-failure probability we can write:

p(te)=P{t,>t}=P{e(t)e(0.¢)} =
¢ | (x-M[e(0)])

—;j xpi—~—— = Ly 9)
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Creep strain at the time of failure is determined from the
relation (4), provided that w(t)=1:

i =
tP

1+1
=gln|:(c+1)-exp(g((1:1zn)-a-exp(—r};).cnth—c:l‘ 10)

The maximum permissible value of cumulative creep
strain is found from the equation:

P{et‘ >e*}=oc, (11)
where o is the confidence level.

For this criterion, the time to failure distribution func-
tion is as follows:

F, (te)=1-P(t,€). 12)

5. 3. Mixed failure criterion

Mixed failure criterion assumes the occurrence of failure
upon the execution of the first event:

— achievement of a maximum permissible value € by
creep strain;

— achievement of the value 1 by damage .
The time to failure t, in this case is defined as:

t,= min{tp1, tp2}, 13)
where
t,;=min t, (14)
t e(t)2e
t,, =min t. 15)

t o(t)=1



For this criterion, the time to failure distribution func-
tion can be written as:

F (x)= 1—{ 1-F,_ (x)}{ 1-F, (x)}, (16)

p

where F, 1(x), F (x) are the time to failure distribution
P
functions, defined by the parametric and strain failure cri-

teria respectively.

5. 4. Definition of creep constants

According to the results of N tests for the long-term
strength at various

levels of stress 6, and temperatures T, let us define the
values:

&,, — steady-state creep rate at the initial time;

t,, — duration of the first creep stage;

t,. — time to failure;

€, — creep strain at the time of failure.

Lét us examine the approach that allows determining
the creep constants in view of the probabilistic nature of the
failure.

Estimates of the constants of the transient creep region
are located after determination of the corresponding param-
eters for the steady-state region and prior to failure region.

3. 4. 1. Stage of steady-state creep
For the second creep stage we have:

c=0, g=1,

€,=a exp( h) c"
,=a- ——|o".
T

Using the relation (18), we determine the estimates
(MLR-estimates) 0, h of parameters n, h by the multiple
linear regression method.

Hereinafter, the sign «*» (lid) over the parameters indi-
cate the estimates of the corresponding value.

The sample vector & is determined as:

a7

(18)

(19)

Estimates for the mathematical expectation and variance
of the random variable a for given values of stress ¢ and
temperature T can be written as:

(20)

21)

where M is the number of sample units a corresponding to
the specified parameters o, T.

3. 4. 2. Stage of accelerated creep
For the third creep stage:

c=0, g=1,

and the creep strain at the time of failure €, is determined as:
P

~(1+1) h " 93
Slp—mﬁexp —¥ -0 b ( )
For the parameter 1 we have the expression:
l=n—1+ . I (24)

‘p
-1
h n
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The estimate of the parameter 1 is as follows:
=31, (25)

i=1

where |, is the value of the parameter 1 in the i exper-
iment.
The time to failure is determined as:

1

' [(1+1).b.exp(—$)~c‘“]

From the relation (26) we find the MLR-estimates m, p.
The relation for the sample vector b has the form:

t

(26)
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Estimates of the basic probabilistic characteristics of the
random variable b for given values of stress ¢ and tempera-
ture T can be written as:

o 1& -

ub=E§bi, (28)
N 1 K/~ 2

dy=——¥ (b -4, (29)

where K is the number of sample units b corresponding to
the specified parameters o, T.

3. 4. 3. Stage of transient creep

For the first stage, creep strain g(t) at t=t,, is deter-
mined from the expression [19]:

€. t.=8ln {(c +1)- exp(lz(gt“‘)) - c:|.

From the relation (30) we find the MLR-estimates for
given values of stress ¢ and temperature T.

(30)

5. 5. Determination of dependencies of distribution
parameters of random variables a, b and parameters ¢, g
on stress ¢ and temperature T

Let us consider the quadratic dependencies of the distri-
bution parameters M, and d, of the random variable b on
stress ¢ and temperature T:
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dy=a, 0" +a,,-0-T+a,, x
2

xT"+a,,-0+a,,-T+ag, (32)

w &g i=0,5, j=0,5 are unknown coefficients.

Estimates {1, d, for given values of stress y and tem-
perature T are determined by the equations (28), (29).

Using the relations set by the equations (31), (32),
we_find the MLR-estimates of the parameters a,,a,
i=0,5 j=0,5, and dependencies ub(G,T), db(G,T) of the
distribution parameters of the random variable b on stress
o and temperature T.

The dependencies of the distribution parameters of the
random variable a and parameters ¢, g on stress ¢ and tem-
perature T are determined in a similar way.

Table 1 presents the estimates of the parameters n, m, 1, p,
h of the model, set by the relations (2), (3) obtained from the
experimental data for PA6 aluminum alloy [16].

where a.

Table 1

Estimates of parameters of the model, set by the relations
(2), (3) obtained from the experimental data [16]

Model parameter Model parameter estimate
n 2,89
1 -7,34
m 5,45
p 17,93-10°
h 10,01-10°

Let N(ua,ci), N(ub,cﬁ) be the distributions of the ran-
dom variables a, b, respectively.

