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Розглянуто задачу визначення картини усталеного 
трифазного режиму руху зернистого заповнення у попе
речному перерізі циліндричної камери, що обертається 
навколо горизонтальної осі. Застосовано аналітикоекспе
риментальний метод дослідження. Визначено положення 
квазітвердотільної зони невільного падіння і зсувного шару 
заповнення та розподіл швидкостей у нормальних перері
зах потоків. Виявлено залежності характеристик карти
ни руху від параметрів системи. Результати розрахунку 
картин добре збігаються із експериментальними даними

Ключові слова: зернисте заповнення, обертова камера, 
трифазний режим руху, картина руху, візуалізація

Рассмотрена задача определения картины установивше
гося трехфазного режима движения зернистого заполнения 
в поперечном сечении цилиндрической камеры, вращающей
ся вокруг горизонтальной оси. Применен аналитикоэкспе
риментальный метод исследования. Определено положение 
квазитвердотельной зоны несвобод ного падения и сдвигово
го слоя заполнения и распределение скоростей в нормальных 
сечениях потоков. Выявлены зависимости характеристик 
картины движения от параметров системы. Результаты 
расчета картин хорошо совпадают с экспериментальными 
данными
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1. introduction

Various drum-type machines remain basic equipment for 
the multi-tonnage processing of granular materials in many 

industrial sectors. This is predetermined by a number of ope-
rational and economic advantages of such equipment.

The utmost simplicity of the design of drum machines, 
however, is paradoxically combined with the behavior of the  
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treated medium that is extremely difficult to describe. The 
joint action of the gravitational and distorted centrifugal 
force fields results in the increased complexity of the flow 
of granular fill of a rotating chamber, which considerably 
complicates modeling of characteristics. The lack of a gene-
rally accepted technique for predicting the behavior of filling 
substantially limits effectiveness of the implementation of 
technological processes when using such equipment.

Performing the working processes of machines of the 
drum type is predetermined by the character of the flow 
mode of granular fill in the cross section of a rotating cham-
ber. That is why establishing the regularities of change in the 
geometric and kinematic pattern of such a flow appears to be 
a rather relevant task.

2. literature review and problem statement

Motion modes of granular fill of the rotating cylindrical 
chamber substantially affect the implementation of technologi-
cal processes and energy efficiency of the drive in the machines 
of the drum type [1]. Modeling the hydrodynamics of such flow 
regimes is of interest when studying various rotor systems [2].

The applied relevance of the task on predicting workflows 
of this common technological equipment has been attracting 
increased research attention to describing the behavior of the 
treated granular medium. Significant complexity of the given 
problem calls for improvement in the traditional techniques, 
as well as necessitates application of the new theoretical and 
experimental research methods.

There have been many attempts aimed at solving nume-
rically the problem on determining parameters of the flow 
patterns of granular fill in a rotating chamber. 

A discrete elements method (DEM) was most often em-
ployed for numerical studies.

In paper [3], by using the DEM method, authors per-
formed simulation of the motion patterns of filling the cham-
ber that rotated at slow velocity with particles of lamellar 
form. While numerically studying the influence of roughness 
of the chamber walls on the flow regimes, based on the given 
method, authors of [4] determined motion patterns of gra-
nular fill in the chamber that rotates in a wide range of veloc-
ity’s. They examined parameters of a series of flow modes – 
from crumbling to a centrifuge mode. The effect of change in 
the speed of rotation in a narrow low range, a degree of filling 
the chamber with wet particles and their adhesion, on the 
medium motion pattern was investigated in [5] applying the 
DEM method. Such a method was employed in [6] in order 
to determine the influence of roughness of the end walls of 
rotating chamber on the flow patterns of fill comprising the 
non-spherical particles, mainly of a cubic shape. A multiscale 
model was applied in the DEM method in [7] for determining  
the impact of the crushed material on the flow patterns of 
granular inside-the-chamber milling fill of the tumbling 
mills. In article [8], authors applied the DEM method for the 
systems of non-spherical particles in order to determine flow 
patterns of granular fill of the rotating chamber. Using gra-
phics processors in the DEM method allowed authors in [9] 
to determine the influence of relative size of the particles on 
velocity distribution of flow patterns of the fill in a chamber 
that rotated at low velocity. In [10], the DEM method was 
exploited to study the impact of shape of non-spherical par-
ticles on velocity distribution of flow patterns of the fill in 
a chamber that slowly rotated. By using the DEM method, 

