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1. Introduction

The process of sustainable development of society is 
impossible without providing people with drinking water of 
appropriate quality. Experts prove that poor-quality water 
causes diseases of the blood-vessel system and the intestinal 
tract [1]. Therefore, a vital problem is to extract and supply 
water of appropriate quality [1, 2]. The processes of water 
preparation for both economic and drinking needs of the 
population and manufacturing needs of industrial enter-
prises require bringing the physical and chemical properties 
of water in compliance with regulatory requirements [3]. 
Various technological workflows are used for this purpose. 
The choice of a technological scheme of water purification is 
based on the physical and chemical indicators of the water 
quality of a natural source. However, it is also necessary to 
take into account the characteristics of pollutants and the 
requirements of consumers to water quality, the efficiency of 
treatment facilities, etc.

Surface water often contains suspended substances, 
characterized by significantly specific color and having 
a particular smell and taste. Such impurities worsen the 
physicochemical parameters of water, so they should be 
eliminated before transporting water through the water 
supply network.

The choice of a method of water preparation is based 
on studying water quality indicators of the water source 
(the chemical composition of water) obtained as a result of 
physicochemical, sanitary-bacteriological and technological 

analyses and with regard to a number of other indicators. 
Reagent methods of water purification and discoloration are 
used most often for cleaning surface water from coarse dis-
persed, colloidal and other contaminants. The main units in 
such methods are filtering facilities [1, 4, 5], whose efficiency 
depends not only on the quality of treated water but also on 
the operation cost.

Filtering structures can be represented by fast filters or 
contact lighteners [4]. In order to reduce the cost of con-
structing and operating surface water purification stations, 
it is necessary to establish correctly the design and techno-
logical parameters of the filtering structures. This problem 
can be solved using mathematical modeling.

2. Literature review and problem statement

The problems of research [6–23] on water filtration can 
be divided into several directions.

The first direction of research includes devising new 
principles of water purifying by filtration and improving 
the work of separate units and elements of water purifica-
tion structures [6–9]. A separate identifiable direction is 
research on applying various methods of preliminary water 
preparation in order to increase the effectiveness of contam-
inants’ suspension and the density of sediment accumulation 
in the pore space of filters [1, 11].

To increase the dirt load capacity, filtration is used in the 
direction of reducing the grain size, which ensures an even 
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distribution of pollution in terms of the loading height and 
lower pressure losses.

Another area of research to improve the efficiency of wa-
ter purification by granular filters is the search for materials 
with high porosity and specific surface [9, 12, 13].

Natural and artificial materials are used as grain loading 
of filters [1, 2, 4]. The type of filter loading, the grain pa-
rameters and the height of the loaded layer greatly affect the 
efficiency of water purification, the size of the filter plants 
and their performance [6–13].

One of the economically feasible loads is a floating ma-
terial, in particular, polystyrene foam, which has a number 
of technical and economic advantages, compared to other 
materials [7, 10, 12].

Granulated expanded polystyrene (EPS) is made of the 
polystyrene product by processing it through hot water or 
steam. The commodity polystyrene is of the brands EPS-s 
(soluble), EPS-b (bound), and EPS; it is manufactured in 
the form of spherical particles, colorless or light-white. Large 
fractions of polystyrene can be crushed prior to foaming and 
then foamed. Such granules are called shredded expanded 
polystyrene. Expanded polystyrene (or polystyrene foam) 
loading can be single-layer or double-layer [1, 10].

Among the directions of research on intensifying the 
work of filtering structures, it is necessary to highlight the 
development of improved mathematical models and methods 
of calculation, and, first of all, the use of computer technolo-
gies [14–16, 18, 19].

On the basis of experimental studies, a significant num-
ber of dependencies are proposed for heavy (sand, claydite, 
anthracite, etc.) and floating (expanded polystyrene) loads, 
which integrate the basic parameters of filters – the speed of 
filtration, the diameter of the loaded grains, the height of the 
layer, and the input concentration of pollutants [1, 10, 20]. 
However, such dependencies can be used under limited con-
ditions for preliminary selection of structural parameters of 
filters, and they are of low predictive value.

Mathematical models of surface water purification 
through fast filters are mainly developed for “heavy” loads 
and include equations on the balance of matter and the 
process kinetics as well as a set of equations for determining 
pressure loss [14, 17, 20].

