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1. Introduction

Nowadays the share of power-consuming loads of 
low-voltage power supply systems defined by nonlinearity of 
their characteristics and unbalance of parameters in phases 
has greatly increased. Such types of loads include welding 
apparatuses, controlled electric drives, electric-chemical 
plants, etc. Operation of such equipment results in occur-
rence of higher harmonics in currents and voltages and also 
in unbalance of voltages and currents in the power supply 
system. Consequently, non-active components appear in the 
load currents. According to the papers [1, 2], only the basic 
harmonic component being of a sinusoidal form and existing 
in the phase with the mains voltage is understood as active 
current. All the other load current components caused by the 
availability of nonlinear and asymmetric load are considered 
non-active [3].

The flow of current non-active components in power 
supply systems results in increase of losses in transformers, 
transmission lines, reactive power compensator capacitors, 
etc. and, consequently, in reduction of the efficiency of op-
eration of low-voltage power supply systems [2–4]. Active 
power filters (APF) [4] are used to compensate for them in 
the frequency-domain as the most up-to-date, flexible and 
efficient devices [5, 6].

The present economic situation, in particular, the rise of 
the cost of electric power for industrial enterprises, causes 
the necessity and topicality of the problem of improvement of 
the efficiency of compensation for nonlinear and asymmetric  
power-consuming equipment negative influence on low-volt-
age supply mains. 

2. Literature review and problem statement 

It is known that calculations of compensation currents 
for APF in three- and four-wire power supply systems are 
done on the basis of the known theories of instantaneous 
power (IP) [7, 10]: p-q [4], cross-vector [5] and p-q-r ones 
[5, 6]. It is known from these theories that all three-phase 
power components consumed by the load, apart from IP 
constant component, are undesirable [9–11].

However, the author of the papers [10, 11] demonstrates 
that under the condition of supply voltage distortion the 
efficient compensation for variable components of active and 
reactive power is impossible. It is caused by the fact that even 
when the sinusoidal character of the load currents is provid-
ed, but there is voltage distortion, the spectra of power vari-
able components will contain higher harmonics and asym-
metric components [11]. The presence of these components 
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is analytically demonstrated in the papers [10, 11]. As in 
APF operating with the use of IP p-q theory only distortions 
caused by the load are compensated for [12, 13], compensa-
tion for variable power components under the conditions of 
distorted supply voltage will only deteriorate the shape of 
the load current signals [2, 11]. It can be explained by the 
fact that interpretation of power components according to 
the IP p-q theory as well as other theories, does not answer 
the question what nonsinusoidality or unbalance is caused 
by: the load or the mains [11, 14, 15]. The above said explains 
the urgent interest of contemporary scientists [9, 12, 14] in 
the problem of research in the frequency-domain and the 
time-domain of compensation processes in power supply 
systems to improve the method of compensation for current 
non-active components when the supply mains voltages are 
asymmetric [11, 14, 15].

3. The purpose and tasks of the research

The purpose of the paper consists in improvement of the 
method of compensation for current non-active components, 
when the supply mains voltage is asymmetric, via research in 
the frequency-domain and the time-domain of compensation 
processes in power supply systems.

To achieve the stated purpose the following tasks were 
formulated:

– analysis in the frequency-domain and in the time-do-
main of the compensation processes for power non-active 
components with the use of IP cross-vector theory in the 
analytical form;

– revealing the ways to improve operation of the system 
of compensation for current non-active components in the 
presence of harmonic distortions and supply voltage unbal-
ance with the use of research on mathematical models; 

– improvement of the efficiency of operation of power 
supply system when asymmetric equipment is connected 
under the condition of power supply voltage unbalance.

4. Research of compensation processes in an analytical and 
numerical form in the frequency- and time-domains

4. 1. Research of compensation processes in an analyti-
cal form in the frequency-domain 

The critical literature review demonstrates that analyt-
ical research in the frequency domain, i. e. analysis with the 
use of harmonic components [16, 17], provides better oppor-
tunities for the analysis of supply mains operating modes 
and nonlinear load. It allows one to properly research both 
simple nonlinear electric circuits [18–20], and more com-
plicated electrotechnical complexes [21] and power supply 
systems [14, 15]. 

