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ment range control (MRC), accuracy, linearity of static 
characteristics. Modern USML are equipped with mea-
surement data processing units (MDPU) and control units 
(CU). They are intended for introduction of amendments to 
the measurement result and displaying information on the 
screen in real time. These units contain controllers, which 
have recorded programs for converting and processing of 
measurement data. The main is the program of normalized 
static characteristics, by which a comparison of measure-
ment data and calculation of deviation from the normalized 
value is performed. In all cases, the normalized static char-
acteristic is taken as linear and calculated by the formula, 
in accordance with which the time of passage of the thick-
ness of the gas is proportional to the velocity of ultrasound 
[9]. As the experimental studies show, MRC USML are as 
a rule limited by a maximum (zone of “insensitivity”) and 
a minimum level of fluid, which is selected by linearity of 
gas ultrasonic energy absorption. Nonlinearity error of 
real static characteristics is taken into account, which 
reduces the accuracy of measurement control. In addition, 
non-linear are the changes of physical parameters of PCE 
of membrane unit (MU) at the temperature deviation from 
its normalized value and rejecting the gas when deviation 
from its temperature, pressure and composition. These fac-
tors cause additional errors of measuring control (EMC), 
which cannot be significantly reduced by compensating de-
vices (thermometers, pressure gauges, etc.). Therefore, the 
actual problem is the development of mathematical models 
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1. Introduction

The ultrasonic method of measuring control (USMC) 
is widely used in various sectors of the national economy. 
It is most widely used to control the level, volume and 
mass of fluids in containers [1, 2], material balance of 
fluids in technological devices (evaporators, adsorption 
and distillation columns, liquid reactors, steam boilers, 
etc.), volume rate of gas flows [3] in non-destructive test-
ing of materials [4], etc. The essence of USMC is that the 
pulse of ultrasonic energy is transferred to gas medium, 
in which its physical parameters change: speed, amplitude 
and phase [5]. In most cases USMC is based on ultrasonic 
impulse formation (ultrasound) by piezoelectric generator 
[6]. In many cases, to create ultrasound, the piezoceramic 
elements are used (PCE) [7]. These ultrasonic transducers 
(UST) are mounted in the wall of the container (e.g., on 
its lid) or the pipeline. The principle of work of ultrasonic 
sensors of measuring control (USML) of fluid level or the 
volume rate of gas in pipelines is based on measuring the 
ultrasound transit time through gas medium (GM). In 
many cases, these tools are used for commercial metering 
(custody-transfer) not only of the volume of liquid, but the 
gas volume rate, too [8]. The level refers to some of the key 
parameters, it is subject to measurement control in techno-
logical processes of chemical, oil, food and other industries, 
as well as storage tanks. Modern USML are required to 
meet high requirements regarding their precision, measure-
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of ultrasound emitter, analysis of parameters, affecting its 
performance and optimization of static characteristic.

2. Analysis of scientific literature and  
the problem statement 

In all cases where the fluid level measurement or the 
volume rate of GM is associated with ultrasonic radiation, a 
property either of change in the velocity of ultrasonic vibra-
tions is used (USV) at a constant length of its movement (for 
example, flow volume of gas rate) [10], or the time at which 
the ultrasonic pulse undergoes a certain distance in GM (eg, 
level gauges) [11]. For a mathematical description of the mo-
tion of ultrasound in the GM they usually use the main law 
of light absorption of Lambert-Bouguer-Beer, whereby the 
current intensity I of ultrasonic radiation is proportional to 
the initial intensity 0I  and exponential decrease depending 
on the molecular composition (concentration of Q) of gas, 
the absorption coefficient and thickness ℜ  of GM layer. As 
the main parameter of such measurements is the thickness 
of the GM layer, then it is determined by the ratio of the 
current and the initial intensity. As the thickness of the GM 
is the product of the velocity of ultrasound at the time of its 
motion, we have:

( ) ( ) 0t 1/d Q ln I / I , = ε ℜ   

where ( )I ℜ  is the current radiation intensity which is a 
function of the thickness varℜ =  GM. This principle is 
widely used for building ultrasonic USML, which measure 
the time from the moment of the original ultrasound 0I  
mprior to its aceptance with the ultimate intensity ( )I .ℜ  
Volumetric rate of gas flow in the pipeline is defined by the 
formula [12]:

( )( ) ( )O 0F V / t Sd / t S / t 1/ Q ln I / I= = = ε

or

( ) ( )O 0 0t S / F Q ln I / I , = ε ℜ 

where V  is the volume of a given length of pipeline; S is the 
cross-sectional area of the gas flow; 0 const.ℜ =  The last 
equation shows that the flow rate of gas is inversely propor-
tional to the measured time.