To describe the kinetics of the process, a large number 
of equations can be divided into linear and nonlinear, which 
take into account separation of previously adhered particles 
and their inseparability [2, 15, 18].

Among the well-known theories of the process of water 
purifying by filtration, the most widely recognized theory 
is filtration of low-concentration suspensions, described in 
[17]. According to this theory, the filtering process through 
fast filters has a physicochemical nature. The effect of the 
water lightening is related to suspended particle sticking 
to the sand grains under the influence of the van der Waals 
intermolecular forces of attraction. However, the mathe-
matical model proposed in [17] can be used under limited 
conditions, with constant parameters of the filtering and 
properties of the porous medium; it partly disregards the 
granulometric composition of the load and does not take into 
account changes in the kinetic coefficients throughout the 
loading height. Such a simplified approach is associated with 
the complexity of obtaining analytical decisions. It should be 
noted that the diversity of the physicochemical indicators of 
surface water quality and methods of pre-treating such wa-

ter requires conducting pilot field studies to determine the 
kinetic coefficients of the mathematical model.

Further development of mathematical models of water 
purification should be based on the interaction of hydraulic 
and physicochemical processes in water filtration, changes in 
the hydraulic properties of the medium, the non-stationary 
nature of the purification process, different models of mass 
transfer kinetics, peculiarities of the effect produced by the 
properties of the formed medium, and the like.

Filters with expanded polystyrene loading, which were 
first proposed to be used for water purification at the De-
partment of Water Supply and Drilling, Ukrainian Institute 
of Water Economy Engineers (now National University 
of Water Management and Nature Resources Use), are 
widely employed worldwide [4, 12, 13]. In this regard, for 
a reasonable choice of optimal structural and technological 
indicators of work, there is a need to develop a mathematical 
model that would take into account the peculiarities of such 
filters’ operation.

3. The aim and objectives of the study

The aim of the study is to improve the mathematical 
model of surface water purification, to adapt it to float (ex-
panded polystyrene) loading and to conduct a comparative 
analysis of filters with homogeneous and non-uniform loads 
when filtering water in different directions.

To achieve the aim, the following objectives are set:
– to improve the mathematical model of water lightening 

through a polystyrene foam filter, which would take into 
account the interaction of hydraulic and physicochemical 
processes during filtering of water by a filter with expanded 
polystyrene, the change in the hydraulic properties of the me-
dium, the unsteadiness of the process of purification, and the 
peculiarities of the influence of the properties of the formed 
medium; it would additionally help take into account the 
granulometric composition of the loading, the filtration direc-
tion, changes in the kinetic coefficients of adhesion, particle 
separability, and porosity throughout the height of the load;

– to specify, on the basis of test results, the kinetic coef-
ficients of particle adhesion and separation in the mathemat-
ical model of water purification through contact polystyrene 
foam filters;

– to conduct a comparative analysis of the work of poly-
styrene foam filters under different conditions;

– to determine the optimum height of loading for poly-
styrene foam filters by the example of treating water of the 
Horyn River (Ukraine) for drinking needs.

4. Materials and methods for studying the process of 
purifying surface water through a polystyrene foam filter

In the theory of filtering low concentric suspensions, it 
is common to consider two main parameters that can help 
determine when a filter should be washed – the time of 
reaching the critical pressure loss and the protective action 
time of the load [2, 4, 10, 15–18, 21, 23, 24].

The duration of the protective action of the load is the 
time during which the filtering load can purify water to a 
specified quality level. For heavy loading, in [13, 23] the 
duration of protective action is determined by the formula:
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where K is the parameter obtained according to experimen-
tal results; h is the thickness of the filtering layer; S0 is a 
constant that depends on the given ratio of the turbidity of 
water entering the purification process C0 to the turbidity of 
the filtrate Cf.

