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Досліджено геометричні характеристики вклю-
чення на ланцюжок пор у зварному шві в умовах неси-
метричного термосилового навантаження. Дослід- 
жена залежність гострого кута включення на роз-
криття тріщин навколо включення та у порі. Дос- 
ліджена залежність способу кріплення конструкції 
на розкриття тріщин в зоні пор та включень. На під-
ставі методу кінцевих елементів розроблена методи-
ка визначення навантажено-деформованого стану у 
дефектах типу «пора» та «включення». Методика 
дозволяє оцінити в просторі взаємний вплив геоме-
трії включення на зародження та розкриття тріщин 
у порі. Методика дозволяє збільшити термін експлуа-
тації зварних швів

Ключові слова: включення, пора, тріщина, дефор-
мація, напруга, закріплення, зварний шов, темпера-
турне навантаження, газовий потік

Исследованы геометрические характеристики 
включения на цепочку пор в сварном шве в условиях 
несимметричной термосиловой нагрузки. Исследована 
зависимость острого угла включения на раскрытие 
трещин около включения и в поре. Исследована зави-
симость способа крепления конструкции на раскры-
тие трещин в зоне пор и включений. На основании 
метода конечных элементов разработана методика 
определения напряженно-деформированного состоя-
ния в дефектах типа «пора» и «включение". Методика 
позволяет в пространстве оценить взаимное влия-
ние геометрии включения на зарождение и раскрытие 
трещин в поре. Методика позволит увеличить срок 
эксплуатации сварных швов 

Ключевые слова: включение, пора, трещина, дефор-
мация, напряжение, закрепление, сварной шов, темпе-
ратурная нагрузка, газовая струя
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1. Introduction

Development of modern technology requires designing 
new structures, the work of which is performed under the 
action of multiple, asymmetrical force and temperature in-
fluences. The largest effect of loading in such structures is 
felt by welded seams, seats of docking of structural elements, 
technological holes.

In order to prolong the terms of the work of welded seams 
with pores and inclusions, a method is needed, by which one 
may identify the main loads that affect crack opening in a 
chain of pores and inclusions.

2. Analysis of scientific literature and  
the problem statement

In the paper [1] an approach is proposed based on the use 
of a method of finite elements for calculation of thermoelas-
tic performance of a structure under symmetrical load, and 
related formulation of the problem of thermoelasticity is also 
considered. The results [1] allow considering only a working 

plane, which decreases due to voids, and defining the assess-
ment of a planar problem, rather than a multi axle one.

The paper [2] proposes performing calculations of exter-
nal incisions for the calculation of thermoelastic behavior of 
a structure under symmetrical load and considers associated 
statement of the problem of thermoelasticity. Calculation of 
the outer incision [2] does not determine behavior of a ma-
terial above and below the pore and inclusion and the result 
passes into a planar solution of the problem. In the work [3] 
they carried out calculation of external defects to calculate 
the performance of a structure under symmetrical load and 
low temperatures. Calculation of external defects [3] does 
not allow identifying a spatial behavior of a crack. The paper 
[4] proposed calculation of uniaxial load of external defects 
under symmetrical load and low temperatures. The decision 
of a planar problem in [4] does not allow proper discovering 
full picture of cracking of pores and inclusions along the 
length of the seam and the behavior of the crack (possible 
coalescence, not opening). In the paper [5], calculation of 
multi axle load of external defects under symmetrical load 
and low temperatures was carried out. The results [5] do not 
show dependency of temperature and pressure on the spatial 
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influence of the pores in a welded seam. The work [6] car-
ried out calculation of the multi axle load of the pores under 
symmetrical load and high temperatures. The results of the 
paper [6] give an assessment of the impact of major stresses 
in the pores and inclusions, but not of the influence of shear 
and tangential stresses on the development of cracks in the 
pores. The papers [7, 8] proposed a solution to associated 
problems of thermoelasticity under symmetrical load and 
high temperatures. But in these works the issue that is asso-
ciated with asymmetric thermal force load was not tackled. 
The work [9] used an approach based on the application of 
engineering analysis for the calculation of statically loaded 
structures. However, from the given results it is not clear 
enough how a welded seam cracks. 