Thus, based on the above-mentioned, for USML, based 
on measuring the transit time of ultrasound, the distance ℜ 
is determined by the formula:

( ) P P 0lnI k t lnI ,ℜ = +

where ( ) ( )P 0k S / Q ln I / I = ε ℜ   is the conversion coeffi-
cient; Pt  is the measured time. Analysis of the literature  cit-
ed below shows that the study of USML, built on the PCE, 
focuses on the behavior of ultrasound in GM and it is accept-
ed that the main source of EMC is only this medium. There 
were no studies found of the piezoceramic probes that are 
used to build gauges and flow meters. The source of errors is 
not only the gas medium, but the own probes as well, which 
include the PCE, a membrane unit and the supply system of 
electric excitation pulse (EEP) and output of the electromo-
tive force (EMF) from PCE. In the cited scientific literature 
it is assumed that the errors caused by PCE are minor and 

can be ignored. But the lack of knowledge of electrodynamic 
processes that take place in PCE, their role in the formation 
of ultrasound under real conditions of USML determine the 
need for further research into this area.

3. The purpose and objectives of the study

The aim of the work is to develop mathematical models 
of piezoceramic ultrasonic transducer element for fluid level 
gauges with a circular motion of the ultrasonic pulse [13] and 
optimization of its static characteristic.

To achieve the set goal, it is necessary to solve the fol-
lowing problems:

– to develop physical models of irreversible rheological 
transitions (IRT) for a measuring channel of a level gauge;

– to describe IRT by nonlinear differential equations of 
the transfer of energy, mass and momentum with the dissipa-
tive function of flow rate;

– to find on the basis of zero gradient method an analyt-
ic solution of nonlinear differential equations of the speed 
transfer of energy, mass and momentum in the ultrasonic 
emitter;

– to optimize the transient response of the ultrasonic 
emitter. 

4. Research results of piezoceramic USE

USML of fluids with a circular motion of ultrasound 
has one piezoceramic ultrasonic emitter (USE) 5 (Fig. 1), 
which is designed to excite ultrasound by electric exciting 
pulse (EEP).

Fig. 1. Scheme of USL with a circular motion of ultrasound:  
1 is the adapter; 2 is the cable; 3 is the polymer coating;  

4 are the guiding rods; 5 is the ultrasonic emitter; 6 is  
the collar; 7 is the float; 8 is the spring twist; 9 is the sinker;  
10 is the control unit; 11 is the measurement data processing 

unit; 12 is the ultrasonic receiver; 13 is the lid

Typically, the ultrasound emitter (USE) 5 is locat-
ed above the float 7, which floats on the fluid surface. 
Ultrasound pulse goes through the layer of gas with 
the thickness ℜ  and is perceived by ultrasonic receiver 
(USR) 12, which converts the pulse to the electromotive 
force (EMF) ( )e .ℜ  The electrical signal ( )e ℜ

 
arrives to 

the measurement data processing unit (MDPU) 11. Proc-
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cessed by the corresponding algorithm, the measuring 
information is sent to the control unit (CU). By separat-
ing the perceiving and emitting channels, a conventional 
circular form is created that allows us to receive the fol-
lowing results:

– to reduce the zone of insensitivity of USML almost by 
5 times due to the lack of a reference device;

– the MRC of fluid level increases by 2 times by a single 
passage of ultrasound through a GE layer; 

– the USML accuracy increases almost by two times 
due to: a decrease in the distance of ultrasound passage in 
GM up to 2 times, decrease of the secondary ultrasound 
effects inside the vessel due to the lack of a reference  
device.

