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works in the elastic or plastic stage. At present, there are 
estimations of the stressed-strained state of pipe-concrete 
that works on compression, bending and central elonga-
tion; however, evaluation of the stressed-strained state of 
pipe-concrete on a non-center stretch is lacking. The imple-
mentation of effective pipe-concrete structures in building 
industry necessitates a more detailed study into the features 
of work under load. Results of the study could be used in de-
signing the structures in which pipe-concrete elements work 
under stretching, in particular, the through columns, arches, 
trusses, etc. Thus, the task of the estimation of the stressed-
strained state of pipe-concrete that is stretched off-center 
appears relevant.

2. Literature review and problem statement

It was established by experimental data [4] that in the 
pipe-concrete elements the concrete core works at stretching 
jointly with a pipe-shell. In this case, with an increase in the 
level of concrete load, complex stressed-strained state in the 
steel and concrete constantly changes [5]. The magnitude 
of stress is most significantly affected by the reinforcement 

1. Introduction

There are several different stages of the stressed-strained 
state in the elements with indirect reinforcement, as well 
as in other structures, from the onset of loading up until 
destruction. These states are characterized by different mag-
nitude and character of deformations and stresses.

Based on the studies already conducted [1–3], when char-
acterizing the boundary state of the elements with indirect 
reinforcement, it is possible to argue that at low loads the shell 
deforms elastically while the concrete starts to exhibit plastic 
deformations. With an increase in the load, cracks form in 
concrete, the lateral pressure between the concrete and the 
shell increases. Upon further increase in loading, longitudinal 
stresses in the shell reach yield point, and there occur cracks 
in the concrete core in the planes, perpendicular to the plane 
of applied effort. Under this state, an element with indirect 
reinforcement is capable of receiving growing load. The 
boundary condition is determined by the magnitude of critical 
deformations. In the case of pipe-concrete, limit deformations 
imply yield point of the steel shell.

During operation of stretched elements made of pipe-con-
crete, there may appear conditions under which a structure 
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coefficient and mechanical characteristics of materials [1] 
(deformation module and Poisson ratio). Characteristics E 
and ν are not constant magnitudesn. With an increase in 
loading, elastic characteristics change magnitude.

Articles [6, 7] described theoretically substantiated 
procedures for studying the operation of pipe-concrete 
structures under load. Concrete is characterized by a non-
linear dependence between stresss and deformations at all 
levels of loading [8]. Curvilinear character of deformation 
dependence on stresses is explained by the development of 
fracture of concrete at the micro level [9]. The work of steel 
that the shell is made of is not confined to the work in the 
elastic stage as well [10].

Description of the stressed-strained state of structures 
whose material deforms nonlinearly in a general case runs into 
significant mathematical complexities [11]. For the elements 
with indirect reinforcement and, specifically, in pipe-concrete 
elements, these circumstances are complicated by the con-
crete being exposed to the conditions of the triaxial stressed 
state [12]. This manifests itself regardless of the material of 
the outer shell [2, 13]. Most discussions addressed the issue 
of the joint work of the core and the shell at the boundary of 
contact [3]. In addition, still unresolved up to now is the issue 
of defining a single criterion for the strength of concrete core 
in the composition of pipe-concrete [14].

3. Research goal and objectives 

The goal of present study is the development of a proce-
dure for evaluating the stressed-deformed state of pipe-con-
crete elements that are stretched off-center from the onset of 
loading and up to their reaching the boundary state.

To accomplish the formulated goal, the following tasks 
have been set:

– based on the apparatus of the theory of mechanics of 
the deformed body, to develop an algorithm of determining 
the components of the stressed-deformed state of pipe-con-
crete elements that are stretched off-center;

– to apply the developed algorithm for determining 
the bearing capacity of pipe-concrete elements that are 
stretched off-center and to compare with experimental data.

4. Procedure for the estimation of the stressed-deformed 
state of pipe-concrete elements at stretching

In order to solve the set task, by employing the mathemat-
ical theory of elasticity we obtained a solution for the elastic 
stage of work of the stretched element, based on paper [12]. 
The stressed-deformed state of pipe-concrete elements that 
are stretched off-center is the sum of the stressed states of the 
element stretched centrally [15] and of the bent element. In 
this case, the latter works under conditions of pure bending. 