authors in [11] investigated the effect of shape of lamellar 
particles and roughness of the end walls of short chambers 
on the fill flow patterns. In [12], a model was employed of 
the built-in deformed solid spherical particles in line with 
the DEM method to study flow patterns inside a rotating 
chamber filled with polygonal particles. The authors conside-
red influence of the shape of particles on the distribution of 
flow velocities. The DEM method was also applied in [13] 
in order to model flow patterns of a rotating chamber’s fill 
consisting of ellipsoidal particles depending on the particle 
shape and rotation velocity. The authors investigated overfill 
modes, as well as the cataract flow of filling.

Several algorithms were proposed for determining nu-
merically the flow patterns of granular fill in the rotating 
chamber based on the improved DEM method.

In paper [14], authors applied a new variant of the DEM 
method to study the flow patterns of a rotating chamber’s 
fill consisting of convex non-spherical particles. A numeri-
cal Gilbert-Johnson-Keerthi algorithm was proposed for 
the simulation of flow of spherical, cylindrical, cubic, and 
tetrahedral particles. [15] describes using the DEM method 
developed for systems with arbitrary geometry and bounda-
ries, which is based on the wide use of graphics processors. 
By applying such an algorithm, the authors obtained flow 
patterns of the fill consisting of ellipsoidal particles in the 
chamber that rotated at low velocity. The DEM method was 
complemented in [16] with a model of computational fluid 
dynamics in order to study interaction between non-spheri-
cal particles, in particular, for determining flow patterns of 
the fill in a rotating chamber. The authors substantiated 
prospects for further development of the given method.

A number of numerical algorithms were also developed, 
alternative to the DEM method, for the simulation of granu-
lar fill’s flow in a rotating chamber.

In paper [17], authors employed a molecular dynamics 
algorithm to explore behavior and distribution of velocities 
of the active sliding layer and the solid-state zone of granu-
lar fill in a slow-rotating chamber. In [18], authors applied 
a finite element method in the Euler statement with the 
Mohr-Coulomb elastic model to identify flow patterns and 
velocity fields of granular fill in a rotating chamber. The 
authors investigated six motion modes in a wide range of 
change in the chamber’s rotation velocity – from the offset 
to a centrifuge mode. The Euler’s multiphase model of the 
method for computational fluid dynamics was applied in [19] 
in order to determine flow patterns of the chamber’s fill de-
pending on a change in the rotation velocity and the degree 
of filling. In [20], authors examined the use of a finite element 
method’s large-scale model and its advantages in comparison 
with the DEM method, in order to determine the flow of 
granular fill in a slow-rotating chamber.

The initial conditions of the problem under considera-
tion are, however, undefined in advance while the boundary 
conditions are of a non-physical nature. This imposes a sig-
nificant constraint on the accuracy of numerical calculations 
whose results do not meet practical needs. 

Flow patterns of granular fill in the rotating chamber 
were also investigated by experimental methods. 

To determine geometrical and velocity characteristics 
of the flow, researchers mostly employed a method of visual 
analysis of flow patterns in the cross section of a chamber 
using video recording.

By applying a method of high-speed video recording, 
authors in [21] studied flow patterns of granular fill in the  
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cross-sectional and axial-sectional areas of a rotating chamber, 
depending on the velocity of rotation and relative size of the 
particles. Video recording with subsequent image processing 
was used in [22] in order to study flow patterns of the rotating 
chamber’s fill consisting of lamellar particles, depending on 
a change in the velocity of rotation and the degree of filling. 
In [23], authors employed a high-speed video recording to de-
termine flow patterns of the steel-ball fill of a rotating chamber. 

The limited possibilities for visualization predetermined 
the application of tomographic methods to analyze behavior 
of granular fill of the rotating chamber. A particle tracking 
method was used in [24] in order to study flow patterns in 
the rotating chamber of granular fill with a quid dispersed 
phase. The authors examined the influence of change in the 
degree of filling the chamber, in the rotation speed, and in the 
viscosity of liquid phase, on the fill’s flow modes.