An option is possible when the filter is flushed not due to 
the deterioration of the filtrate quality but due to a critical 
pressure loss. In this case, the length of the filter cycle for 
heavy loads can be determined by the formulae [4, 17, 21, 23]:
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where Pcr and P0 are the critical and initial pressure losses 
in the filter; x is the thickness of the filtering layer of the 
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where h/t is the rate of the pressure loss increase; i0 is the hy-
draulic incline in the clean filter loading; a and b are filtering 
parameters; γ is the coefficient that takes into account the 
influence of the physicochemical properties of water and sed-
iment, the concentration of sediment in the source water and 
the filtrate, the initial porosity of the loading and the struc-
tural characteristics of the sediment; φ1 is the coefficient 
taking into account the degree of the load heterogeneity; 
φ0 is the coefficient that depends on the viscosity of water, 
porosity of the granular layer and the form of the grains in 
the loading; and P is a pressure.

Formula (3) makes it possible to calculate the duration 
of the work of grainy filters until the deterioration of the 
filtrate quality. This equation can be used to calculate a 
heterogeneous granulometric composition that is homoge-
neous by the type of the filter loading material – when the 
parameters of the described process are determined by the 
equivalent diameter of the filter medium.

The duration of the filter work is affected by several fac-
tors [2, 4, 17, 23], namely:

a) the filtration velocity, determined according to the 
formula [23]:
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according to formula (5), with increasing the filtering speed, 
the duration of the filter operation is sharply reduced;

b) the grain size of the filtering load, determined by the 
formula [4]:
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Formula (6) helps determine the duration of filter work 
with a filter load having a grain diameter d2 if the duration 
of filter work is known for a filter load having a diameter d1. 
The analysis of the formula shows that an increase in the grain 
diameter of the filter material increases the duration of the 
filter work. This provision reflects the theoretical basis for the 
tendency to increase the grain size of loading for fast filters.

The foregoing formulae (1)–(6) were developed for heavy 
granular materials; their use for polystyrene foam loading 
requires labor-intensive determination of a number of ex-
perimental coefficients and dependencies. In addition, they 
do not make it possible to simulate the work of grainy filters 
in dynamic conditions; therefore, a simplified approach is 
assumed to describe non-uniform loading.

Using the criterion equations that relate the time of the 
protective action of the load and the time of reaching the 
critical pressure loss to the main factors (physicochemical 
composition of water, loading height, water turbidity, filter-
ing speed, and properties of the adhered sludge), mathemat-
ical dependences have been developed. The experimental 
data on purifying surface water through polystyrene foam 
filters using the method of selected points helped suggest de-
pendences (7) and (8) [4, 17, 21] to determine the following:

– the protective action time of the load:

3
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– the time of reaching the critical pressure loss: 
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where W is the coefficient characterizing the physicochem-
ical properties of water; L is the height of the loaded lay-
er, m; M is the water turbidity, mg/dm3; V is the filtration 
velocity, m/h; N is the coefficient of strong properties of the 
sediment; d is the diameter of the load granules, mm; Pfin and 
P0 are the final and initial pressure losses, m.

However, the last two equations – (7) and (8) – also do 
not make it possible to study the process of water purifica-
tion through a polystyrene foam filter in dynamic conditions 
and do not take into account the heterogeneity of the load-
ing. Therefore, there is a need to improve these models.

5. Results of the research to improve  
the mathematical model

The surface water purification process through a poly-
styrene foam filter was carried out using a mathematical 
model represented by equations (9)–(15). This model was 
solved numerically by the method of longitudinal-transver-
sal dispersion. To do this, an algorithm was developed and a 
program was written in the MathCAD environment. The co-
efficients of the model (α, β, γ) were identified in MathCAD 
on the basis of the results of experimental studies of puri-
fying water of the Horyn River, Rivne Oblast (Ukraine), 
using the Minimize function. The selected water body has a 
physicochemical composition of water similar to most of the 
average plain rivers in Ukraine. The criterion for finding the 
optimal values of the coefficients was the minimum value of 
the sum of the difference between the squares of the exper-
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imental values (the concentration of suspended substances 
in the filtrate and the pressure loss in the polystyrene foam 
charge) and the calculated values obtained by mathematical 
model (11)–(15).

After determining the coefficients of the model (α, β, γ), 
simulation was performed under different initial parameters. 
The results were summarized and presented in the form of 
graphs with corresponding conclusions.

The advanced mathematical model consists of two inter-
dependent blocks – water lightening (equations (9)–(12)) 
and hydrodynamic (equations (13)–(15)).