The following prerequisites underlie the procedure:
– concrete is considered to be an isotropic material with 

elastic plasticity;
– a linear dependence is considered to exist between 

stresses and deformations;
– the hypothesis of flat cross-sections is considered to hold;
– geometrical and physical characteristics of the utilized 

materials lengthwise of the element are accepted to be con-
stant;

– it is considered that the pipe and the concrete deform 
jointly;

– a two-digit stress epure in the first variant of the 
boundary condition on strength of the concrete and the pipe 
in the compacted and stretched zones has the shape of a tri-
angle, while in the second variant – the shape of a rectangle;

– the static conditions are maintained;
– the shape of the bending of the element axis is accepted 

to be flat and corresponds to a sinusoid;
– concrete in the stretched zone is not taken into account 

in the work of the cross section; concrete of the compacted 
part of the cross-section is under conditions of volumetric 
compression.

We shall consider the stressed-deformed state of 
pipe-concrete elements working under pure bending for the 
two variants of boundary condition by strength. 

In the first case, deformations in the most compressed 
fibers of cross-section reach values that match yield point of 
steel of the pipe. For this purpose, we shall split the section 
into three regions (Fig. 1). 
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Fig.	1.	Estimated	diagram	of	the	cross	section	of		
a	pipe-concrete	element	that	works	under	bending

In line with the rule of superposition, equally acting in-
ternal efforts of the compressed and stretched zones of cross 
section is the sum of internal efforts of separate regions, and 
the moments are the sum of internal moments. Mathematical 
essence of internal effort for each region separately is the 
volume of some spatial figure. Moment is determined as the 
product of the corresponding volume Vz on the shoulder (the 
distance from the center of gravity of the body of volume Vz 
to the point of coordinate origin). 

For section 1 (compressed concrete region), we obtain:

( )2 2 3cos2 cos sin sin
;

1 cos 2 2 3
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= + + + α  
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For section 2 (compressed pipe-shell region), we obtain:

( )2
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For section 3 (stretched pipe-shell region), we obtain:
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We shall write the static conditions 0,=∑ zN  0=∑ zM  
in the following form:

1 2 3 0;= + − =∑ zN N N N  (7)

1 2 3 0.= + + − =∑ zM M M M M  (8)

By substituting equations (1), (2) and (3) in (4), we shall 
obtain:

( )
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where s
zσ  is the stress in the stretched zone of the pipe; ,b

z
′σ ,  

s
z
′σ  are the stresses in the compressed zone of the concrete 

and the pipe-shell;

( ) 2 3cos cos sin sin
;

2 2 3

π − α α α α α
ω = + +1

 
(11)

3cos sin sin 4
.

3 8 32
α α π − α α

ω = + +2
 (12)

Using the equation of compatibility of deformations, it is 
possible to write:

.b s
z zn′ ′σ = σ   (13)

Fig. 1 shows that σs
z  can be expressed through ′σs

z  in the 
following way:

;
cos cos

s s
z z

s s s sr r r r

′σ σ
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( )1 cos
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Substitute equation (15) in equations (9) and (10), we 
shall obtain:
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We determine s
z
′σ  from equation (17):
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We determine angle α from equation (16):

1cos .
ω

α = −
πd

s

s

n r
 

(19)

In the second case, the cross-section of a pipe-concrete 
element is divided into three regions, similar to that in the 
first variant of boundary condition. 

For section 1 (compressed concrete region), we obtain:

3
2 1 cos

2 ;
3

b
1 s zN r ′

 + α
= σ     (20)

3 sin 4
2 sin .

4
b

1 s zM r
α = σ α −  

 (21)

For section 2 (compressed pipe-shell region), we obtain:

( )2 ;s
2 s s zN r ′= d σ π − α  (22)

22 sin .s
2 s s zM r ′= d σ α  (23)

For section 3 (stretched pipe-shell region), we obtain:

2 ;s
3 s s zN r= d σ α  (24)

22 sin .s
3 s s zM r= d σ α  (25)

We substitute equations (20)–(25) in the static condi-
tions (7), (8), and we obtain:
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3
2 1 cos

2
3

2 2 0;

b
z s z

s s
s s z s s z

N r

r r

′

′

 + α
= σ +  

+ d σ π − α − d σ α =

∑  

(26)



Applied mechanics

7

3

2 2

sin 4
2 sin

4

2 sin 2 sin ;

b
z s z

s s
s s z s s z

M r

r r M′

α = σ α − +  

+ d σ α + d σ α =

∑
 (27)

where
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;
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By using the equations of compatibility of deformations, 
as well as in line with Fig. 1, ,σs

z  ,′σs
z  σb

z  can be expressed 
through ′σs

z :

.s s
z z

′σ = σ  (30)

Substitute expression (13) and (30) in equations (26) 
and (27), we shall obtain:
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In the case of a two-digit epure stresses at off-center 
stretching, a neutral line slightly changes its position, which 
is why we consider angle α to remain unchanged until the 
destruction, and the value of angle α is determined from (19). 