The dependencies of distribution parameters of the
random variables a,b and parameters c,g on stress and
temperature take the form:

u,(0,T)=-1,51-10"-6"+3,76-10°- T* +
+6,79-10°.6-T+9,58-10" -0+

+4,1-107-T+0,39, (33)
0,(0,T)=-1,02-107-6"+2,01-10° - T* +
+1,32:107-6-T+1,28-10" -0+

+4,73-107-T-0,95, (34)

w,(0,T)=-1,51-10"°-6*+3,76-10°-T" +
+6,79-10°.6-T+9,58-10° -0+

g(0,T)=-551-10" 6" -1,46-10 - T* -
-1,68-107-6-T-3,11-10" .6
-1,29-107.T+5236,17. (38)

Table 2 gives the experimental and calculated values of
the basic probabilistic characteristics of the time to failure
t, for PA6 aluminum alloy [16].

Fig. 1, 2 present the graphs of the function and density of
distribution of the time to failure t, respectively.
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Fig. 1. The distribution function of the time to failure t, at
a stress =300 MPa and temperature T=423 °C for PA6

aluminum alloy
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Fig. 2. The distribution density of the time to failure t, at

a stress =300 MPa and temperature T=423 °C for PA6
aluminum alloy

Table 2

+4,1-107-T+0,39, (35) The experimental and calculated values of the basic probabilistic
characteristics of t, for PA6 aluminum alloy
6,(0,T)=-1,02-10"-6%+2,01-10° - T* + - _
ol )75 B SUessITemPe vy, 1 TCO £, [ TM 1, [TCO 1, TM t, [TCO | (| o
+1,32:107-6-T+1,28-10" .0+ 1\/?1531 ;‘jce (PFC)| (PFC) |(SFC)| (SFC) |(MFC)|(MFC)
-9 2
+4,73-107-T~0,95, (36) [7300 | 423 |361,38] 48,85 |286,69] 61,13 | 280,44 | 53,87 |363,29]51,21
¢(6.T)=1,05-10° -6*~1,25-10° . T* + 200 | 473 [3803 ] 979 [4816] 11,44 | 315 | 1027 [3533] 7,72
6 " Note: PFC — parametric failure criterion; SFC — strain failure criterion;
+2,29-107-06-T~2,78-107 -6 - MFC — mixed failure criterion; TM — theoretical mean; TSD — theoretical
—1,49-107°-T+0,48, (37) standard deviation; OM — observed mean; OSD — observed standard deviation



Fig. 1, 2 indicate: x — time, F, (x) — distribution func-
tion of the time to failure, f, (X) " distribution density of
the time to failure. Here, the %olid line corresponds to PFC,
dashed line — SFC, dash-dot line — MFC.

Fig. 1, 2 illustrate the difference in the values of failure
probability, calculated according to different criteria for the
same period of time t. In particular, from Fig. 1, 2 it follows
that PFC predicts the lowest failure probability, and MFC —
the highest failure probability.

6. Discussion of the results of research to construct the
stochastic model of long-term strength of structural
materials

The shortcomings of the model:

— it does not consider the kinetics of the structural state
of the material under prolonged exposure to load;

— the volume of the experimental data does not allow to
check the accuracy of durability prediction of structural ma-
terials for periods that are more than an order of magnitude
greater than the duration of the experiments.

Further research suggests the use of stochastic methods
for the development of extrapolation techniques, allowing to
predict the durability of structural materials for two orders
of magnitude or more.

7. Conclusions

According to the research, it is enough to use the qua-
dratic dependencies as dependencies of distribution parame-
ters of the random variables a and , as well as the param-
eters ¢ and g on the stress and temperature. The choice of
the type of dependencies of higher degrees has little impact
on calculation results.

The parametric criterion gives a more accurate predic-
tion of the time to failure and its use does not require the
identification of the hardening parameters, but it does not
take into account the specifics of the material strain, consid-
ered by the strain and mixed criteria of failure.

The proposed method of identification of creep constants
is based on the research carried out in the works [18, 20]
and can be used for prediction of the characteristics of long-
term strength of various structural materials, operating at
high stresses and temperatures, as well as the development
of standards, guidelines and other documents in the field of
reliability and durability assessment of structural materials.

1. The approach to prediction of the long-term strength
characteristics of structural materials in isothermal creep
under uniaxial steady load was proposed. It allows deter-
mining the probability distribution of the time to failure
using the specified values of stress and temperature. This
approach is original in the probabilistic interpretation of
kinetic equations describing the creep, as well as a variety of
failure criteria and their relative characteristics.

2. The method of identification of unknown constants of
the model, based on the statistical processing of the family
of experimental creep curves by regression analysis methods
was developed.

3.1t is shown that the theoretical calculations carried out
by the developed method are in good agreement with the ex-
perimental data on the long-term strength of PA6 aluminum
alloy in terms of the time to failure (error of about 7 % for PFC,
30 % for SFC, 20 % for MFC) and the standard deviation
(error of about 25 % for PFC, 40 % for SFC, 30 % for MFC).
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1. Introduction

The mechanism of formation of nodular graphite in cast
irons remains the most debatable issue of materials science.
Competition of several dozen hypotheses of the formation
of nodular graphite and modern technologies of computer
simulation have not designed a single universally accepted
theory up to now. This is probably due to a large number
of factors that affect this process: the nature of the charge
materials, the presence of impurities, melting conditions,
inoculation, etc.

Detection of the mechanism of formation of nodular
graphite will contribute to the development of the general
theory of inoculation of cast iron, it will open vast op-
portunities for the control of its structure and properties,
and will make it possible to design effective technological
processes for obtaining castings for various purposes from
ductile cast iron.

Attaining new data on the structure of the inclusions of
nodular shaped graphite, obtained by new modern research
methods and laboratory equipment, is an urgent task to solve
this problem.