The equation on the material balance can be represented 
by the differential equation:

( ) ( ), ,
0,

C x t x t
V

x t

∂ ∂ρ
⋅ + =

∂ ∂   (9)

where V is the velocity of filtration, m/h; ( ),C x t  is the con-
centration of suspended substances, g/m3, which varies with 
the height of loading and over time; x is the coordinate on 
the height of the loaded layer, m; t is the filtration time, h;  

( ),x tρ  is the sediment density in the loaded layer, g/m3.
In equation (9), unlike in the model presented in [17], 

the sediment density in the loaded layer is taken loose for 
the entire loaded layer, and it varies throughout its height 
and over time.

To describe the kinetics of the water purification pro-
cess in the polystyrene foam layer, the following equation 
can be used:
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where a(x) and b(x) are kinetic coefficients characterizing 
the intensity of contaminants’ separation from and adhesion 
to the loaded grains and determinable by the formulae ob-
tained using the dimension theory [21, 23]:

( ) ( ) 21a x V d x
εε= α ⋅ ⋅  (11)

and

( ) ( ) 43 ,b x V d x
εε= β⋅ ⋅   (12)

where α and β are empirical coefficients that depend on 
the quality and method of reagent preparation of water; ε1, 
ε2, ε3, and ε4 are coefficients that respectively make up 1.0; 
–1.0; –0.7; and –1.7 [4]; d(x) is the diameter of the loaded
grains, mm, with the load varying in its height.

Equation (10) is represented by the linear kinetics of 
mass transfer taking into account separation of previously 
adhered particles. In equations (10)–(12), unlike in the 
model presented in [17], changes in the kinetic coefficients 
a(x) and b(x) in the load height and the inhomogeneity of 
the loading are taken into account. The nature of changes 
in the diameters of the loaded grains throughout the layer 
height can be set on the basis of experiments on real loads or 
taken as a mixture of them for choosing the optimal variant 
in terms of the best quality of the filtrate during the filter 
cycle or the minimum flow of needed water, depending on 
the specific modeling conditions.

The hydrodynamic unit is described by the equations of 
changes in the hydraulic slope, the load porosity, and total 
pressure loss.

The hydraulic inclination of the loading for various hy-
draulic modes of operation is conveniently determinable by 
the well-proven Kozeny-Carman equation:
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where m(x, t) is the porosity of the loaded layer, which 
varies with the height of the load and over time; *α  is the 
coefficient of the grain form; ( )Tν  is the kinematic coeffi-
cient of water viscosity, m2/s, which depends on the water 
temperature T.

To take into account the change in the loading porosity 
during water filtration, the used formula is the following:

( ) ( ) ( ), ,0 , ,m x t m x x t= − ρ γ  (14)

where ( ),0m x  is the initial porosity of the loaded layer;
γ is the mass concentration of solids per unit volume of sed-
iment, g/m3.

In equations (13) and (14), unlike in the model shown in 
[17], the load porosity varies depending on the layer height 
and the duration of filtering.

The filtering of water through the filter load is carried 
out under the difference in pressures at the inlet and outlet of 
the filter. This difference in pressures is commonly referred 
to as a loss in pressure in the filter loading.

Total pressure loss in the polystyrene foam loading can 
be determined by the formula:

( ) ( ) ( )
0
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x L
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x

P t I x t d x
=

=

= ∫  (15)

where L is the total height of the filter load, m.
Equation (15) allows determining the dynamics of the 

pressure loss throughout the loading, depending on the 
granulometric composition.

The improved mathematical model represented by equa-
tions (9)–(15) is solved under the following initial and 
critical conditions:

– at = → = 00 ;x C C
– at = → ρ =0 0;t
– at = → ≤ ;crx L C C
– at = → ≤ ;f protect admt t P P
– at → ∞ → ∂ ∂ = = ρ = ρ00, , ,crt C x C C

where C0 is the concentration of suspended substances at the 
inlet of the polystyrene foam loading, mg/dm3;

Ccr is the maximum permissible concentration of sus-
pended matter in the filtrate.