Therefore, stresses and deformations of the pipe-concrete 
elements that are stretched off-center will equal to:

a) in the most stretched fiber;
– at stage І:

4 1
;= +σ σ σs s s

z z z  (34)

4

1
;

σ
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s
zs

z
sE  (35)

– at stage ІІ:

5 3
;= +σ σ σs s s
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5

2
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σ
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s
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z
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b) in the most compressed fiber;
– at stage І:
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Thus, we obtained the value of stresses and deformations 
of the boundary fibers of cross-section at pure bending. The 
values of stresses and deformations of the appropriate fibers 
at central stretching is determined by procedure [15]. Com-
plete stressed-deformed state by the transverse cross section 
of the pipe-concrete element that is stretched off-center is 
equal to the sum of the stressed-deformed states at axial 
compression from effort N and pure bend from the bending 
moment M.

5. Comparison of theoretical and experimental data on 
the pipe-concrete elements that are stretched off-center

In order to compare with the experimental research, 
we employed pipe-concrete elements from article [1]. We 
accepted as a theoretical bearing capacity the magnitude 
ofstretching effort, which matched the occurrence in the 
most compressed, or stretched, fibers of the estimated cross 
section of deformation of yield strength of the steel of a 
pipe-shell. Comparison of the theoretical and experimental 
bearing capacity is given in Table 1.

Table	1

Comparison	of	the	experimental	and		
theoretical	values	of	bearing	capacity

Series of 
a sample

Eccentricity, mm
Bearing capacity, kN Differ-

ence, %Experimental Theoretical

TR-1 50 204 214 –5.1

TR-2 50 144 154 –7.0

TR-3 25 221 241 –9.1

TR-3 50 149 159 –7.0

TR-4 50 112 122 –9.0

TB-11 50 224 244 –9.3

TB-21 50 158 178 –13.2

TB-31 25 243 263 –8.3

TB-31 50 164 174 –6.5

TB-32 50 164 173 –6.0

TB-33 50 164 174 –6.2

TB-41 50 124 134 –8.2

Average, % –7.91

Fig. 2 shows a characteristic diagram of the change in the 
stressed-deformed state of pipe-concrete elements that are 
stretched off-center.
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An analysis of the change in the stressed-deformed state 
of the pipe-concrete elements that are stretched off-cen-
ter revealed a common character of deformation for all 
the examined samples. Thus, the character of dependence 
N–ε at the initial stage displays an almost straight shape. 
Noticeable increase in the longitudinal and transverse de-
formations from the effort is observed at εaxial=(50–80)∙10-5 
and εlateral=(10–25)∙10-5. At this point, the curve N–ε 
has a pronounced curvilinear character. At reaching  
εaxial=(200–220)∙10-5, which corresponds to yield point of 
steel of the pipe, there is an increase in εlateral. In the longitu-
dinal and transverse directions the growth of deformations 
occurs in proportion, while the dependence is of a curvi-
linear character. Noteworthy is the fact that almost all the 
epures of deformation are curvilinear, that is, the hypothesis 
on the flat cross sections held.

6. Discussion of results of applying  
the proposed procedure for estimating bearing capacity of 
the pipe-concrete elements that are stretched off-center 

The obtained functional dependences make it possible 
to establish the magnitudes of stresses and deformations 
in the pipe-shell and in the concrete of pipe-concrete ele-
ments that are stretched off-center depending on geomet-
rical characteristics and physical-mechanical properties of 
the element materials. The procedure takes into account 
the elastic stage of work of the materials considering 
the volumetrically stressed state and an increase in the 
loading from zero to destruction. The disadvantage of 
this procedure is that it does not account for the plastic 
properties of the applied materials. The benefit of the 
developed procedure is the proposed simplified method 

for solving the system of defining equations based on 
the hypothesis about a joint work of the components of 
pipe-concrete (steel shell and concrete core) at all stages 
of loading with an effort that is stretched off-center. This 
procedure is implemented through a successive solution 
of separate equations. The existing evaluation procedures 
of the stressed-deformed state of stretched pipe-concrete 
elements do not take into account the negative impact of 
bending moment, which is an additional force factor under 
conditions of the off-center stretching.

The proposed procedure of evaluation of the stressed- 
deformed state males it possible to determine with a suf-
ficient accuracy the bearing capacity of pipe-concrete ele-
ments that are stretched off-center with different geomet-
rical parameters and mechanical properties. Results of the 
calculation of bearing capacity satisfactorily match exper-
imental data.

In order to increase the accuracy of theoretical results 
of the proposed procedure, it is necessary to improve it. 
Failing to consider plastic properties of steel and concrete 
has led to theoretical overestimation of the bearing capacity 
of pipe-concrete elements that are stretched off-center in 
comparison with experimental data. Further development 
of the proposed methodology should take into account the 
development of plastic properties of steel and concrete.