USE and UST have the same type of performance de-
sign, so electrodynamic processes are considered identical. 
Under these assumptions, the major transformational nodes 
are membrane units of USE, UST and GM. Let us consider 
the process of fluid level measurement with one USE, placed 
on the surface of floating float. This process is accompanied 
by rheological transformations of electrical and mechanical 
energy. For the proposed USML, the following rheological 
transformations occur:

– the EEP electric energy to mechanical movement PCE 
(in the form of a circular thin plate), which is rigidly fixed to 
a metal membrane;

– mechanical energy of membrane unit (MU) to USV, 
which are distributed in the GM;

– USV energies that passed GM, to the mechanical en-
ergy of MU UST;

– mechanical energy of MU UST to electrical energy of 
PCE and creation of EMF ( )e .ℜ

During the activation of PCE, energy of EEP reduces 
to zero while the energy accumulated by this element in-
creases from zero to some maximum value. The interaction 
of two energies under the law of Ampere creates electro-
dynamic force (EDF), which leads to the displacement of 
the center of the membrane unit USE to the distance 0x .  
Physical model and graphics of IRT are shown in Fig. 2. 
Fig. 2, a shows the physical model of PCE, which consists 
of two IRTs. At the first transition, the electrical energy 
of EEP is converted to electric field intensity (EFI), as 
the PCE is conductive and is characterized by active resis-
tance R, electric capacity C and low inductance L. At the 
second transition, EFI is converted to electrodynamic force 
(EDF), which leads to displacement of PCE to the distance 
х0. On the first IRT the EEP energy reduces owing to its 
losses for heating and creating of EDF. At the second IRT 
the EDF is spent on mechanical deformation of PCE. Thus, 
the dissipative losses occur on IRT, which we will call 
further as the functions of flow rate of energy transfer, the 
mass or momentum. Structural and logical model (Fig. 2, b) 
of EEP electric power change is a step function that can be 
described by the equation:

( ) 11 11 12
1

12 11 10 12

1, t t ; t t ;
E t

0, t t ; t t t .

≤ <
=  ≥ < <

 

Structural-logical model (Fig. 2, c) of the growth of EFI 
also represents a step function, which can be described by 
the following equation [14]

                                
,( ) 12

11

1, t t
H t

0, t tΠ

≥
=  <
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c                                                      d 
 

Fig. 2. Structural-logical schemes of IRT of EEP energy in the 
intensity of electric field: a is the physical model of IRT of 

EEP energy to the MU displacement; b is the schedule of the 
conversion process of electrical energy; c is the schedule of 

the conversion process of the intensity of electric field;  
d is the integrated pulse Dirac delta IRT function

The duration of IRT phase will depend on the electrical 
parameters of the PCE. According to the theory of gener-
alized functions, the derivative of a step function results in 
symbolic equality: 

( ) ( )1 1

d
t f t ,

dt
d =  

where ( )1 td  is the Dirac delta function; ( )1f t is the certain 
arbitrary function. If the function ( )1f t  describes the process 
of EFI transfer with heredity, then the Dirac function is asym-
metrical and is described by the following equation (Fig. 2, d):

( ) ( ) ( )
12

11 0

t
10 11 10 12

1 10
1 10 11 10 12t

0, t t , t t ,
f t d

f t 0 , t t t ,
+

< ≥ξ d ξ − ξ =  + < <
∫

where ξ  is the certain variable; ( )10td ξ −  is the core of 
linear integral transformation; 10t  is the time of phase IRT.

Under the action of the electric field EEP, currant occurs 
in PCE, which causes a decrease of the electrical energy ІЕ . 

The rate of EEP energy transfer is described by the fol-
lowing differential equation:

( ) ( )I
E I E

E
div D E t ,

∂
= − ∇ + γ

∂q
  (1)

where DE is the coefficient of EEP energy transfer towards 
the nr ,  m2 /s; IE∇  is the gradient of EFI change by the x, y, 
z coordinates; θ is the time of EEP energy transfer; ( )E tγ is 
the dissipative function of change of electrical energy; t  is 
the flow time.

The flow rate of electricity, which is spent on creating the 
EDF ( )B nF r ,t ,  is described by the following equation:

( ) ( ) ( )2
B B

E E 2

d F t dF t
t ,

dt dt
γ = t +   (2)

where E RCt = is the PCE time constant.

