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1. Introduction

The languages of object-oriented programming (OOP)
have been very popular recently with software developers.
This is due to the fact that they allow the use of the advan-
tages of object-oriented approach not only at the stages of
design and construction of software systems, but also at the
stages of their implementation, testing, and support.

The ideas of OOP, when certain mathematical structures
are described by classes and objects, and the operations over
structures (differentiation, integration, etc.) as well as the
interaction between them is expressed through the methods
of classes, have been widely applied in the programming of
numerical methods of mathematical physics.

Numerical solution of boundary problems by grid meth-
ods (such as the finite element method) is realized in special
software packages that are divided into commercial and free.
Most of them can run on multiple operating systems.

Since at present there are no packages of application
software for solving the boundary problems by grid-free
methods, the purpose of present work is to propose some
ideas of OOP for the software implementation of algorithms
of one of such methods. This is executed on the example of a
mathematical model for the filtration consolidation of earth
dam with a conduit.

The experience of the Ukrainian and foreign dam con-
struction reveals a lot of accidents and damage of earth
dams associated with the existence of water conduits in the
body of a dam. The presence in the body of an earth dam
of conduits significantly impacts the nature of filtration in
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the near-pipe zone both at proper operation of a conduit and
especially when it is damaged. However, conducting field
experiments during design of the specified hydrotechnical
constructions (HTC) may require significant volumes of
financial resources. Therefore, the prediction of behavior of
HTC is sometimes more expedient to perform by the means
of mathematical modeling and computer simulation. This
will make it possible not to conduct field experiments and
to prevent the negative consequences of possible accidents.

2. Literature review and problem statement

The issue of destruction of the earth material of a dam
is very important because it implies the economic, environ-
mental and humanitarian threat. Paper [1] indicated that
half of the accidents on the earth dams is related specifically
to the filtration destruction.

There are statistics about the incidents and accidents
on the earth dams that are associated with significant
losses of material resources and, most importantly, human
victims [2]. That is why, predicting the HTC operation is
more expedient to conduct by the toolss of mathematical and
computer modeling.

Mathematical modeling of the processes of filtration
consolidation in soils taking into account the effect of heat-
salt transfer was examined in article [3]. However, it did not
consider the presence of a conduit in the body of the dam
and a possible zone of erosion. A two-dimensional problem
on the contact erosion of soil based on an earth dam was also




explored in paper [4], but it did not take into account the
impact of anthropogenic factors.

Mathematical models of the interconnected processes
of filtration consolidation, filtration destruction of soils and
the effect of heat-mass transfer were built and reviewed, for
example, in article [5]. However, this work examined only the
processes of contact erosion of soils and did not address the
processes in earth dams with engineering inclusions (water
conduits), moreover, it did not take into account the existence
of erosion zone (washout) of soil due to a damage in a conduit.
The use of RBF methods for numerical solution of mathemat-
ical models of the interrelated processes of seepage consolida-
tion taking into account the influence of heat-salt transfer was
described in paper [6]. However, the issue of data structure
that were used in the practical implementation of this method
was not dealt with in the indicated paper. Mathematical mod-
eling of the process of salt transfer at filtration and moisture
transfer in the case of moistening the saturated-unsaturated
ground array that contains drain was presented in article [7].

Let us consider a two-dimensional problem of filtration
consolidation in the body of an earth dam whose profile
is shown in Fig. 1. A conduit splits the dam into regions:
region Q, with boundaries T, T, T,, T, and free surface T,
and region Q, with boundaries T',, T, T's, I'y. Erosion zone is
the region Q, with boundaries I';,, T,,. Region Q, is the area
above the free surface.
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Fig. 1. Profile of the body of an earth dam with a conduit and
an erosion zone

We shall make the following simplifying assumptions:

1) erosion zone is fixed at present and does not change its
position and shape over time;

2) the Laplace equation holds for the heads in the erosion
zone.