At the same time, technical difficulties in the implementa-
tion of hardware control over behavior of the granular fill in 
a rotating chamber, due to the limited resolution capacity of 
the measuring equipment, reduce the reliability and accuracy 
of the results obtained in the course of experimental studies. 

Given the limited possibilities of numerical and ex-
perimental methods, a comparison of the results of their 
application was conducted in determining geometrical and 
velocity characteristics of the flow patterns of granular fill in 
a rotating chamber.

In paper [25], authors compared results of research into 
flow patterns of the fill of a chamber under the modes of flow 
by overfill, cascade and cataract flow, which were obtained 
by the numerical method of DEM and by the experimental 
method of modeling using a soft sensor. Comparison of the 
results of computing applying the DEM method and by digital 
visualization of velocity distribution of flow patterns of the 
ball fill of a rotating chamber is given in [26]. In [27], authors 
investigated geometrical and velocity characteristics of flow 
patterns of granular fill of the rotating chamber, a wide range 
of variations of parameters of the system, which were obtained 
when applying the Euler’s multiphase model of the DEM 
method and by running a visual analysis of data acquired from 
high-speed video recording. The results of determining a posi-
tion of the free surface of flow patterns of mono- and two-dis-
persed granular fill in a slow-rotating chamber, which were 
obtained by using video recording and calculated by applying 
the DEM method, are given in [28]. In paper [29], authors 
compared results of research into flow patterns of the ball fill 
of a rotating chamber under cascade, cataract, and centrifuge 
modes, which were received by employing the method of com-
putational fluid dynamics in the Euler’s statement and visual 
analysis of video recording data. Similar methods of numerical 
and experimental studies were applied in [30]. The authors 
conducted a comparative assessment of modeling the flow 
patterns of granular material at a small fill of a slowly-rotating 
chamber with protruding elements on the surface.

Wide application of numerical and experimental me-
thods, however, demonstrated limited possibilities of studies 
into behavior of the granular fill of a rotating chamber. Con-
sequently, it appears advisable to bring in analytical methods 
that would make it possible to receive universal results with 
a high level of generalization. The use of such methods, how-
ever, is substantially complicated due to the characteristic 
features of the problem under consideration. This is related 
to the complexity of the geometry of the flow, a large defor-
mation of the free boundary, dilatancy of the medium, and the 
mobility of a solid wall.

As a result, attempts at employing the analytical methods 
for determining a granular flow were limited to only one 
extremely simplified problem. It came down to modeling  
a two-phase mode of the fill flow [31] when a quasi-solid zone 
and a zone of tossing with falling form in the cross section 
of a chamber. Such an approach is based on the concept of 
a separate element of the chamber’s fill, isolated from the 
surrounding medium, which moves only under the action of 
mass forces of gravity and centrifugal inertia, as well as the 
reaction of the bounding surface. According to this hypo-
thesis, interaction between the elements is not taken into 
account. Due to extreme simplification, such a model allows 
simple and comprehensive formalization of the flow of idea-
lized medium. The actual flow mode of granular fill in a ro-
tating chamber, however, is three-phase, with the formation 
of active sliding layer near the free surface.

The difficulties in modeling the dynamic behavior of 
granular fill in a rotating chamber are complemented by 
rheological aspect. Paper [32] estimated the complexity and 
practical importance of determining adequately the rheo-
logical properties of granular media for the case of solving  
a problem on determining the fill’s flow in a rotating chamber 
by applying an analytical method. It is indicated that the 
rheological characteristics of such environments significantly 
vary depending on the type of flow.

However, the insurmountable computational difficulties 
and low reliability of hardware control limit effectiveness of 
the known methods for determining geometrical and kine-
matic parameters of the chamber’s granular fill flow. That 
is why the obtained results of numerical calculations and 
experiments approach actual flow modes of the examined 
medium only by qualitative characteristics and external fea-
tures. In addition, they are relevant mainly to a slow-rotating 
chamber. Such data are substantially divergent in terms of 
quantitative indicators. 

Given the above, at present, there are no created genera-
lized analytical models of dynamic characteristics for the 
flow patterns of a rotating chamber’s granular fill taking into 
account variations in a wide range of geometric and rheologi-
cal parameters of the system. The lack of such models is par-
ticularly evident for the case of a non-low rotation velocity 
and the degree of filling the chamber.