 

.
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If the transfer of EDF is performed only at the time t, 
then substituting (2) to (1), we obtain the following nonlin-
ear differential equation:

( ) ( )

( ) ( )

2
I I

E 2

2
B B

I E 2

E ,z E ,z
D

z

d F t dF t
k .

dt dt

∂ q ∂ q
+ =

∂q ∂
 

= t + 
  

  (3)

In the equation (3) kІ is the coefficient of conversion of 
electrical energy of EEP to EDF, and z is the linear dimen-
sion of PCE, by which the energy of electric field is distrib-
uted. According to a zero gradient method [16], the equation 
(3) is divided into the following system:

( ) ( )2
I I

E 2

E ,z E ,z
D 0;

z

∂ q ∂ q
+ =

∂q ∂
 (4)

( ) ( ) ( )B
E B E I2

dF t
F t k E ,x .

dt
t + = q   (5)

Under zero initial conditions, solution of the equation (4) 
will take the form:

( ) ( )I I0 EE ,z E erf z / 2 D ,q = q   (6)

where I0E  is the maximum value of EEP energy.
Substituting (6) to the equation (5), we get:

( ) ( ) ( )B
E B E 10 E

dF t
F t k E erf z / 2 D .

dt
t + = q   (7)

Solution of the equation (7) under initial conditions will 
take the form:

( ) ( ) ( )B E 10 E EF t k E erf z / 2 D 1 exp t / . = q − − t    (8)

As the function ( )Eerf z / 2 D q  for the linear part of 
characteristic is insignificant, so, limited by its linear part, 
and assumed that z=z0, where z0 is the PCE thickness, the 
equation (8) is simplified to the following:

( ) ( )B E0 10 0 EF t k E x 1 exp t / . = − − t   (9)

A multiplier in the equation (9) E0 E 0 Ek k z / 2 D= q  is the 
coefficient of the first IRT transfer. Electrodynamic force 

( )BF t  leads to mechanical deflection of MU from the initial 
state at the distance r. The process of transfer of the effort 

( )BF t  can be described by the following differential equation:

( ) ( )( ) ( )( ) ( )2
x

F r,
div F r, , v div k F r, t ,Β

Β Β

∂ ξ
+ ξ = ∇ ξ + γ

∂ξ
(10)

where ( )F r,  is the distribution of EDF by the linear vec-
tor r  and its action time ;ξ v  is the vector of rate change 
of EDF; 2

0 ak j= ω µ σ  is the complex parameter that charac-
terizes electrodynamic properties of PCE; 0ω  is the angular 
frequency of oscillations of MU; aµ  is the absolute magnetic 
susceptibility; σ  is the specific electrical conductivity, ( )x tγ  
is the flow rate of EDF per time unit t.

Let the speed of the MU motion is negligible compared 
to the rate of change in EDF. Then the equation (10) takes 
the following form:

( ) ( )( ) ( )2 2
x

F r,
div k F r, t .

t
Β

Β

∂ ξ
= ∇ ξ + γ

∂
  (11)

If the parameter 2k  is insignificantly dependent on the 
transfer process and r x,→  then (11) is simplified and takes 
the form:

( ) ( ) ( )
2

2
x2

F x, F x,
k t .

x
Β Β∂ ξ ∂ ξ

= + γ
∂ξ ∂

 (12)

The flow of  this IRT is the velocity of the MU moving 
under the influence of EDF. Then for the free component of 
this movement we have:

( ) ( ) ( )2

х 2

d x t dx t
t ,

dt dtΜγ = t +   (13)

where 1 Mmk / DΜt =  is the constant of time of displace-
ment of MU; m  is its mass, k1 is the damping factor; MD is 
the stiffness of the membrane.