The paper [10] introduced an approach based on the re-
sults of the tests and use of engineering analysis for the calcu-
lation of statically loaded structure. This method [10] allows 
carrying out a qualitative analysis, rather than numerical, 
confirming the efficiency of a weld. In the article we perform 
numerical solution of asymmetrically loaded by pressure 
and temperature structure according to different mounting 
schemes. In the above mentioned works, the object of research 
is axle symmetric design solutions, which might be obtained 
with a 5 percent error by analytical methods. This paper pres-
ents a welded seam of two plates of different thickness, differ-
ent geometry, one of the plates is weakened by a hole, load on 
the plates is caused by not just stretching and compression of 
the weld, but by shear with torsion. Not only the assessment of 
the average temperature of the plates on the defects is consid-
ered, but also exact distribution of the temperature gradient 
by thickness and length of the weld. Obtaining a solution to 
such a problem by simple analytical dependencies is difficult.

3. The purpose and objectives of the study

The performed studies set the goal of developing a 
method of determining stresses in micro defects (pores and 
inclusions) of welded seams of plate structures, subject to a 
simultaneous action of temperature and force loadings.

To achieve the set goal, the following tasks were solved:
– to define geometric parameters of inclusions, with 

which the results of calculations must be close to those re-
ceived by engineering methods;

– to determine an interval of the optimal number of ele-
ments for prompt obtaining of correct results;

– to create calculation schemes that define the limits of 
the use of the finite element method.

4. Method of calculation of stress-strain state of  
a structure

We analyze the stress in the micro defects of welded 
seams of a plate structure under conditions of non-stationary 
temperature and force influences. 

Let us consider a plate structure in the form of a duct, 
which consists of plates, locally pivotally-supported on the 
bottom plate – mounting scheme 1. Pivotally supported on 
the edges of the plates – mounting scheme 2. Pinching along 
the edges of the plates – mounting scheme 3.

Assume that a process of deformation is not adiabatic 
or isothermal, then there is an increase in the temperature 
∆T=T–T0, where T=T(x, t) is the body temperature in the 

point ( )1 2 3x x , x , x=  in time that is considered, and T0 
is the body temperature in the same point in the initial 
non-deformed state in the initial time.

With the change in temperature by the value ∆T=T–T0в 

in some point ( )1 2 3x x , x , x=  of the structure, the volume of a 
small circle that surrounds this point will change in propor-
tion to ∆T; in this case thermal deformations occur

εt
ij=αij(T–T0), i, j=1,2,3,   (1)

or, in the matrix entry

{ } { }( )t
0T T ,ε = α −   (2)

where αij is the matrix of coefficients of thermal expansion 
(1/degree).

For the case of isotropic body, expansion in all directions 
is executed in the same way, therefore, we can write down

α=α×δij,     

where α is the coefficient of thermal expansion, δij is the 
Kronecker symbol (δij=1 at i=j, δij=0 at i≠j).

For the orthotropic body, the coefficients of thermal 
expansion can be different on the axles of elastic symmetry, 
i. e. there is the equation

α=αi×δij,

Full deformation {ε} in the point under consideration 
equals the total of elastic deformation {ε’}, caused by exter-
nal loads, and thermal deformation {εt}, i. e.

{ } { } { }/ t .ε = ε + ε

Here we determine the value of elastic deformation

{ } { } { }/ t .ε = ε − ε  

Thus, the stress in a linear-strain body can be defined by 
the Hooke’s law (formula (6) from [10])

( )ij ij kk ij2 T ,σ = mε + λ ε − γ δ    (3)

where λ, μ are the Lamé constants; γ is the thermomechani-
cal constant (γ =(3λ+2μ)αt; αt is the coefficient of thermal 
expansion; Т is the temperature.

These are known ratios of Duhamel-Neumann.
Strain tensor components {ε} are expressed by moving 

( )iu i 1, 2, 3=  of the relevant points of the body according to 
the Cauchy ratios

ji
ij

j i

uu1
.