3. the aim and objectives of the study

The aim of present work is to construct a mathematical 
model for the pattern of a steady flow of granular fill in the 
cross section of a cylindrical chamber that permanently ro-
tates around a horizontal axis. This would make it possible 
to specify dynamic parameters of the fill flow and to predict 
effectiveness of the implementation of technological proces-
ses for processing granular medium in the rotating chamber.

To achieve the aim, the following tasks have been set:
– to perform an analytical-experimental modeling of the 

characteristics of a three-phase pattern of the flow mode of 
granular fill in the cross-sectional area of a rotating chamber; 

– to identify position of the flow zones and velocity dis-
tribution in the fill flows;

– to establish conditions when the mass particles of the 
fill motion zones reach extreme values;

– to determine the conditions for changing and reaching 
extreme values of geometrical and kinematic parameters of 
non-free-falling zones and sliding layer of the fill;
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– to clarify the influence of relative size of the element of 
a granular fill of the chamber on the geometrical and kine-
matic characteristics of the sliding layer.

4. technique for studying behavior of the chamber’s fill

4. 1. general conceptual approach to the research me-
thodology

A granular fill of the rotating chamber was approximated 
with a multiphase polydispersed system. We employed a hy-
pothesis on the continuity of the filling medium. The state of 
such a medium was described by characteristics averaged by 
volume, which are continuously distributed in space. 

Rheological properties of the fill’s granular media were for-
malized with a plastic model. It was assumed that resistance to 
displacement at the point of filling consisted of the resistance 
due to internal friction and adhesion, and is expressed by de-
pendence that occurs when the equilibrium is broken.

τ s jn n k= +tg ,

where sn and τn are the normal and tangent components of 
pressure, n is the normal to the sliding surface, j is the angle 
of internal friction of the granular medium, k is the adhesion 
coefficient of the medium.

To determine the motion of the sliding layer at strict 
approach, we applied a system of equations (1)–(5) status of  
a two-dimensional state of the granular medium
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where sx, sy and τxy = τyx are the components of stress tensor; 
Vx and Vy are two projections of the velocity vector; Fx and  
Fy are the projections of mass forces; x and y are the coor-
dinates; γ is the volumetric weight of the medium; g is the 
gravitational acceleration. 

The first two equations of system (1)–(5) are the equa-
tions of medium behavior. In a general case, they are the 
equations of a two-dimensional motion. At rest, when Vx = 0 
and Vy = 0, (1) and (2) are the equations of equilibrium. The 
third equation of the system is a condition for boundary 
equilibrium. The fourth equation is the condition of medium 
continuity. The fifth equation expresses the condition for 
a match between the direction of maximum rate of shear defor-
mation and one of the families of sliding lines (active family).

4. 2. applied methods for modeling flow patterns of the 
fill in the cross section of a chamber

We adopted a three-phase scheme of the granular fill’s 
steady flow in the cross section of a chamber that permanently 
rotated around its horizontal axis (Fig. 1). Flow pattern of the 
fill in the cross section of the chamber contains three regions. 
A passive quasi-solid-body flow occurs in region I without a 
relative displacement of the fill’s elements and sliding along 
the surface of the chamber. A non-free fall takes place in 
region II. Region III corresponds to the active sliding layer.

We applied a method of calculating the stressed-defor-
med state in order to solve analytically two problems on the 
behavior of the fill of a rotating chamber (Fig. 1).

Paper [33] determined position of the border of transition 
between region I and II, based on the approximate solution of 
equilibrium equations of the granular medium (1)–(3). Such 
a boundary was considered the sliding line of flow pattern 
during transition of the fill’s elements from circular to quasi- 
parabolic trajectories. Coordinates of such line AB (Fig. 2, 3) 
can be calculated from expressions:

Fig.	1.	General	calculated	schematic	of	flow	pattern	of	the	fill	in	the	cross	section	of	a	rotating	chamber
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Paper [34], based on the approximate solution to the flow 
equations of granular medium (1)–(5), determined velocity 
distribution along the normal to the direction of flow of the 
fill’s sliding layer. A profile of shear velocity in the cross sec-
tion of such layer (Fig. 1) can be determined from expressions:
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Fig.	2.	Calculation	scheme	for	the	sliding	line		
of	the	fill’s	flow	pattern