Then the mathematical model of a two-dimensional
problem on the filtration consolidation of the body of an
earth dam with a conduit and erosion zone, considering the
creep of soil skeleton and the heat-salt transfer, can be de-
scribed by the following boundary problem:

— filtration consolidation equation [3]
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— the Laplace equation in erosion zone
Ah(X,t)=0,X=(x,y)€Q,,t>0;
— mass transfer equation

div(DPVT)+div(DVe, )= (u,Ve,) =6 %Ct + a;i
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XeQuQ,t>0i=1n;

— mass transfer equation in erosion zone
div(DPVT) +div(DVVc,)=0, XeQ,, t>0,i= 1,0
— mass transfer kinetics equation
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— heat transfer equation
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— heat transfer equation in erosion zone

div(AVT)=0, XeQ,, t>0;

— filtration law
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— initial conditions

h(X,0)= HO(X),W:O, XeQ
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(Vh,n) |1.5 =0, XeT;, (Vh,n) |1.6 =0, XeT,
h(x,y)=z, XeT,, [h(xy)]=0, XeTl,, 13)
for the concentration of salts
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for temperature
T(XYt) |1"0ul‘1ul"2ul"9 =
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where h is the head in the porous fluid; ¢;, N, is the concentra-
tion of a multicomponent chemical solution in the liquid and
solid phases; T is the temperature; u is the filtration velocity
vector; K(C, N, T) is the filtration coefficient tensor; K, is
the chemical osmosis coefficients tensor; K is the thermal
osmosis coefficients tensor; DO, D, are the convection diffu-
sion and thermal diffusion coefficients tensor; A is the tensor
of coefficients of effective thermal conductivity of moist soil;
p is the density of porous solution; ¢, is the specific heat ca-
pacity of porous solution; ¢, is the volumetric heat capacity
of soil; C,, is the concentration of saturation limit of chemical
substances in the liquid phase; 6 is the porosity of soil.

Free surface T, (depression curve) is described by rela-
tion [8]

o(X,0)=(y-h(X,))|;,=0 (16)

and kinematic boundary condition is satisfied on it [8]
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In the process of compaction of the soil, by reducing the
porosity, the upper limit of soil will sink. That is, coordinates
of the upper limit of soil will change over time. That is why
we assign the kinematic boundary condition at this border,
which allows us at any point in time to determine the posi-
tion of this border

I(x,t)
GUCE N | %}tld 1(x,0)=1,(x). (18)
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Here y=I(x,t) is the equation of the upper movable border
of the soil. To simplify, the kinematic boundary condition (18)
does not take into account the creep of soil skeleton.

The mathematical model (1)—(18) considers the possibili-
ty of the filtration destruction of the body of an earth dam [3],
as well as the influence of anthropogenic factors — tempera-
ture and multicomponent chemical solutions [9]. Equation (1)
describes a change in the excess heads in the porous fluid of
the body of a dam and it is derived in article [3]

The stated problem is a nonlinear boundary problem for
the system of elliptical-parabolic equations in the domains
with free borders. The study of such problems in terms of
correctness is given, for example, in paper [10]. However, the
given study considered a one-dimensional case only, and,
in addition, it did not take into account the existence of an
erosion zone.

The nonlinearity of the constructed mathematical mod-
els requires the application of numerical methods for the ap-
proximate solution of the corresponding boundary problems.
Among such methods, we shall note the finite element meth-
od (FEM) [8, 11] and a large group of grid-free methods,
which include, for example, the method of radial basis func-
tions (RBF) [11-15]. Note that the scientific literature re-
ports the research into accuracy of the RBF method only for
certain boundary problems (for example, articles [14, 15]).
At present, the only research tool of boundary problems is a
computational experiment — comparing the solutions by the
RBF method with the solutions by other methods, sufficient-
ly substantiated theoretically (for example, FEM), as was
demonstrated in paper [11].

The stated problem is a nonlinear boundary problem
for the system of elliptically-parabolic equations in the
domains with free borders. The study of such problems in
terms of correctness is given, for example, in paper [10].
However, the given study considered a one-dimensional
case only, and, in addition, it did not take into account the
existence of an erosion zone.

The authors of present research take into account the
presence of a conduit in the body of a dam and an erosion
zone in a two-dimensional case, formed as a result of its de-
struction. We also considered the impact of anthropogenic
factors.

3. The aim and tasks of the study

The aim of present work is to predict the operation of
HTC under condition of damage in a conduit by the meth-
ods of mathematical and computer modeling. The work’s
aim of prediction includes predictive values of heads and



their gradients in the body of a dam in different moments,
as well as the level of free surface. In addition, we shall take
into account the impact of physical-chemical factors on the
above-mentioned predictive values.

To achieve the set aim, the following tasks were formu-
lated:

— to build a mathematical model of the filtration consol-
idation of the body of an earth dam with a conduit taking
into account the influence of anthropogenic factors (tem-
perature, concentration of chemical substances in the liquid
and solid components);

—to consider creation of an erosion zone as a result of
damaging a part of the conduit;

— to find numerical solutions of the corresponding non-
linear boundary problem, which describes the constructed
mathematical model, by the RBF method,;

—to implement a software realization of the proposed
algorithms using the technology of OOP (to develop a cor-
responding software application that will make it possible
not to conduct field experiments). To perform a number of
computational experiments and to run their analysis.