Substituting (13) to the equation (12), we obtain the 
following nonlinear differential equation:

( ) ( ) ( ) ( )2 2
2

2 2

dF x, d F x, d x t dx t
k k .

d dx dt dt
Β Β

Μ Μ

 ξ ξ
+ = t + ξ  

 

(14)

The factor kΜ is the conversion factor of IRT. Accord-
ing to the method of zero gradient, the nonlinear differen-
tial equation (14) is divided into the following system of 
equations:

( ) ( )2
2

2

F x, F x,
k 0,

x
Β Β∂ ξ ∂ ξ

+ =
∂ξ ∂

  (15)

( ) ( ) ( )x

dx t
x t k F x, ,

dtΜ Βt + = ξ   (16)

where xk  is the flow rate of EDF. 
Solution of the equation (15) under initial conditions 

takes the form:

( ) ( )2
0F x, F erf x / 2 k ,Β Βξ = ξ   (17)

where 0FΒ  is the maximum EDF.
Solution of the equation (16) under initial conditions will 

take the form:

( ) ( ) ( )H0 B Mx t k F x, exp t / ,= ξ − t   (18)

where H0k  is the coversion factor of EDF to the displace-
ment of PCE.

Substituting the equation (17) to (18), limited by the 
linear part of the function 

( )2erf x / 2 k ξ  

and assuming that х=х0, we get:

( ) ( ) ( )0
H0 0 F 02

х
x t k F exp t / k x exp t / ,

2 k
Β Β Β= − t = − t

ξ
(19)

where 2
F H0 0k k F / 2 k .Β= ξ
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Upon termination of EEP action, and, accordingly, EDF, 
free fall of MU in GM will lead to its oscillatory process. The 
process is damped with ultrasonic frequency. GM produces 
appropriate counter-action to the MU motion. Rheological 
conversion of the MU displacement to mechanical USV can 
be described by the following equation:

( ) ( )( ) ( )
B

2
y B x k

x y ,
div D x y , t ,Β∂ ς

= ∇ ς + γ
∂ς

  (20)

where yΒ  is the direction of oscillation motion of MU; yD
Β
 

is the effective coefficient of transfer rate of mechanical en-
ergy; ς  is the transfer time of mechanical energy; ( )х ktγ  is 
the rate of  USV energy flow during the oscillation time kt .

If the coefficient yD
Β

 is insignificantly dependent on 
the direction of the transfer and the MU dislacement occurs 
in one direction, then the equation (20) is simplified to the 
following:

( ) ( ) ( )
B

2

y x k2
B

х y , х y ,
D t .

y
Β Β∂ ς ∂ ς

= − + γ
∂ς ∂

  (21)

The flow of rheological transformation is free damped 
mechanical oscillations of MU, which are described by the 
following equation:

2
2
0M2

k k

d y dy
2 y 0,

dt dtβ+ d + ω =   (22)

where y is the current deviation of MU; / 2mβd = β  is the 
damping coefficient of mechanical oscillations; m is the 
mass of MU; β  is the coefficient of friction of MU in GM; 

В0 M 0D / m 2  fω = = π  is the angular frequency of natural 
oscillations; MD  is the MU rigidity; m  is the mass of MU; 
f0 is the frequency, Hz.

As the process is oscillating, so the rate of flow of me-
chanical motion of MU is described by the following equa-
tion:

( )
3 2

2
х k В03 2

k k k

d y d y dy
t 2 .

dt dt dtβγ = + d + ω   (23)

Substituting (23) to (21), we obtain the following non-
linear differential equation of the MU motion:

( ) ( )
M

B

2

y 2

3 2
2

y B03 2
k k k

х y , х y ,
D

х

d y d y dy
k 2 .

dt dt dt

Β Β

β

∂ ς ∂ ς
+ =

∂ς ∂

 
= + d + ω 

 
 (24)

The factor yk
Β

is the IRT conversion factor. According to 
the method of zero gradient, the equation (24) is divided into 
the following system:

( ) ( )2

y 2

х y , х y ,
D 0;

хΒ

Β Β∂ ς ∂ ς
+ =

∂ς ∂
  (25)

( )
2

2
В0 y2

k k

d y dy
2 y k x y , .

dt dt Ββ Β+ d + ω = ς   (26)

Under boundary conditions, the solution to the equati- 
on (25) will take the form:

( ) ( )y 0 yx k x erf y / 2 D .
ΒΒ Βς = ς   (27)

In a practical choice of PCE, it is assumed that the larg-
est deviation of MU will occur when it equals its thickness 
z0. Taking into account that the maximum initial deflection 
of MU is 0y z ,Β =  then under initial conditions the solution 
to the equation (26) will be a follows:

( ) ( )
( ) ( ){ }

x0 0 0 y

0 k

y t k x erf z / 2 D

1 exp t cos t .