Fig.	3.	Calculation	scheme	of	angles	for	determining		
a	sliding	line	of	the	fill’s	flow	pattern
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The method for calculating the stressed-deformed state of 
medium was supplemented with an analytical-experimental 
method of numerical studies into flow pattern of the fill in 
a rotating chamber. This method implied calculation of the po-
sition of the sliding surface and the velocity of the sliding layer 
and a quasi-solid-body region based on the obtained analytical 
dependences, with regard to the experimental data. Other geo-
metrical characteristics of flow were determined based on the 
results of visual analysis of the recorded image of a flow pattern. 

The algorithm for determining, using an analytical-expe-
rimental method, geometrical and kinematic parameters of 
the flow pattern of granular fill of a rotating chamber com-
prised the following stages (Fig. 1):

1. Assigning initial data for the formation of the fill’s flow 
pattern: 

– radius of chamber R; 
– degree of filling the chamber with granular medium κ; 
– specific weight of medium γ ; 
– angle of internal friction of medium j; 
– angular velocity of chamber rotation w.
2. Obtaining experimentally a pattern of the fill’s steady 

motion in the cross section of a permanently-rotating chamber.
3. Measurement of the magnitude of the fill’s lifting angle 

in a rotating chamber al (Fig. 3), based on the experimental 
image of a flow pattern.

4. Construction, based on the calculated scheme of a flow 
pattern, employing the value of lifting angle al determined in 
point 3, of the position of point A (Fig. 3).

5. Determining from (13), by a consistent approximation, 
a half of the central angle of the segment cross section of the 
chamber’s fill at rest β (Fig. 3).

6. Determining from (12) and (11):
– the tilt angle d of the reduced pressure to the normal to 

the array’s surface of the chamber’s fill at rest;
– the tilt angle a1 to the horizontal of free surface of the 

fill’s array before sliding (Fig. 3).
7. Determining from (10) the reduced pressure on the 

fill’s array surface p, which is due to the action of the applied 
centrifugal inertial forces on the central part of this array 
near point S (Fig. 3).

8. Determining from (9) and (8):
– width of the submerged band of fill b;
– width of the surface band of fill a (Fig. 2).
9. Determining from (6) and (7), by consistent approxi-

mation, coordinates of х1 and у1 of a section of the sliding 
line within the limits of the surface band of fill at 0 ≤ y1 ≤ y0 
(0 ≤ y1 ≤ a) (Fig. 2). We adopt as a variable parameter the va-
lue of angle Ω between the direction of maximum stress smax 
and the x1 axis. The calculation is performed for the respec-
tive active sliding line.

10. Construction, on the calculation scheme of a flow pat-
tern, based on the coordinates defined in point 9, of a section 
of the sliding line within the limits of the surface band of fill 
above point H (Fig. 2) that passes through point A.

11. Determining from (6) and (7), by a consistent ap-
proximation, coordinates of х1 and у1 of the section of the 
sliding line within a submerged band of fill at y0 ≤ y1 ≤ y* 
(a ≤ y1 ≤ a+b) (Fig. 2). We adopt as a variable parameter the 
value of angle Ω. The calculation is conducted for the oppo-
site, in comparison with point 9, active sliding line.

12. Building on the calculation scheme of a flow pattern, 
based on the coordinates defined in point 9, a section of the 
sliding line within the limits of the submerged band of fill 
below point H (Fig. 2).

13. Construction on the calculation scheme of a flow pat-
tern, considering its experimental mapping, near and below 
the intersection of the sliding line and the horizontal axial 
plane of the chamber (Fig. 2), of point B.

14. Building on the calculation scheme of a flow pattern, 
based on the experimental mapping of a flow pattern, of 
boundary BE between transition region of quasi-solid-body I 
and the region of non-free fall II.

15. Determining in the 0х2у2 system of coordinates a free 
surface AC of the region of non-free fall II that approaches  
a parabolic dependence by its shape.

16. Building on the calculation scheme of a flow pattern, 
based on the coordinates defined in point 13, a free sur-
face AC of the region of non-free fall II.