2 x x

 ∂∂
ε = + ∂ ∂ 

  (4)

It is necessary to determine stress-strain state of elastic 
plate under conditions of temperature and force influence, 
that is satisfactory to the equation of motion 

(λ+2m)∆ui( ) ( )
2

i
i i2

i i

uT
2 u (divu) F 0,

x x t
∂∂ ∂

λ + m ∆ − λ + m − γ − r − =
∂ ∂ ∂

the equation of thermal conductivity (2), ratios of Du-
hamel-Neumann (3), Cauchy ratios (4), the equations of 
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consolidation of deformations [10], as well as the initial and 
border-state conditions.

The problem was solved by time.
We conduct a comprehensive analysis of the impact 

of two pores and the inclusion of a range of diameters of 
2.5÷3.5 mm, the inclusion has a diameter of 2 mm. The pores 
and inclusions are in the welded seam that connects two 
plates with a 40 mm thickness each.

Consider different distances between the pores and 
inclusions and conduct an evaluation of the magnitude of 
acute angle of the inclusion on the development of cracks 
in the welded seam. The method allows determining the 
effect of micro defects on further opening of the cracks. The 
above mentioned implies an ability to forecast the behavior 
of micro defects on the overall picture of the strength of the 
structure.

To solve the associated task of thermoelasticity, we use 
the finite elements method. 

Perform approximation of the temperature field (scalar 
function) within the finite element

T
k kT F T {F} {T}= × = , k=1,2,....N,  (5)

where N is the number of elements; {F} is the matrix (vector) 
of functions of an element form; { } ( )T

1 2 NT T ,T ,...T= are the 
temperature values in an element’s modes.

Here and below we use the rule of summation by indices, 
which are repeated, that is an expression of the type type aibi 
should be considered as the sum of Σaibi.

Then the expression (1) takes the form

( )t
ij ij k k 0kF T T ,ε = α × × −  (6)

or in the matrix entry

{εt}={α}[{F}T×({T}–{T0})],  (7)

where {T0} is the vector of nodular values of the initial field 
of temperature.

The system of equilibrium equations of a finite element 
of elastic body in the presence of temperature action takes 
the form

{ } { } { }K f ,× λ =   (8)

where, as in [5], {K} is the matrix of body rigidity; {λ} is the 
vector of nodular displacement; {f} is the vector of efforts in 
the nodes of elements, which are calculated by the formula 
(in the matrix record)

e e e

t

V S V

{f} q {F}dV p {F}dS {B} {D} { }dV= × + × + × × ε∫ ∫ ∫
   

. (9)

The last term in (9) is the load in the nodes of elements, 
caused by temperatures’ field. The equations of equilibrium 
for the whole finite element model of the structure will look 
the same. 

Thus, the ratios (7)–(9) provide a solution to the prob-
lem of thermal strength at the known distribution of current 
and initial temperature of the body. Compared with the 
usual calculation (excluding thermal action), in our case it is 
necessary to assign additionally the matrices of coefficients 
of thermal expansion that are used in the model of materials, 
and nodular values of specified temperatures.

5. Source data for carrying out calculation by strength

Consider rectangular plates of the dimensions: plate 1 
a=400 cm; b=2100 cm, thickness h=4 cm, plate 2 a=400 cm; 
b=1100 cm, thickness h=3 cm. The material of the plates is 
steel 10HSND.

Modulus of elasticity and Poisson’s ratio, accordingly, 
equal E=2.1×106 kgs/cm2; n=0.3. The density of the material 
of the plate equals rp=0.0079 kg/cm3. The density of the 
material of inclusions (tungsten) equals rp=0.01925 kg/cm3.

A basic finite element model of the duct is designed using 
three-dimensional elements of a “solids” type. 

For the calculation of SSS with the action of internal 
pressure and heating, we use a 4-layer model on the plates 
with the thickness of 4 cm, a 3-layer – on the plates with the 
thickness of 3 cm. On the welded seams we use 3-layer mod-
els, in the location of pores and inclusions we held thickening 
of the elements, which consist of 200000–300000 elements.

For defining a stable solution, we used 4 models: mod-
el number one – 200000 elements, model number two – 
240000 elements, model number three – 280000 elements, 
model number four – 300000 elements. A finite-element grid 
is depicted in Fig. 1.