That is why an analytical calculation of processes in the 
frequency-domain with compensation for three-phase asym-
metric load was performed in the paper. In this case the IP 
cross-vector theory was used as the problem posed in the pa-
per consisted in research of the quality of operation of APF, 
built based on the IP p-q theory, in the frequency-domain 
and in the time-domain under the conditions of unbalance of 
supply mains voltage. This choice was caused by the fact that 
cross-vector theory is analogous to the IP p-q theory and 
all drawbacks described for the IP p-q theory are inherent 

in it. Moreover, there is no necessity for transition to α, β, 0 
coordinate system. This essentially simplifies the process 
of analytical research and determination of compensation 
currents.

During the research in an analytical form it was assumed 
that there was no currents influence on the mains voltage 
distortion, i. e. power supply system was believed to have 
unlimited power. Orthogonal cosine and sine frequency 
components were written down in the form:
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Substitution of numerical values into the analytical 
expressions was used for visualization of the initial and 
obtained data and also for control of the analytical results 
correctness. In this case the following was assumed: maxi-
mum amplitude value of phase voltage U1m=311 V, shift angle 
of the first harmonic component of voltage φU1=0 el. deg., 
shift angle of the first harmonic component of current  
φI1=–30 el. deg.

Orthogonal cosine and sine frequency components of 
three-phase current:

=A a1 1m

3
I I ,

4

= −A b1 1m

1
I I ,

4

=B a1I 0,

= εB b1 B 1m

1
I I ,

2

= − εC a1 C 1m

3
I I ,

4

= − εC b1 C 1m

1
I I ,

4

where εB, εC – unbalance coefficients of phase В and phase С, 
respectively. Numerical values of unbalance coefficients 
were assumed εB=0.8, εC=1.2. Three-phase asymmetrical 
current curves are shown in (Fig. 1).

In case of asymmetrical load, causing amplitude unbal-
ance of the mains currents, there occur variable components 
of instantaneous active and reactive IP. When they are 
written in the frequency-domain in accordance with IP 
cross-vector theory, the following expressions are obtained:
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– constant component of instantaneous reactive power: 

( )= ϕ + ε + ε  0 1m 1m I1 B C

1
P U I cos 1 ;

2
  (1)

– cosine orthogonal component of the second harmonic 
of instantaneous reactive power: 
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– sine orthogonal component of the second harmonic of 
instantaneous reactive power:
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(3)

– root-mean-square (RMS) value of the second harmon-
ic of instantaneous active power:
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– cosine orthogonal component of the second harmonic 
of instantaneous reactive power:
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(6)

– sine orthogonal component of the second harmonic of 
instantaneous reactive power:
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(7)

– RMS value of the second harmonic of instantaneous 
reactive power: 

= + =

 = + ε + ε − ε ε − ε − ε 
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The study of the obtained expressions in an analytical 
form revealed that the level of variable power components 
nonlinearly depends on the level of unbalance, and RMS val-
ues of the second harmonic of instantaneous active P2rms and 
reactive Q2rms powers do not depend on the shift angle of the 

current phases in relation to voltage. Also, expressions (1)–(8) 
showed that unbalance of supply voltage caused appearance of 
variable components of instantaneous active power but does 
not cause appearance of variable components of reactive 
power. Moreover, asymmetrical load results in appearance of 
variable components of both active and reactive power.

Fig.	1.	Three-phase	amplitude-asymmetrical	load	current

According to the cross-vector theory compensation cur-
rents in the frequency-domain were calculated: 
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Correctness of the obtained orthogonal frequency com-
ponents of compensation current was confirmed by the fact 
that when condition εB=εC=1 was substituted into them, 
expressions (1)–(8) take a form, describing the operation 
of the system with symmetrical load, i. e.: P2a=0; P2b=0;  
 
Q2a=0; Q2b=0; P2rms=0; Q2rms=0; ( )= ϕ0 m m I1

3
P U I cos .

2
 The 

high-quality process of compensation results in achieve-
ment of amplitude symmetry of currents, which is illustrat-
ed in Fig. 2.

Fig.	2.	Compensated	currents	in	mains	with	asymmetric	load

The obtained analytical dependences will allow research 
for both small deviations of resistances in phases and for 
cases of limit conditions: open-phase fault (ε=0) and short 
circuit (1/ε=0). 

Analysis of IP components depending on the change 
of coefficient ε of current amplitude unbalance (Fig. 3, 4) 
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and coefficient 1/ε of the change of load resistance in one 
of phases (Fig. 5, 6) will enable determination of integral 
parameters of power processes. They can also be used for 
calculation of parameters and adjustment of power of APF. 