Β

β Β

= ς ×

 × − −d ω   
 (28)

The function ( )0 yerf z / 2 D
Β
ς  in (28) we shall approxi-

mate by exponential. Then

( ) ( )0 y z 0 yerf z / 2 D exp k z / 2 D ,
Β Β
ς ≈ − ς  

where  is the scale factor. Taking this into account, a 
mathematical model of IRT motion of the MU motion takes 
the following form:

( ) ( ) ( ){ }
( )

B x0 0 0 k

z 0 y

y t k x 1 exp t cos t

exp k z / 2 D .
Β

β Β = − −d ω × 

× − ς  (29)

The form of mechanical USV of MU is shown in Fig. 3.

Fig. 3. Free USV of membrane unit

As stated above, PCE refers to electric conductive ele-
ment and is characterized by active resistance R, capacity 
C and inductance L. During free motion of MU in the PCE 
plate an EMF ( )Be t .  occurs. In this case, electromagnetic 
field with ultrasonic frequency is created in PCE. This 
field is insignificant but it impacts the ultrasound parame-
ters. First, it leads to a decrease in the amplitude bypass of 
ultrasound, and second, to the offset of the initial fluctua-
tions phase 0 0t.φ = ω  If the timing of passing of ultrasound 
through GM starts from the moment of EEP supply, then the 
ultrasound phase shift will lead to occurrence of an error of 
measuring control (EMC). Observing the work of ultrasonic 
level gauge MTM-900 [17] showed that with an increase in 
their operation period, measuring control time for the same 
level of fluid increases, and it results in the occurrence of 
EMC. We can assume that this could be due to electrical and 
mechanical aging of PCE material. Extending the distribu-
tion time of ultrasound in measuring the same level of fluids 
under normal operating conditions may indicate an increase 
in the time constant of the transition process, and therefore, 
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such electrical parameters of PCE as active resistance R and 
capacity C. Let us consider the impact of electromechanical 
parameters of PCE on the formation process of USV. At the 
set design parameters of PCE, its active resistance is:

( )R 0R z / S ,= r
 

 (30)

where Rr  is the specific resistannce of PCE material; 0z , S
are the length and cross sectional area of the element, re-
spectively.

As the PCE material is characterized by the G module 
of displacement and by the density М,r  the time constant of 
distribution of free USV equals:

p 0 MS z / G.t = r
 

 (31)

After determining the thickness of the PCE plate from 
the equation (31) and substituting to (30), we get:

2 3
р R MR G / S .= t r r   (32)

PCE is a real capacitor, the equivalent circuit of which 
can be represented by parallel connection of active electri-
cal EG 1/R=  and reactive electrical conductivity CB C,= ω
where ω  is the ultrasound frequency. Then for active con-
ductance we have:

E R 0G S / z .= r
 

 (33)

Taking into account that the capacity of PCE plate can 
be determined by the approximate formula a 0C S / z ,= ε
where aε  is the absolute dielectric penetration, then the ex-
pression for the reactive conductivity takes the form:

C 0 a 0B S / z .Β= ω ε
 

 (34)

Then the shift angle of instantaneous value of current in 
PCE equals:

( ) ( )і C E 0 a Rarctg B / G arctg .Βϕ = = ω ε r   (35)

The equation (35) shows that the secondary electro-
magnetic actions arising in PCE plate by free mechanical 
oscillations of MU cause braking effect on its mechanical 
displacement. Taking into account this action of displace-
ment, the MU will be described by the following equation:

( ) ( ) ( ){ }
( )

x0 0 0 kі

z 0 y

y t k x 1 exp t cos t

exp k z / 2 D .
Β

Β β Β = − −d ω + ϕ × 

× − ς  (36)

If we assume that the change in frequency of mechanical 
oscillations 0Βω  and of absolute dielectric constant aε  are 
insignificant, then the main influential factor will be the 
change in the PCE specific resistance.