7. Conclusions

1. We developed a procedure for evaluating the stressed-
strained state of elements that are stretched off-center, which 
make it possible to determine the value of bearing capacity, 
stresses and deformations in the shell and the concrete core 
depending on geometrical characteristics and physical-me-
chanical properties of the materials. Its special feature is 
in the fact that in order to to determine components of the 
stressed-strained state, the system of equations is solved not 
by selecting a particular function but rather by consistent 
solution of separate equations. It is shown that the procedure 
for determining components of the stressed-deformed state 
of pipe-concrete elements that are stretched off-center is 
significantly simplified due to this special feature.

2. We compared experimental values of the bearing ca-
pacity of pipe-concrete elements that are stretched off-cen-
ter with theoretical values that were calculated by the 
developed procedure. Analysis of the results demonstrates 
that deviations were equal to 7.9 %. Such a convergence of 
comparison results confirms the hypothesis about joint work 
of the steel shell and the concrete core up until the moment 
when a pipe-concrete element that is stretched off-center 
reaches maximal bearing capacity.



Applied mechanics

9

4. Pents, V. F. Eksperymentalni doslidzhennia betonnoho yadra trubobetonnoho elementa pry yoho roboti na roztiah [Text] / 

V. F. Pents, P. V. Turzhanskyi // Resursoekonomni materialy, konstruktsii, budivli ta sporudy. – 2005. – Issue 13. –  

P. 237–241.

5. Li, G. C. Finite Element Analysis of Middle Long Columns of High-Strength Concrete Filled Square Steel Tube with Inner CFRP 

Circular Tube under Axial Load [Text] / G. C. Li, C. Y. Di, S. J. Li // Advanced Materials Research. – 2010. – Vol. 163-167. – 

P. 2199–2202. doi: 10.4028/www.scientific.net/amr.163-167.2199 

6. Yang, Y.-F. Behaviour of concrete filled steel tubular (CFST) stub columns under eccentric partial compression [Text] / Y.-F. Yang, 

L.-H. Han // Thin-Walled Structures. – 2011. – Vol. 49, Issue 2. – P. 379–395. doi: 10.1016/j.tws.2010.09.024 

7. Krishan, A. L. Steel pipe-concrete columns with preliminary pressed core, Applications, Opportunities [Text] / A. L. Krishan // 

Proceedings of the International Conference held at the University of Dundee. – Scotland, UK, 2005. – P. 725–733.

8. Ichinohe, Y. Elasto-plastic behavior of concrete filled steel circular columns [Text] / Y. Ichinohe, T. Matsutahi, M. Nakajanma,  

H. Ueda, K. Takada // The International Speciality Conference on Concrete Filled Steel Tubular Struktures. – Fukuoka, 2009. – 

P 131–136. 

9. Non-destructive evaluation of reinforced concrete structures. Vol. 1. Deterioration processes and standard test methods [Text] / 

C. Maierhofer, H.-W. Reinhardt, G. Dobmann (Eds.). – Cambridge: Woodhead publishing limitid, 2010. – 264 р.

10. Bhandari, H. Analysis and Design of Steel and Composite Structures [Text] / H. Bhandari. – Scitus Academics LLC, 2015. – 269 p.

11. Negahban, M. The Mechanical and Thermodynamical Theory of Plasticity [Text] / M. Negahban. – CRC Press, 2012. – 784 p.

12. Geniev, G. A. Teoriya plastichnosti betona i zhelezobetona [Text] / G. A. Geniev, V. N. Kisyuk, G. A. Tyunin. – Moscow: Stroyizdat, 

1974. – 316 p.

13. Storozhenko, L. I. Raschet trubobetonnyh konstrukciy [Text] / L. I. Storozhenko, P. I. Plahotnyi, A. Ya. Chernyi. – Kyiv: 

Budivelnyk, 1991. – 120 p.

14. Pan, Y. Discussion on the definition of strenght of concrete filled steel tubes [Text] / Y. Pan, S. Zhong // The International Speciality 

Conference on Concrete Filled Steel Tubular Struktures. – Fukuoka, 2008. – P. 7–12. 

15. Pents, V. F. Napruzheno-deformovanyi stan trubobetonnykh elementiv, shcho pratsiuiut na tsentralnyi roztiah [Text] / V. F. Pents, 

D. A. Yermolenko, P. V. Turzhanskyi // Mizhvidomchyi naukovo-tekhnichnyi zbirnyk naukovykh prats (budivnytstvo). – 2006. – 

Issue 65. – P. 228–235.