17. Construction on the calculation scheme of a flow 
pattern, based on the experimental mapping of motion pat-
tern, of the boundary BC  of the transition of the region of 
non-free fall II and the region of the sliding layer III and free 
surface CD of the region III.

18. Selection on the calculation scheme of a flow pattern 
of the position of the cross-section of the sliding layer of fill 
that is normal to the direction of flow on surface BE, and 
construction on BE of base 03 and the projection of this cross 
section that is perpendicular to BE at base 03.

19. Measurement on the experimental mapping of a flow 
pattern of the magnitude of radial coordinate of base R03, 
thickness h, and inclination angle to the horizontal of sup-
porting sliding surface a3 of the normal cross-section of the 
fill’s sliding layer.

20. Determining from (21) the flow velocity V03 of the 
base of normal cross-section of the sliding layer 03 that moves 
up along with the quasi-solid-body region I. 

21. Determining from (20) the mean rate of the fill’s flow 
in the normal cross section of layer Vх3а.

22. Determining from (19), (18), (17) and (16) vari-
ables m, q, L and f.

23. Determining from (15) conditional total vertical ac-
celeration W, which predetermines kinematical parameters of 
motion in the normal cross section of the layer.

24. Selection on the calculation scheme of a flow pat-
tern of the ordinates of points of the normal cross section of 
sliding layer у3, including on the free surface of the layer at 
у3max = h. 

25. Determining from (14), for the points of normal cross 
section selected in point 19, the rates of flow of the sliding 
layer of fill Vх3, including Vх3max at у3max = h.

26. Building on the calculation scheme of a flow pattern, 
based on the values obtained in point 20, of the profile of 
velocity distribution in the normal cross section of sliding 
layer Vx3(y3).

27. Determining from (22) the flow velocity of chamber 
surface Vs .

28. Construction on the calculation scheme of a flow 
pattern of the linear profile of velocity distribution, based on 
the values of V03 and Vs obtained in points 20–23 and 28. The 
profile is built in the radial cross section of a quasi-solid-body 
region of the fill below the base of the normal cross-section 
of sliding layer 03.

29. Selection, if required, on the calculation scheme of 
a motion pattern of the position of one or more other cross 
sections of the sliding layer of the fill that are normal to the 
direction of flow at surface BE.

30. Execution of points 18–28 for the normal cross sec-
tions of the fill’s sliding layer, selected in point 29.
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5. results of simulation of the fill’s flow pattern  
in the cross section of a chamber

Fig. 4–8 show the obtained calculation and experimental 
diagrams of the fill’s flow patterns in the cross section of  
a rotating chamber for five flow modes.

The diagrams are shown in ascending order of accelera-
tion in relative rotation velocity ψ ww = g R  and the 
degree of filling of the chambers κ .

The values of relative size of the fill’s element d/(2R),  
at average size d, ranged within 0.0024–0.026. We used 
a smooth and a wave cylindrical chamber surface.

а b

Fig.	4.	The	fill’s	flow	patterns	at	ψw	=	0.1,	κ	=	0.25,	d/(2R )	=	0.0024	and	smooth	chamber	surface:		
a –	calculated;	b	–	experimental

а b

Fig.	5.	The	fill’s	flow	patterns	at	ψw	=	0.4,	κ	=	0.3,	d/(2R )	=	0.01	and	smooth	chamber	surface:		
a –	calculated;	b	–	experimental

а b

Fig.	6.	The	fill’s	flow	patterns	at	ψw	=	0.75,	κ	=	0.35,	d/(2R )	=	0.026	and	smooth	chamber	surface:		
a – calculated;	b	–	experimental
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Previously, there was registe-
red a manifestation of the effect of 
averaging the rheological parame-
ters of granular materials at active 
circulating flow in the rotating 
chamber. Given this, the value of 
internal friction angle j for all 
types of fill was taken the same 
and equal to about 33°.

The calculation diagrams of 
flow patterns show obtained sli-
ding lines AB and the profiles of 
velocity in several cross sections 
of the sliding layer and correspon-
ding radial cross sections of the 
quasi-solid-body region. The va-
lues of the constructed velocity 
profiles were executed comparable 
to the values of linear velocities of 
the chambers surfaces. For ease of 
comparison, the scale of velocity 
for all flow patterns was accepted 
to be the same. 