Fig.	1.	Finite-element	body	grid

Calculation is performed by the temperature load and 
pressure on the lateral surfaces. 

Consider the range of temperatures from 135–170 °C in 
the welded seam. The pressure on the lateral surfaces is ad-
opted equal to P1=1,6 kgs/cm2 and P2=–0,5 kgs/cm2.

Fig. 2 shows features of the mounting scheme 1.

Fig.	2.	Mounting	scheme	1
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Fig. 3 shows features of the mounting scheme 2.

Fig.	3.	Mounting	scheme	2

Fig. 4 shows features of the mounting scheme 3.

Fig.	4.	Mounting	scheme	3

Location of the pores and inclusions in the welded seam 
is shown in Fig. 5.

Fig.	5.	Chain	of	pores	and	inclusions	in	the	welded	seam

6. Results of calculations of maximal stress in  
the welded seam

The initial data and the results of the calculation are shown 
in Table 1 for the pores with diameter of 2.5 mm, a-acute angle 
of inclusion, which equals 45° and the mounting scheme 1.

Table	1

Initial	data	and	the	results	of	the	calculation	for	the	pores	
with	diameter	of	2.5	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3350 3500

1,75 152 3300 3320 3400

2,625 148 3300 3300 3350

3,5 146 3300 3300 3300

Note: σeqv
1 is the maximal tension in the node of a pore with max-

imal temperature; σeqv
2 is the maximal tension in the node of in-

clusion with maximal temperature; σ0,2t is the minimal acceptable 
tension in the welded seam (on the border of proportionality); L is 
the distance between a pore and inclusion

The initial data and the results of the calculation are 
shown in Table 2 for the pores with diameter of 2.5 mm, 
a-acute angle of inclusion, which equals 45° and the mount-
ing scheme 2.

Table	2

Initial	data	and	the	results	of	the	calculation	for	the	pores	
with	diameter	of	2.5	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3350 3560

1,75 152 3300 3320 3440

2,625 148 3300 3300 3390

3,5 146 3300 3300 3330

Note: σeqv
1 is the maximal tension in the node of a pore with a 

maximal temperature; σeqv
2 is the maximal tension in the node of 

inclusion with a maximal temperature; σ0,2t is the minimal accept-
able tension in the welded seam (on the border of proportionality); 
L is the distance between a pore and inclusion

The initial data and the results of the calculation are shown 
in Table 3 for the pores with diameter of 2.5 mm, a-acute angle 
of inclusion, which equals 45° and the mounting scheme 3.

Table	3

Initial	data	and	the	results	of	the	calculation	for	the	pores	
with	diameter	of	2.5	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3400 3600

1,75 152 3300 3370 3550

2,625 148 3300 3330 3470

3,5 146 3300 3310 3390

Note: σeqv
1 is the maximal tension in the node of a pore with a maxi-

mal temperature; σeqv
2 is the maximal tension in the node of inclusion 

with a maximal temperature; σ0,2t is the minimal acceptable tension in 
the welded seam (on the border of proportionality); L is the distance 
between a pore and inclusion

The initial data and the results of the calculation are 
shown in Table 4 for the pores with diameter of 3.0 mm, 
a-acute angle of inclusion, which equals 30° and the mount-
ing scheme 1.
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Table	4
Initial	data	and	the	results	of	the	calculation	for	the	pores	

with	diameter	of	3.0	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3380 3580

1,75 152 3300 3340 3450

2,625 148 3300 3310 3400

3,5 146 3300 3300 3330

Note: σeqv
1 is the maximal tension in the node of a pore with maximal 

temperature; σeqv
2 is the maximal tension in the node of inclusion 

with maximal temperature; σ0,2t is the minimal acceptable tension in 
the welded seam (on the border of proportionality); L is the distance 
between a pore and inclusion

The initial data and the results of the calculation are 
shown in Table 5 for the pores with diameter of 3.0 mm, 
a-acute angle of inclusion, which equals 30° and the mount-
ing scheme 2.