5. Discussion of results of the study of a level gauge with 
circular motion of ultrasonic pulse

Solids, which include the PCE, expand, when heated, in 
all directions. In addition, the temperature deviation from 
normal will lead to changes in specific resistance of PCE. 

The thickness of the PCE plate at the temperature deviation 
changes according to the formula:

( ) ( )0 z Hz T z 1 T T , = + α −    (37)

where 0z  is the thickness of PCE plate at normal tempera-
ture HT  (normal is the temperature, at which calibration of 
USML is performed); zα  is the linear thermal expansion 
coefficient of PCE material; T is the current temperature.

The density Mr  of solids at the deviation of temperature 
from the nominal one changes by the following formula:

( )M MH H/ 1 3 T T ,r
 r = r + α −   (38)

where MHr  is the density of material at a normal tempera-
ture; rα  is the volumetric coefficient of thermal expansion.

The equation (35) with regard to (30) takes the follow-
ing form:

( )і 0 a 0arctg Rz / S .Βϕ = ω ε   (39)

Let the degree of damping of mechanical oscillations is 

р1/ ,βd = t where рt  is the constant of time of distribution 
of free mechanical USV in GM. Then, with regard to (31), 
we obtain:

( ) 0 M1/ S G / z .βd = r   (40)

Substituting equation (38) to (40), the equation (36) 
takes the following form:

( ) ( )( ){
( ) }

( )

x0 0 0 0 M

0 k 0 a E 0

z 0 y

y t k x 1 exp t z / S G / z

cos t arctg R z / S

exp k z / 2 D .
Β

Β

Β Β

= − − r ×

 × ω + ω ε × 

× − ς   (41)

The analysis of the equation (41) shows that the main 
influential USE factors include PCE plate thickness, its 
area, as well as the shift module and active resistance of the 
element. Increasing the thickness of the plate PCE leads to 
deterioration of the degree of attenuation, increases the shift 
of USF by phase, and shifts the maximum of bypassing ultra-
sound. The shift module G depends on the elasticity modulus 
E, which, in turn, depends on EDF FB and the area oS. The 
shift module can be determined by the formula:

( ) ( )
F l1

G ,
2 1 S l l

Β Η

Η

= ⋅
+ µ −

   (42)

where µ  is the Poisson coefficient.
Considering the PCE as a flat capacitor, the distance 

between the plates of which equals 0z , electrodynamic force 
FB can be defined by the formula:

2 2
a 0F SU / 2z ,Β = ε   (43)

where U is the voltage applied to a PCE plate; S  is the PCE 
plate area; aε  is the absolute dielectric penetration.

As the main influential factor of USE is the temperature, 
then with regard to the equations (37), (38), (42) and (43), 
and ignoring the changes in temperature of higher order,  
a mathematical model of USE takes the following form:
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where HT T T∆ = −  is the temperature deviation from the 
nominal one; Rα  is the temperature coefficient of resistance.

For practical use, the equation (44) can be simplified. 
With this purpose we shall divide the equation into Teylor 
series and we will restrict it by the linear part. Then for nor-
mal conditions we get:

According to the equation (9), the maximum deviation 
of PCE from its initial position is 0 B0 E0 10x F /k E .=  It was 
stated above that PCE can be regarded as a capacitor, to one 
of the conditional plates of which the EEP of the voltage U 
is connected. Then the force, formed between the plates, is  

2
B0 HF U C/2z ,=  and EFI is 10 HE U/z= [K]. Thus, the max-

imum deviation of PCE is If we assume that the thickness 
of the PCE plate is H yz 2 D ,

Β
<< ς  and the coefficient zk 1,<  

then the first factor in the equation (45) can be neglected. 
Then, taking into account the above-mentioned, a mathe-
matical model for ultrasound MU takes the following form:

where xE x0 E0k k /2k .=  
The largest amplitude USV of the membrane unit equals

( ) ( )
a

max xE
0 0 M0

U
y t k UC 1 t .

2Sz 1 zΒ

 ε
= − 

+ µ r 
 (47)

The equation (47) can determine the duration of ultra-
sound:

( ) Bmax
УЗІ 0 Mз0

a xE

2Sz
t z 1 .