According to the current standards of Ukraine, the Ccr 
should not exceed 0.58 mg/dm3;

tf is the standard duration of filtering. According to the 
“Rules of technical operation of water supply and drainage 
systems of settlements of Ukraine”, the duration of the filter 
cycle should not exceed 2 days;

Padm is the maximum admissible pressure loss in the poly-
styrene foam loading. According to [4, 21, 24], a pressure 
loss in polystyrene foam filters with upward filtration is 
recommended to be 2.0...2.5 m.

The critical saturation of the porous space with suspend-
ed sludge during the simulation was taken to be equal to the 
density of the sediment with a decrease in the load porosity 
down to 0.2.
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To solve the aforementioned improved mathematical 
model, the given parameters are the following: the distribu-
tion of grain diameters throughout the height of the loading; 
the porosity of the initial clean loading; the empirical coef-
ficients α and β; the mass concentration of solid particles; 
the filtration velocity; the input concentration of suspended 
substances and, if necessary, the filtration duration and the 
maximum pressure loss.

6. Discussion of the results of studying and testing  
the improved model on natural river water 

The mathematical model (9)–(12) of surface water 
purification through filters with polystyrene foam loading 
has been improved and a comparative analysis of the filters 
operation under different conditions has been carried out. 
Approbation of the improved model was performed on the 
surface water of the Horyn River (Rivne Oblast, Ukraine). 
The structure of the surface water of the mentioned object is 
similar to the physicochemical composition of water of most 
surface rivers of Ukraine.

The simulation was carried out for water purification 
of the Horyn River from suspended matter in a one-stage 
scheme with contact polystyrene foam filters, which in-
volved introduction of reagents, a mixer and ascending fil-
tration through the polystyrene foam filters [1, 23].

On the basis of experimental studies presented in 
[4, 21, 23], the obtained values were determined as follows: 
the kinetic coefficients α=1.7∙10-5 and β=5∙10-4 m2.7/h1.7; the 
sediment density γ=34,000 kg/m3; the particle separation 
coefficient a=0.123 h-1; the particle adhesion coefficient 
b=12.3 h-1 by the method shown in section 4.

In Fig. 1, the solid line shows the results of calculating 
according to the mathematical model, whereas the dotted 
line shows the experimental data. The latter confirm the cal-
culation results (obtained on the basis of the mathematical 
model (9)–(15)), and the relative error is 4...9 %, which is 
determined according to the standard criteria for statistical 
processing of the research data.
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Fig.	1.	The	dependence	of	the	optimal	filtration	time	(t )	and	the	
corresponding	pressure	loss	(h)	on	the	filtration	velocity	(V )

With the use of the improved mathematical model  
(9)–(15), it was possible to obtain graphs of the concentra-
tions of contaminants in the loaded layers over time (Fig. 2).

The graphs in Fig. 2, a, b differ only in the angle of incli-
nation of the isolines to the abscissa axis – with increasing 
filtration velocity, there is a deeper penetration of contami-
nants into the load.

Fig. 3 shows the results of calculating the dependence 
of the filtration time on the filtration velocity for a homo-
geneous loading with a grain diameter of 1.4 mm, a loading 

height of 1.0 m and a concentration of suspended substances 
at the inlet to the loading of 78 mg/dm3.
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Fig.	2.	The	graphs	of	the	isolines	of	concentrations	of	
contaminants	(mg/dm3)	in	the	loaded	layers	throughout		
the	height	(l)	and	over	time	(t)	at:	a	–	the	movement	of		

water	through	the	loading	at	a	speed	of	V=8	m/h;		
b	–	the	movement	of	water	through	the	loading	at		

a	speed	of	V=9	m/h

Consequently, the protective action time of the charge 
(tprotect) increases from 0.55 h to 21.55 h with a decrease in 
the filtering velocity from 10 m/h to 3 m/h by nonlinear 
dependence. At a filtering speed of 5 m/h, the protective 
action time of the load is 8.05 hours; therefore, the number 
of filter cycles per day will be 3. The loss of pressure in the 
polystyrene foam charge at reaching the protective action 
time varies in the range from 0.27 m to 0.74 m. This is due to 
the full saturation of the pore space of a smaller number of 
elementary layers of the loading.
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Fig.	3.	The	dependence	of	the	protective	action	time	(tprotect)	
of	a	homogeneous	loading	and	the	corresponding	pressure	

loss	(hprotect)	on	the	filtration	velocity	(V)

Fig. 4 shows the graph of the isolines of pollution con-
centrations in time and throughout the loading height at 
V=5 m/h. Thus, at the beginning of the filtration, the con-
centration of suspended substances decreases to 10 mg/dm3 
after 20 cm of loading, and after 12 hours of operation, this 
height increases to 0.85 m.