We compared results of mo-
deling the fill’s flow patterns to 
experimental diagrams. 

Fig. 9 shows the obtained cal-
culation and experimental posi-
tions of the fill’s sliding surface 
that correspond to the five flow 
patterns in Fig. 4, a–8, a.

Fig. 10 shows the obtained cal-
culation and experimental profiles 
of the flow velocity in the top 
upper cross sections of the sliding 
layer that correspond to the five 
flow patterns in Fig. 4, a–8, a.

а b

Fig.	7.	The	fill’s	flow	patterns	at	ψw	=	0.9,	κ	=	0.4,	d/(2R )	=	0.022	and	smooth		
chamber	surface:	a –	calculated;	b	–	experimental

а b

Fig.	8.	The	fill’s	flow	patterns	at	ψw	=	1.05,	κ	=	0.45,	d/(2R )	=	0.0024	and	smooth	
chamber	surface:	a –	calculated;	b	–	experimental
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Fig.	9.	Positions	of	the	sliding	surface	that	correspond	to	the	flow	patterns	in	Fig.	4,	a–8,	a :		
1	–	calculated	surface;	2	–	experimental	surface;	a	–	Fig.	4,	a ;	b	–	Fig.	5,	a ;	c –	Fig.	6,	a;	d	–	Fig.	7,	a ;	e	–	Fig.	8,	a
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Results of the calculation of the sliding surface (Fig. 9) 
and the velocity profiles (Fig. 10) are close to the experi-
mental data.

6. Discussion of results of studying the influence  
of parameters of the filled rotating chamber on the fill’s 

flow patterns

Description of the flow pattern of granular fill in a ro-
ta ting chamber is based on the analytical-experimental 
method. Mathematical notation of the flow pattern was 
performed analytically in line with the classical scheme using 
the magnitudes averaged by volume. The initial and boun-
dary conditions, required for solving the equations obtained, 
were determined experimentally employing a method for the 
visualization of flow patterns. Such a calculation algorithm 
made it possible to establish approximately the dependences 
of characteristics of the flow patterns on a number of para-
meters of the examined system:

– geometrical: chamber radius R, radial coordinate of the 
base of normal cross-section of sliding layer R03, thickness of 
this layer h and the degree of filling the chambers κ;

– kinematic: angular velocity of chamber rotation w; 
– inertial: specific bulk weight of fill γ ;
– rheological: angle of internal friction of the fill j, lifting 

angel of the fill in a rotating chamber al and inclination angle 
of the supporting surface of sliding layer to the horizontal a3.

The advantage of the proposed approach is the possibi-
lity for determining quantitative geometrical and kinematic 
characteristics of flow pattern – a position of the regions of 
flow and the fields of filling rate. In addition, compared with 
the traditional hypothesis [31], it is possible to determine 
flow patterns depending on the values of parameters R, R03, h, 
κ, w, γ, j, al and a3. More to the point, the traditional model 
of a two-phase motion mode of granular fill of the rotating 
chamber does not imply the occurrence and modeling of the 
sliding layer flow. 

An analysis of Fig. 4–8 confirms that the mass fraction 
of the region of active sliding layer of the filled chamber 
acquires a maximum at the value of relative rotation velocity 
of ψw ≈ 0.1–0.4. In this case, the mass fraction of the region 
of a non-free fall reaches a maximum, while the mass fraction 
of the passive quasi-solid-body region acquires a minimum, 
at ψw ≈ 0.9–1.05.

A comparative analysis reveals good convergence of the 
characteristics of the fill’s flow patterns, obtained by calcula-
tion and by experimental method. The discrepancy between 
results of determining a position of the sliding surface for the 
five flow patterns (Fig. 9) does not exceed 13 %. The discre-
pancy between results of determining a velocity profile of the 
sliding layer (Fig. 10) does not exceed 11 %.

Thickness of the sliding layer has the maximum value 
at ψw ≈ 0.75. The length of such a layer decreases with in-
creasing rotation velocity. The average flow velocity of the 
sliding layer reaches a maximum at ψw ≈ 0.75–0.9. 