U k UC

 + µ
= r − 

 
  (48)

It was indicated above that ultrasound, which passed 
GM, is perceived by UST, turns in it into the EMF ( )e .ℜ  
The latter arrives to BOVI comparator, where it is com-
pared to the reference voltage uO (Fig. 3). At ( ) Oe uℜ =  
the clock counter of pulses stops, by the number of which 
the time tB of passing the ultrasound through the GM is 
determined. When designing USML of fluids, they consid-
er technical capacity of measuring short intervals of time, 
which makes it possible to reduce the zone of insensitivity 

and EMC at large values of the fluid 
level in the tank. On the other hand, the 
duration of ultrasound УЗІt  should be 
minimal and not exceed a certain mini-
mum time tУЗІ min, set by technical con-
ditions. This time is usually determined 
experimentally by selecting the voltage 
U of EEP. As shown in the equation (48), 
between the time УЗІt  and the voltage 
U there is an extremum, by which one 
can determine optimal duration of ultra-
sound by PCE specifications. 

Taking into account that the capacity of the capacitor 

a 0C S / z ,= ε optimal duration of ultrasound can be defined 
at the formula:

( ) ( )2
УЗІ опт xE Bmax a 0 M0t k S / 2y 1 z .= ε + µ r  (49)

The equations (47)–(49) can be used for selecting 
PCE and for calculation of optimal parameters of 
ultrasonic transducers, which will enable reducing 
the zone of insensitivity and increase the accuracy of 
measuring control of fluid level.

6. Conclusions

1. The formation of the ultrasonic pulse, which then 
enters the gas medium, consists of the following irreversible 
rheological transitions (IRT): the energy of electric excit-
ing momentum to the electric field intensity (EFI); EFI to 
electrodynamic force (EDF); EDF to the displacement of a 
piezoceramic element (PCE); PCE displacement to electro-
motive force.

2. Each rheological irreversible transition is a pulse 
integral Dirac delta function with the core in the form of 

the function of transfer of energy, mass 
and momentum, which are described by 
the nonlinear differential equations with 
dissipative function in the form of flow 
rate of the converted magnitude.

3. The method of zero gradient for solving nonlinear 
differential equations was used that allowed obtaining 
analytical mathematical models for each rheological irre-
versible transition.

4. Mathematical models for ultrasonic pulse were 
obtained and it was shown that the main influential pa-
rameter for ultrasound emitter is the temperature, which 
leads to change not only in the amplitude of the ultra-
sonic pulse but the phase shift of mechanical ultrasonic 
oscillations.

5. The effect of secondary electromotive force in the 
form of ultrasonic pulse was studied, which is emitted in 
the gas medium. It was shown that the secondary elec-
tromotive force leads to a shift of the leading edge of the 
ultrasonic pulse and a phase shift, which causes additional 
error of measurement control of a fluid level gauge.

6. Studies of the impact of structural parameters of 
ultrasonic transducer on the duration of ultrasonic pulse 
were performed. It was established that the length of the 
ultrasonic pulse depends on the voltage of electric exci-
tation pulse, capacity of piezoceramic element PCE and 
its geometrical parameters.

( ) ( )
a

0 0 M0z 0
x0 0

y 0 a E0 0
0 k

U
1 t

2Sz 1 zk z
y t k x 1 . (45)

2 D R z
cos t arctg

S
Β

Β

Β
Β

 ε
− ×   + µ r  =   ς  ω ε    × ω +      

( ) ( )
a 0 a E0 0

xE 0 k
0 0 M0

R zU
y t k UC 1 t cos t arctg , (46)

2Sz 1 z S
Β

Β Β

  ε ω ε  = − ω +    + µ r    

( ) ( ) ( ) ( )

B

a
2

0 z 0 M0 z

B x0 0

B0 a E0 0
B0 k R z

z 0
z

y

1 3 TU
1 exp t

z 1 T 4 1 z S 1 T
y t k x

R z
cos t arctg 1 T 1 T

S

k z
exp 1 T , (44)

2 D

r
   + α ∆ε  − − ×  + α ∆ + µ r + α ∆    = × 
  ω ε  × ω + + α ∆ + α ∆           

 
 × − + α ∆   ς 
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