Fig. 3. Constant components of active P0 (–––) and  
reactive Q0 (– – –) powers dependence on the coefficients 

of current unbalance

Fig. 4. RMS values of components of active P2rms (–––) and 
reactive Q2rms (– – –) powers dependence on  

the coefficients of current unbalance 

Fig. 5. Constant components of active P0 (–––) and  
reactive Q0 (– – –) powers dependence on the coefficients 

of change of load resistance 1/ε in one of the phases

To find out the mechanism of currents amplitudes 
distribution and to determine their dependence on the 
unbalance coefficient a study in an analytical form was 
performed in the frequency-domain of generation of 
compensation currents with elimination of unbalance of 
active load. Initial harmonic components of current are 
given below:
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Fig. 6. RMS values of components of active P2rms (–––)  
and reactive Q2rms (– – –) powers dependence on  

the coefficients of change of load resistance 1/ε in  
one of the phases

After compensation for undesirable IP components the 
following analytical expressions of compensation currents 
are obtained:

– for phase А 
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On the basis of the obtained expressions it is possible to  
 
come to the conclusion that expression 

+ ε + ε 
  

B C1
,

3
 is 

introduced into the composition of orthogonal components 
of current of every phase, which allows balancing of cur-
rent signals amplitudes. That is, currents amplitudes are 
averaged. 

This conclusion and obtained analytical dependences of 
compensation currents will make it possible to determine the 
charge of power switches of APF phases and make its correct 
choice according to the current of the most overcharged 
switch of the inverter. 
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It should be mentioned that the analysis of the obtained 
expressions for compensation for non-active components of 
current in the frequency-domain demonstrated that the APF 
correct operation is possible without taking into account 
asymmetrical components of supply voltage and harmonic 
distortions [14, 15], caused by load impact on current signals 
curves. It means that independently of the cause of current 
unbalance: load or supply mains, the use of harmonic com-
ponents of voltage, without taking into account their asym-
metric components, in generation of compensation currents 
will enable high-quality compensation. It provides certain 
possibilities for improvement of compensation methods. 

4. 2. Research of compensation processes in the time- 
domain with the use of numerical mathematical modeling 

The following stage of the research consisted in assess-
ment of voltage unbalance influence on compensation pro-
cesses with the use of numerical modeling methods. In this 
case a hypothesis was suggested that it is necessary to supply 
signals of the supply mains to APF control system (CS) into 
the algorithm of compensation currents generation without 
taking into account asymmetrical components caused by 
unbalance of supply voltage.

A mathematical model of a section of power supply 
was worked out for research of modes of compensation for 
non-active components of load currents in the presence of 
unbalance of supply mains voltages (Fig. 7). It consists of 
linear active-inductive load, active-inductive resistances of 
the mains, current and voltage measuring blocks, a com-
pensator, a CS compensator, a voltage signal balancing 
block (VSBB), and also a separation block (SB) [14, 15]. 
For performance of preliminary research during mathemat-
ical modeling APF was represented as a controlled current 
source. That is, the influence of pulse-width modulation was 
not taken into consideration during the analysis of compen-
sation processes.

Relation of short circuit (SC) power PSC to load power PL 
equal to five and twenty was chosen during the analysis of 
APF operation under the conditions of voltage unbalance. 
This corresponds to cases of “weak” and “strong” mains, i. e. 
when supply voltages are distorted under the impact of load 
currents significantly and insignificantly, respectively.

During the modeling process two configurations of the 
researched section of the power supply mains were analyzed: 
a source with asymmetric supply voltage – linear symmet-
ric load, a source with asymmetric supply voltage – linear 
asymmetric load.

The following values of the parameters of the mains 
section SC were assumed for modeling PSC=1.64·106 W. 

The linear load parameters: for PSC/PL=5 – LL=1·10-3 Hn, 
RL=0.04 Оhm, for PSC/PL=20 – LL=3.8·10-3 Hn, RL=1.8 Оhm. 
A throttle with parameters Lr=0.3·10-3 Hn, Rr =0.01 Оhm was 
inserted in series into the compensator circuit. The level of 
unbalance of supply voltage was assessed by the coefficient of 
reverse sequence and was assumed equal to 3.98 % for the case 
when PSC/PL=5, and 4.03 % for – PSC/PL=20. VSBB was used 
for realization of the method proposed by the authors (Fig. 8).