4. Consideration of the saturated-unsaturated filtration

As a result of breaking down the pipeline, there was
formed a free surface at the level of underground water
(depression curve) T, which is a boundary between the
regions of partial saturation (aeration area) above depres-
sion curve Iy and complete saturation under T, filled with
a filtration flow.

In the region of partial saturation, the process of mois-
ture transfer is described by the following equation:

u(h)%: div(K(C,N, T)Vh)—
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i=1
where

“(h):aa\;lvzwgtw

is moisture capacity function;
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is hydraulic potential (head);

p=pg(h+y)

is fluid pressure;
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is water permeability coefficient;
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p is the fluid density, g is the acceleration of free fall, y is
the vertical coordinate, directed upwards, o, a,, b, are the
constants, determined experimentally [16].

At free surface T, function h(X,t) satisfies the condition
for the conjugation of heads [h] |r0 =0. Also,

el =0, [Tl =0, [a1l;,=0, [ds]l;,=0, [u]l;,=0.

4.1.Idea of a numerical method

The idea of a grid-free method of radial basis functions
(refer, for example, to [14], [15] and the bibliography on RBF
presented there) is as follows: we cover the closure of the
domain Q=QUT by principal points (x;,y;),j=1n. In this
case, any two points cannot coincide.

We cover the closure Q of region Q by collocation points
(x;,y,),i=1m. Denote

o={i:(x,y)eQ} v, ={i:(x,y)el}}, k=04

Introduce designations

rij:\/(xi_xj)2+(yi_yj)2y j=1n,i=1m m>n.

We shall search for the approximation values of functions
in the form

n

£(X.0)= 3 2,(1)0,(n.e),

=1

where g, is the form parameter, ¢,=¢(r;¢,) is the radial basis
function that depends on the distance

T = (X—xj)2+(y—yj)2, j=1n

and form parameter £,>0, z,(t)), j=1n are the unknown
coefficients to find the values of functions of heads, the
concentration of salts in the liquid and solid phases and tem-
perature, respectively, which depend on time only.

As a result of employing the method of collocation in
points (on which the RBF method is based) to find the
unknown coefficients, we obtain a Cauchy problem for the
system of ordinary non-linear differential equations.

We shall not present here the form of this problem be-
cause of its bulky representation and since we set other ob-
jectives for the present article. More details on its form can
be found in paper [11].

4.2. Algorithm for finding the coordinates of points
of free surface

Free surface of the region will shift over time. That is,
coordinates of the points at boundary I'ywill vary depending
on the temporal layer. That is why we need the algorithm in
order to find these coordinates in the appropriate moment.



Through the discretization of equation (17), we obtain

@ n®y=g o (X) - (X) ,
T

where ¢*—¢® is the displacement of free boundary on the
k-th temporal layer in the direction of external normal. Next,
we receive

0 (X) - (X) =

=%(US‘)(X)H?)(XHu(yk)(X)n(yk)(X)), Xel, (19)

where f®(X)=f(X,t,), t,=1-k,k=0,1,2,..., Tis the step of
discretization over time.

4. 3. Algorithm for finding the coordinates of internal
points

Since when displacing the upper limit some internal
points in the region may appear outside of the region, then it
is necessary to implement an algorithm in order to compress
internal points.

The best for this purpose is the compression of points by
the magnitude, which is inversely proportional to the square
of distance from the internal point to the nearest point of
free border T',. That is

(k) _ k)
ng)+(¢j —0)

X(k+1) _
i - k k)y2?
ST X XD)

ico, (20)

where

min(r(X®M, X)) =r(XP, XM, jey,,

PE€Yo

r(XO, XY = = x) 4 (v, -y,

5. Results of numerical experiment

In order to solve the set problem, we developed an appro-
priate software application in the integrated programming en-
vironment Microsoft Visual Studio 2008 in the language C#.

The benefit of software application is the use of standard
tools and functions for building graphs. That is why the user
is not required to install DirectX or OpenGL libraries.

We used a multi-quadratic radial basis function ¢(r,e) =
=/1+(re)* for numerical experiments with a parameter
of form £=107; the number of nodal and colocated points
equals 293. The process was investigated for 360 days, at the
10-day step in time.