In practice, non-uniform loading is used, which should 
be taken into account during simulation. Let us simulate 
the work of the contact polystyrene foam filter with the 
following loading parameters: dmin=0.9 mm, dmax=2 mm, 
d10=1.01 mm, d80=1.78 mm, FINP=1.76, dЕ=1.4 mm, hprotect= 
=1.0 m and a linear change in the grain diameters through-
out the loading height.

For the above parameters, the dependence of the filtra-
tion duration on the filtration velocity and the correspond-
ing pressure loss in the loading for ascending and descending 
filtration directions are shown in Fig. 5.
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Fig.	5.	The	dependence	of	the	protective	action	time	of	a	
non-uniform	loading	(tprotect)	and	the	corresponding	pressure	

loss	(hprotect)	on	the	velocity	and	direction	of	filtration	(V)

In the improved mathematical model, the expansion of 
the loaded layer at higher filtration velocities in the down-
ward direction was not taken into account. At a filtering 
speed of less than 6 m/h, the protective action of the load 
in the downstream filtering is greater than that of the as-
cending direction, and a lower pressure loss was observed 
in the downstream filtering. According to the graphs in 
Fig. 6, 4, in a homogeneous load, the protective action time 
of the load was approximately 8 hours, and in the non-uni-
form load, it was 6.8 hours, i. e. 15 % less. To ensure the 
duration of the protective action of the load for 8 hours, 
it is necessary to increase the height of the non-uniform 
loading by 30 %.

The results of calculating the optimal filtration time and 
the height of the polystyrene foam loading with ascending 
filtering are shown in Fig. 6 at the following parameters:

– the concentration of suspended substances in the fil-
ter – 78 mg/dm3;

– the concentration of suspended substances in the fil-
trate – 0.58 mg/dm3;

– the filtration velocity – 5 m/h;
– the diameter of the load grains – 0.8...1.2 mm;
– the critical pressure loss in the loaded layer – 0.9 m.
As the loading height increases, the time to achieve 

the protective action of the load increases and the time to 
reach the critical pressure loss [1, 4, 10, 15, 17–21, 23–25] 
is reduced. The optimum loading height is 1.0 m (Fig. 6), 
which was determined based on the equality of the time of 
the protective action of the load and the time to reach the 
critical pressure loss. Meanwhile, the filtering time is about 
12 hours.

Fig. 7 shows the dependence of changes in the time of the 
protective action of the load and of the time of reaching the 
critical pressure loss on the filtration velocity.
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Fig.	6.	The	optimal	filtration	time	determined	at:		
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Fig.	7.	The	dependence	of	the	protective	action	time	of	the	
loading	(tprotect)	and	the	time	of	reaching	the	critical	pressure	
loss	(hprotect)	on	the	filtration	velocity	(V)	at:	С0=78	mg/dm3;	
hprotect=1.0	m, d=0.8...1.2	mm,	hcr=0.9	m,	СF=0.58	mg/dm3

Consequently, tprotect and tP decrease as the filtration 
velocity increases. In the range of speeds 5...7 m/h, there 
is an approximate equality of tprotect and tP. An increase in 
the filtration velocity from 5 m/h up to 7 m/h provides the 
required degree of water purification. In this case, the filter 
cycle will decrease from 12 h down to 6 h, which corresponds 
to the current normative documents of Ukraine [3, 26]. If 
the filtration velocity deviates to a smaller or larger value, 
a gradual excess of tprotect and tP is observed, which requires 
additional analysis. In such cases, the filters are switched to 
the flushing mode.

With a filtration velocity of 6 m/h, the best efficiency 
of water purification is observed when reaching the critical 
pressure loss at 0.9 m. At the same speed, the greatest loss of 
pressure is observed when the protective action time of the 
load is reached. This is due to the smallest concentration of 
suspended matter in the filtrate and to the largest accumula-
tion of contaminants in the pore space of the loading during 
the filter cycle.