Fig.	8.	Voltage	signal	balancing	block

It is designed for balancing signals of supply voltage 
before their transfer to compensator CS. Amplitude values 
of voltage in every phase are determined in VSBB with the 
help of block “Fourier transform” (Fig. 8, I). The obtained 
numerical values are added, then averaged (Fig. 8, II), coeffi-
cients KA, KB, KC are determined by division of the obtained 
values by the initial amplitude (Fig. 8, III); these coefficients 
are necessary for balancing the voltage amplitudes of every 
phase (Fig. 8, IV). Thus, thereafter, a voltage signal without 
components caused by supply voltage unbalance is trans-
ferred to compensator CS.

5. Results of the research of analyzing  
the proposed compensation system 

operation in the time-domain

5. 1. At asymmetric supply voltage and 
linear symmetric load 

A case of operation of a section of power 
supply mains with supply voltage unbal-
ance and linear load was considered. During 
the research unbalance was introduced into 
phase А by the value of coefficient εA=0.885 
(Fig. 9). In this case the level of unbalance by 
coefficient K2U of reverse sequence of voltage 
was equal to 3.98 %. In such a system supply 
voltage unbalance (Fig. 9) causes amplitude 
unbalance of currents at the point of charge 

connection (Fig. 10). In this case a known compensator 
(Fig. 9, 10) operated rather efficiently – enabling achieve-
ment of current unbalance level according to coefficient 
K2U equal to 1.76 %, which is within the admissible norms 
[22, 23]. It is necessary to point out that APF with CS 
created with the use of IP cross-vector theory was used as a 
known compensator [6, 7]. 

However, as the author of the papers [9–11] pointed out, 
at section II (Fig. 9, 10), where operation of the known com-
pensator is demonstrated, significant harmonic distortion 
of voltage and current signal form was observed [14, 15]. 
They were assessed by the coefficient of total harmonic 
distortions of voltages THDU and currents THDI [23]. For 

 

Fig.	7.	The	mathematical	model	of	power	supply	mains	with	a	system	of	
compensation	at	unbalance
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the considered case (Fig. 9, II) and (Fig. 10, II) they made 
THDU=9 % and THDI=11 %. It was caused by the fact that 
a signal of asymmetric supply voltage was supplied to CS by 
the compensator. 

To eliminate harmonic distortions of current and voltage 
signals, it was proposed to use a separation block (SB) to 
separate supply voltage harmonics caused by mains distor-
tion (Fig. 11) [14, 15].

It is intended for elimination from the algorithm of for-
mation of compensation currents [14, 15] of those voltage 
higher harmonics at the point of compensator connection 

that are caused not by flowing currents of the load but 
by power supply distortion. Under real conditions these 
voltage harmonics can be caused by powerful nonlinear 
consumers connected closer to the power supply.

In SB with the use of fast Fourier transform (CFFT) 
transition into the frequency-domain is performed 
(Fig. 11, I), which makes it possible to determine voltage 
harmonic composition at the point of compensator con-
nection. Determination of voltage harmonics caused by 
harmonic distortion in the mains is performed in SB due 
to the analysis of the sign of the corresponding frequency 
component of active power [20]:

= + + +0 01 02 0nP P P ... P ,   (9)

where P01=IanUan+IbnUbn (Fig. 11, II), n – harmonic num-
ber, Ian, Ibn – cosine and sine harmonic components of 
current of the n-th harmonic, respectively, Uan, Ubn – co-
sine and sine harmonic components of voltage of the n-th 
harmonic, respectively.

According to [14, 15, 21], if the sign of the cor-
responding component coincides with the sign 
(Fig. 11, III), it means that the corresponding voltage 
harmonic is caused by mains distortions. If the signs 
do not coincide, it means that the corresponding volt-
age harmonic is caused by flow of nonsinusoidal cur-
rents of nonlinear load. Harmonics caused by mains 
distortion are eliminated from the obtained harmonic 
composition of voltage (Fig. 11, IV). After that, using 
inverse Fourier transform (ICFFT), transition to the 
time-domain is performed (Fig. 8, V). After these op-
erations voltage without harmonic components caused 
by distortion of supply mains voltage is supplied to CS 
by the compensator.

The following parameters (Table 1) were calculat-
ed for quantitative assessment of compensation modes: 
THDI and THDU, voltage drop ΔU at supply mains 
resistances, RMS values of variable components of 
active � rmsp  and reactive � rmsq  powers, constant com-
ponent Q of reactive power, coefficients of unbalance 
of current K2I and voltage K2U according to reverse 
sequence. Also, correspondingly, power ΔP of losses 
at active resistances of supply mains and efficiency h 
of the supply mains [24] without taking into account 
and taking into account (ΔPk, hk) current displace-
ment were calculated. Current displacement was tak-
en into account by increase of active resitance Rk at 
the k-th harmonic by k  times. The data are given for 
operation modes at PSC/PL=5 and PSC/PL=20.