We obtained the values of temperature, the concentration
of salts and gypsum in the solid and liquid phases, and the heads
over the period of 360 days, which can be shown graphically
(Fig. 2-6).

Numerical experiments demonstrate that the existence of
erosion zone in the body of a dam significantly affects the dis-
tribution of excess heads, especially in the erosion zone itself,
where the head is much smaller. The difference in excess heads
of an earth dam with a conduit and with a conduit and erosion
zone is shown in Fig. 7. The presence of erosion zone in the body

of a dam does not exert a significant impact on the concentra-
tion of salts in the liquid phase, it is only slightly reduced in the
erosion zone itself, while the concentration of gypsum in the
liquid phase will increase in the erosion zone. Regarding the
temperature, one can draw a conclusion that the existence of
erosion zone does not have a significant impact on the distribu-
tion of temperature in the erosion zone itself, however, the over-
all temperature across the entire dam slightly decreased. Ex-
periments reveal that the presence of erosion zone in the body of
a dam considerably affects the gradient of head. In the erosion
zone, it becomes larger (maximum difference of about 2). The
maximum relative difference between the distribution of excess
heads in the body of a dam with a conduit and with a conduit
and erosion zone is, respectively, about 71 % (Fig. 8).
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6. Discussion of results of examining the filtration
processes in the body of an earth dam

The research conducted, although on the example of
a modeling problem, demonstrate that in the process of
designing and operation of earth dams, serious attention
should be paid to the prediction of their (dams) work. This
is due to the fact that the filtration processes that occur in
the soil material of a dam significantly affect its failure-free
operation. In addition, it may pose the economic, environ-
mental, and humanitarian threat. Moreover, sometimes
these processes (filtration and filtration consolidation)
take place fast. That is why the tools of mathematical and
computer modeling, which were employed in the present
article, make it possible not only to assess the scale and
consequences of possible damage, but also to provide their
quantitative estimation. It saves considerable resources
and time to conduct field experiments. Present study is
the continuation of authors’ research into the problems
on filtration consolidation of earth dams with regard to
anthropogenic factors [3], but without taking into account
the existence in the body of a dam of engineering inclu-
sions. The possible shortcoming of this study is that at this
stage we consider a two-dimensional problem leaving the
consideration of a three dimensional problem as a direction
for further research of the authors. Erosion zone was also
regarded as constant over time. That is why in the future
we plan to solve a problem where the erosion zone dynam-
ically changes.

It should be noted that, in general, the issue of examining
the correctness of this problem’s statement from the point of
view of classical mathematics remains open and will form
one of the directions of future research.

7. Conclusions

1. We built a mathematical model of the filtration con-
solidation of the body of an earth dam with a conduit taking
into account the influence of physical-chemical factors. It is
a non-linear boundary problem for the system of elliptic-par-
abolic equations in the domains with free borders. The math-
ematical model constructed includes a consideration of the
existence in the body of the dam of engineering inclusions
(culverts), the impact of anthropogenic factors and the com-
paction of an array of soil.

2. We considered the presence of an erosion zone (as a
result of damage to the conduit). It was considered both in
the construction of the mathematical model (the examined
processes in the body of a dam and in the erosion zone are
described by different equations) and in the construction
of the body of a dam in the software. Taking into account
the erosion zones produces a significant effect on the over-
all picture of filtration processes occurring in the body
of a dam. In particular, the distribution of excess heads
in the erosion zone itself is much smaller (maximum head
drop to 6 m). Experiments demonstrate that the existence
of erosion zone in the body of a dam significantly affects
the gradient of head. It grows larger in the erosion zone
(maximum difference of about 2).

3. Numerical solutions of the corresponding nonlinear
boundary problem, which is described by the mathematical
model constructed, are found by the method of RBF. The
very idea of the RBF method is described in present arti-



cle. We also present a general form, which the solutions of
the desired functions take. The form of the approximated
solution for each particular desired function is found by its
substitution in the presented general formula.

4. In order to solve the problem on filtration consolida-
tion of an earth dam with a conduit and erosion zone, we
developed appropriate software application that enables to
carry out numerical experiments by varying the input data
and parameters of the form, as well as represent results of

these experiments in the form of charts and numerical data
according to each temporal layer.

We performed experiments, which indicate that the ex-
istence of erosion zone leads to a sharp rise in the gradients
of heads in this zone (maximum relative growth is 71 %).
Such growth in the gradients of heads leads to an increase in
the speed of porous fluid and, consequently, may lead to the
increase in erosion zone and to the destruction of the body
of the dam.
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