Table	5

Initial	data	and	the	results	of	the	calculation	for	the	pores	
with	diameter	of	3.0	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3450 3660

1,75 152 3300 3400 3580

2,625 148 3300 3370 3490

3,5 146 3300 3320 3400

Note: σeqv
1 is the maximal tension in the node of a pore with maximal 

temperature; σeqv
2 is the maximal tension in the node of inclusion 

with maximal temperature; σ0,2t is the minimal acceptable tension in 
the welded seam (on the border of proportionality); L is the distance 
between a pore and inclusion

The initial data and the results of the calculation are 
shown in Table 6 for the pores with diameter of 3.0 mm, 
a-acute angle of inclusion, which equals 30° and the mount-
ing scheme 3.

Table	6

Initial	data	and	the	results	of	the	calculation	for	the	pores	
with	diameter	of	3.0	mm

L, mm T, °C
σ0,2t,  

kgs/cm2
σeqv

1,  
kgs/cm2

σeqv
2,  

kgs/cm2

0,875 159 3280 3530 3750

1,75 152 3300 3480 3680

2,625 148 3300 3400 3590

3,5 146 3300 3370 3450

Note: σeqv
1 is the maximal tension in the node of a pore with maximal 

temperature; σeqv
2 is the maximal tension in the node of inclusion 

with maximal temperature; σ0,2t is the minimal acceptable tension in 
the welded seam (on the border of proportionality); L is the distance 
between a pore and inclusion

Analysis of the results of the calculation by Tables 1–6 
displayed:

– a local mounting of the structure will not lead to rapid 
cracking of a welded seam;

– hinging mounting of the structure will reduce the op-
eration life of the structure;

– clamping of the basis of the structure will lead to the 
premature destruction of the welded seam.

7. Discussion of the results of the research

A finite elements method allows assessing not only the 
compression and extension of a construction, but also the shift 
and torsion at asymmetric thermo force loading. We have de-
termined that with the initial data that are examined, the shift 
provides no great influence on the development of cracks. The 
cracks develop under the influence of loads of extension, which 
is a positive quality of the method.

To construct a model that describes the physics of the re-
search process, one needs a lot of time for manual building of 
the elements of a “solids” type. The realization of correct weld 
takes a lot of time and is a disadvantage of the specified method. 

Maximal loads in four models with different number of 
elements in the welded seam vary σeqv

1=3600–3602 kgs/cm2.
The calculation of the model 1 takes two hours. The 

calculation of the model 2 lasts 3 hours, and the calculation 
of model 3 lasts 3 hours and 30 minutes, the calculation of 
model 4 takes 4 hours. 

Presented research is a continuation of the development of 
a method for determining stresses and deformations in welded 
seams under the influence of asymmetrical thermal force load-
ing from [12].

8. Conclusions

Based on the obtained results when performing the pro-
posed calculations, we can make the following conclusions:

1. In the distance between the pore and the inclusion of 
L=0.875 mm at a pore diameter of 3.0 mm and the inclusion 
that has a diameter of 2 mm, there are preconditions for the 
opening of the crack from the inclusion to the pore for the 
mounting scheme 3.

2. Based on the fact that the difference in loads is less 
than 0.1 per cent, then the optimal number of elements for the 
calculation of the loaded state of the body is 200000 elements.

3. The most appropriate to the analytical calculations 
is the calculation scheme number three, the distinguishing 
feature of which is the absence of displacements and angles 
of turning underlying the structure. The results of numerical 
method in comparison with analytical method do not extend 
beyond a 3 percent error.

4. In the pore with diameter of 3.0 mm, which is exposed 
to the maximal temperature, the tension exceeds the adopt-
ed σeqv

1=3600 kgs/cm2. In the nodes around the inclusion, 
the process of opening of the cracks will occur.

5. It should be noted that of all considered calculation 
schemes, the most dangerous for a weld is the mounting scheme 
3. The mounting scheme 3 leads to greater stresses under the ac-
tion of thermo force loading in welded seams. With the mount-
ing schemes 1 and 2, the set-up has more degrees of freedom 
due to which the tension is less than in the estimated scheme 3.

Special features of the research include identifying of 
different stresses by time, by the depth of the plates, by the 
length of the plates and welded seams. 

In future we will consider the assessment of fatigue of 
a weld taking into account changes in physical-mechanical 
properties of the material around the inclusion and of the 
material of the inclusion itself.
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