The obtained data (Table 1) demonstrated that 
compensation with the use of VSBB and SB, in com-
parison with known compensation, made it possible 
to achieve better balancing of current signals with 
coefficient K2I=0.176 %. Also, it made possible to 
reach practically zero value of THDI and THDU, 
reduction of voltage drop at mains resistances ΔU; 
decrease of reactive power, variable components of 
active � rmsp  and reactive � rmsq  powers, decrease of losses 
and, consequently, increased efficiency. Such results 
are observed at operation modes with both significant 
(PSC/PL=5), and insignificant (PSC/PL=20) distortion 
of currents and voltages signals.

 

Fig.	9.	Mains	voltages	(I),	after	(II)	connection	of		
a	known	compensator	and	after	connection	of		

a	compensator	with	VSBB	and	SB	(III)

 

Fig.	11.	SB	for	voltage	signals	of	supply	mains

 

Fig.	10.	Mains	currents	(I),	after	(II)	connection	of		
a	known	compensator	and	after	connection	of		

a	compensator	with	VSBB	and	SB	(III)
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5. 2. At asymmetric supply voltage and asymmetric 
linear load 

A case of operation of power supply mains section with 
supply voltage unbalance and asymmetrical linear load was 
considered. During the research unbalance was introduced 
into phase A of supply voltage by the value of coefficient 
εA=0.885 and into phase С of the load by reduction of its 
active resistance by 10 % (Fig. 11, 12). In this case the unbal-

ance according to coefficient K2U of reverse sequence voltage 
made 4.03 %. 

Under such operation conditions (Fig. 11, 12) varia-
tion of operation indices similar to those in the previous 
case can be observed. Compensator with VSBB and SB 
enabled reduction of load current unbalance to K2U=1.72 % 
and support of THDI and THDU at practically zero level 
(Table 2).

Table	1	

Indices	of	APF	operation	in	mains	with	symmetrical	supply	voltage	and	symmetrical	linear	load

Parameter/
Mode

ΔU, V THDU, % THDI, % �
rmsq ,  VA � rmsp ,  VA Q, var ΔP, W ΔPk, W η, % ηk, % K2U, % K2I, %

PSC/PL=5

Before 
compensation

27.84 0 0 1.05·103 1.15·104 1.22·105 1.96·104 1.965·104 92.5 92.45 3.98 3.98

After 
compensation

31.4 11 9 1.99·104 1.14·104 100 1.386·104 1.386·104 94.7 94.69 4.1 1.76

After comp. 
with VSBB 

and SB
24.25 0.2 0.005 1031 3465 –85 1.383·104 1.383·104 94.72 97.72 4.25 0.176

PSC/PL=20

Before 
compensation

7.38 0 0 400 1·104 3.19·104 1374 1377 92.85 91.9 3.99 3.985

After 
compensation

6.55 0.5 5.06 1000 235 40 997 998 94.7 94.69 4.022 1.499

After comp. 
with VSBB 

and SB
6.52 0.3 2.1 500 928 –9 994 994 94.73 94.73 4.068 0.092

Table	2

Indices	of	APF	operation	in	mains	with	symmetrical	supply	voltage	and	asymmetrical	linear	load

Parameter/
Mode

ΔU, V THDU, % THDI, % �
rmsq ,  VA �

rmsp ,  VA Q, var ΔP, W ΔPk, W η, % ηk, % K2U, % K2I, %

PSC/PL=5

Before 
compensation

27.25 0 0 3500 1.2·104 1.18·105 1.89·104 1.9·104 92.8 92.05 4.03 4.87

After 
compensation

27.2 7.3 7.35 1.3·104 7700 450 1.36·104 1.362·104 94.71 94.7 4.15 1.72

After comp. 
with VSBB  

and SB
24.15 0.002 0.005 5510 5294 –93.5 1.35·104 1.35·104 94.72 94.72 4.32 0.17

PSC/PL=20

Before 
compensation

7.2 0 0 1002 3600 –3.07·104 1316 1316.4 94.4 94.4 4.01 4.9

After 
compensation

6.43 0.5 5.05 929 236.4 30 968.4 968.8 94.71 94.705 4.023 1.46

After comp. 
with VSBB  

and SB
6.42 0.05 0.4 1584 1566 –7 966.3 996.3 94.72 94.72 4.067 0.09
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