7. Conclusion

1. The improved mathematical model of water purifica-
tion through a polystyrene foam filter, consisting of water 
lightening (purifying) and hydrodynamic blocks (equations 
(9)–(15)), makes it additionally possible to take into ac-
count the granulometric composition of the loading, the di-
rection of filtration, changes of the kinetic coefficients of ad-
hesion, the particle separation and the porosity throughout 
the height of the load. The use of this model helps determine 
more accurately the effectiveness of detaining pollutants in 
the load and establish the structural and technological per-
formance of the filters.

2. The advanced mathematical model has been solved nu-
merically by the method of longitudinal-transversal disper-
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sion. To do this, an algorithm was developed and a program 
was written in the MathCAD environment. The coefficients 
of the model (α, β, γ), which determine the kinetics of the 
particles’ suspension and separation and affect the current 
loading porosity, were specified with the use of experimen-
tal data on purifying water of the Horyn River through a 
polystyrene foam filter in MathCAD using the Minimize 
function. The criterion for finding the optimal values of the 
coefficients was the minimum value of the sum of the differ-
ence in the squares of the experimental and calculated values 
(obtained with the improved mathematical model).

3. A comparative analysis of the work of filters with homo-
geneous and non-uniform loads was carried out. It has been 
found that in a non-uniform loading, the protective action of 
the load is 15 % less than in a homogeneous loading. To ensure 
an identical duration of the protective action of the load, the 
height of the non-uniform loading should be 30 % higher than 
for a homogeneous loading. Failure to consider the mathe-
matical modeling of grains distribution throughout the load 

height results either in underestimated values of the required 
loading height and, consequently, an inadequate effect of wa-
ter purification or in a reduced duration of the filtering, which 
increases the cost of the purified water.

4. It has been established that in the range of the filtra-
tion velocity of 5...7 m/h, there is an approximate equality 
between tprotect and tP. Meanwhile, the required degree of 
water purification is provided. However, the duration of the 
filtering is reduced by half.

5. It has been determined that for the work conditions 
of the polystyrene foam filter, which were considered 
above, at the filtration velocity of 6 m/h, the best effi-
ciency of water purification is observed when reaching 
the critical pressure loss at 0.9 m. At the same speed, the 
greatest loss of pressure is observed at reaching the pro-
tective action time of the load. This is due to the smallest 
concentration of suspended matter in the filtrate and to 
the largest accumulation of contaminants in the pore 
space of the load during the filter cycle.
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Розроблена енерготехнологічна система і 
спосіб термічної переробки рідких токсичних від-
ходів на основі глибокого термічного упарюван-
ня в апаратах заглибного горіння. Встановлено, 
що щільність і в'язкість РТВ можна використо-
вувати для оцінки ефективності процесу тер-
мічного упарювання. Розроблено метод контр-
олю щільності і в'язкості РТВ, що упарюються 
вібраційним методом з використанням зану-
рювального механічного резонатора. Наведено 
блок схему розрахунку щільності і в'язкості при 
багатоконтурному контролі параметрів

Ключові слова: рідкі токсичні відходи, тер-
мічне упарювання, аппарат зануреного горін-
ня, вібраційний метод контролю, механический 
резонатор

Разработана энерготехнологическая систе-
ма и способ термической переработки жидких 
токсичных отходов на основе глубокого тер-
мического упаривания в аппаратах погружно-
го горения. Установлено, что плотность и вяз-
кость ЖТО можно использовать для оценки 
эффективности процесса термического упари-
вания. Разработан метод контроля плотности 
и вязкости упариваемых ЖТО вибрационным 
методом с использованием погружного механи-
ческого резонатора. Приведена блок схема рас-
чета плотности и вязкости при многоконтур-
ном контроле параметров

Ключевые слова: жидкие токсичные отхо-
ды, термическое упаривание, аппарат погруж-
ного горения, вибрационный метод контроля, 
механический резонатор
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1. Introduction

Liquid toxic waste (LTW) accounts for 30 to 50 % 
of the total amount of wastewater entering the basins of 

Ukraine [1]. Development of nuclear power and extension of 
the scope of radioactive isotopes in various fields of science 
and technology are associated with pollution of natural 
waters with radioactive waste. Radioactively contaminated 