A decrease in the dynamic activity along the length of the 
sliding layer occurs in the direction of flow. It manifests itself 
in the prevailing reduction of the values of thickness, mean 
velocity and a gradient of shear velocity in the normal cross 
section of the layer.

With a decrease in the relative size of the fill’s element 
d/(2R), a thickness of the sliding layer is reduced, while the 
mean flow velocity and the gradient of shear speed increase. 
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Fig.	10.	Profiles	of	flow	velocity	in	the	upper	cross		
sections	of	the	sliding	layer	that	correspond		

to	the	flow	patterns	in	Fig.	4,	a–8,	a :		
1	–	calculated	profile;	2	–	experimental	profile;		

a –	Fig.	4,	a;	b –	Fig.	5,	a ;	c –	Fig.	6,	a ;	d	–	Fig.	7,	a;		
e	–	Fig.	8,	a
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The height of fall of the region of a non-free fall reaches  
a maximum at ψw ≈ 0.9–1.05.

The shortcomings of the developed algorithm for nu-
merical calculation of the flow pattern include the need for  
a preliminary experimental determination of a number of geo-
metrical parameters of the fill flow by using a method of vi-
sualization. These parameters are the lifting angle of the fill in 
a rotating chamber al, radial coordinate of the base of selected 
normal cross section of the sliding layer R03, thickness h, and 
the inclination angle a3 of the layer to the horizontal in this 
cross section and boundaries of regions CD, BE, and BC. In 
addition, the applied algorithm makes it possible to clarify 
only qualitatively the patterns of manifestation of a three-
phase regime of the fill’s flow and does not allow performing 
a quantitative analysis of the flow’s dynamic characteristics 
that define technological efficiency of the drum machines.

In the future, it is advisable to choose criteria of efficiency 
for the implementation of workflows to process granular fill in 
a rotating chamber, which are predetermined by the mode of 
medium flow, and to establish values of the fill’s flow patterns 
by using the analytical-experimental method of calculation, 
applied in the present work. It appears appropriate to deter-
mine the quantitative dependences of such criteria on the va-
riation of system’s parameters, including the degree of filling 
the chamber κ and the relative size of fill’s elements d/(2R).  
This will make it possible to establish rational technological 
parameters for machines of the drum type.

7. conclusions 

1. We formalized flow patterns of the fill in the cross-sec-
tion of a rotating chamber by using the analytical-experi-
mental method for determining a two-dimensional state of 

movable granular medium. It was found that characteristics 
of the fill’s flow patterns depend on the magnitude of angular 
velocity of chamber rotation w, chamber radius R, a degree of 
filling the chamber κ, specific bulk weight of granular fill γ ,  
angle of the fill’s internal friction j, the fill’s lifting angle in a 
rotating chamber al, radial coordinate of the base of normal 
cross section of the sliding layer R03, inclination angle to the 
horizontal of the base of cross section of layer a3 and thick-
ness of the cross section of layer h.

2. By employing the obtained calculation algorithm, we 
approximately determined position of the three regions of flow 
and the distribution of velocities in cross sections normal to 
the directions of flows, depending on the velocity of rotation, 
geometrical, inertial, and rheological parameters of the system.

3. The maximum value of mass fraction of the region 
of active sliding layer roughly corresponds to the range of 
the magnitude of relative rotation velocity of the chamber 
ψw ≈ 0.1–0.4. The maximum value of mass fraction of the 
region of a non-free fall and the minimum value of mass frac-
tion of the passive quasi-solid-body region roughly match the 
range of relative velocity ψw ≈ 0.9–1.05.

4. The maximum value of thickness of the sliding layer 
of the fill roughly corresponds to the magnitude of relative 
velocity of rotation ψw ≈ 0.75. The length of such a layer is 
reduced with increasing velocity. The maximum value of the 
mean flow velocity of the sliding layer roughly corresponds 
to the range of relative velocity ψw ≈ 0.75–0.9. Thickness, 
mean velocity and the gradient of shear velocity in the nor-
mal cross section of the fill’s sliding layer are mostly reduced 
along its length in the direction of flow.

5. Thickness of the sliding layer is reduced, while its  
average velocity and the gradient of shear rate increases, with 
a decrease in the relative size of the granular fill’s element of 
a chamber.
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