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Розроблено методику проведення поглибленого тер-
модинамічного аналізу повітряно-компресійних холо-
дильних машин і теплових насосів на основі теорії 
ексергетичної вартості. Методика враховує нееквіва-
лентність ексергетичних втрат в різних ланках про-
цесу термотрансформації та їх вплив на споживання 
ексергії, що підводиться до системи. Сформовано тер-
моекономічну модель, за допомогою якої досліджено 
вплив внутрішньої незворотності, що зумовлена про-
цесами в компресорі і детандері, на ексергетичну ефек-
тивність повітряно-компресійної холодильної машини 
(ПХМ). Визначено аномалії і дисфункції в елементах 
технологічної схеми ПХМ

Ключові слова: термоекономічна модель, ексер-
гетична вартість, термодинамічний аналіз, пові-
тряно-компресійні холодильні машини, теплонасосні 
установки

Разработана методика проведения углубленного 
термодинамического анализа воздушно-компрессион-
ных холодильных машин и тепловых насосов на основе 
теории эксергетической стоимости. Методика учи-
тывает неэквивалентность эксергетических потерь 
в различных звеньях процесса термотрансформации 
и их влияния на потребление подводимой к системе 
эксергии. Сформирована термоэкономическая модель, 
с помощью которой исследовано влияние внутрен-
ней необратимости, обусловленной процессами в ком-
прессоре и детандере, на эксергетическую эффектив-
ность воздушно-компрессионной холодильной машины 
(ВХМ). Определены аномалии и дисфункции в элемен-
тах технологической схемы ВХМ
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1. Introduction

In recent years, interest in the use of air-compression 
refrigerating machines (ARM) in air-conditioning systems 
and air heat-pump installations (AHPI) of heating systems 
has been reviving worldwide. It is mainly due to prohibitive 
measures dictated by the need of improving the environ-
mental situation. Imposing restrictions of the Montreal and 
Kyoto Protocols related to the use of ozone-hazardous freons 
in refrigeration and heat pump equipment will gradually 

result in a reduction of the scope of application of vapor-com-
pression refrigerating machines and heat pumps. Obviously, 
other thermal transformation technologies that are safer for 
environment will occupy the vacant niche. A special posi-
tion is occupied by air-compression refrigerating machines 
and air heat-pump installations operating according to the 
Brayton reverse cycle in which air is both a source of low-po-
tential heat and a refrigerant.

Aviation turbo-expanders with exhausted engine life can 
be used as ARM and AHPI equipment. Use of such “conver-
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sion” ARM and AHPI is possible in microclimate systems for 
underground structures of metro stations [1].

In this connection, the current problem is development 
of schematic solutions for ARM and AHPI to incorporate 
them into existing ventilation and heating systems of metro 
stations. To solve this problem, it is necessary to perform a 
work package which can be divided into several stages.

Stage 1 involves a search for rational schematic solutions 
for ARM and AHPI as well as the ways of their inclusion in 
conventional heat-supply and ventilation schemes of metro 
stations. This takes into consideration standard technologi-
cal equipment and parameters and volumes of thermal emis-
sions [2]. At stage 2, optimization of the Brayton’s reverse 
cycle parameters is performed taking into consideration the 
limitations associated with thermal conditions of the main 
tunnel ventilation of the metro stations. Restrictions are 
imposed by requirements to the ventilation air parameters 
as well as the capabilities of the process equipment of ven-
tilation systems (pressure level) and the values of efficiency 
factors of compressors and expanders [2]. Conditions of en-
ergy-efficient operation of AHPI are determined taking into 
consideration the so-called scale factor, the design heat out-
put of the installation [3, 4]. Thermodynamic analysis is per-
formed and exergy efficiency of each element and the whole 
installation is determined at stage 3. At stage 4, thermo- 
economic diagnostics and optimization of the adopted sche-
matic solutions are performed. Recommendations for a 
thermo-economic optimization of the refrigerating machine 
cycles and corresponding methods are given in [5, 6].

Papers [2–4] are devoted to stages 1 and 2. It is relevant 
to consider stage 3 related to the development of schematic 
solutions for ARM and AHPI which should be devoted to in-
depth thermodynamic analysis. It provides for a block-mod-
ular principle of ARM and AHPI calculation. The blocks 
contain equations describing thermodynamic properties 
of air, relationships for finding parameters of the working 
substance at the node points of the cycle, equations for calcu-
lating exergy flow and a block for statistical data processing.

2. Literature review and problem statement

Development of next-generation ARMs and AHPIs 
which can compete with vapor-compression machines is 
practically impossible without conducting in-depth ther-
modynamic analysis at the design stage. Such analysis can 
show what of the system elements is the main source of 
exergy losses taking into consideration nonequivalence and 
interrelations in the system. At the early stages of system 
development, thermodynamic analysis makes it possible to 
correct adopted technical solutions or reveal their lack of 
prospects. In the case of installation operation, it is capable 
to identify the scheme “problem elements” with a too high 
specific consumption of exergy.

In-depth thermodynamic analysis distinguishes exoge-
nous and endogenous destruction of exergy in the thermo-
transformer cycle [7–9]. Endogenous exergy destruction 

,
EN
D kE  is associated exclusively with imperfection of the k-th 

element of the scheme. Exogenous part of exergy destruction 
that occurs in the same k-th component depends on the pres-
ence of irreversibility in other components of the scheme.

Article [7] is devoted to analysis of ,
EN
D kE  and ,

EX
D kE  in 

refrigerating vapor-compression cycles. Using the principle 
of thermodynamic idealization of processes, authors of this 

work have proposed a method for construction of so-called 
hybrid cycles. To find , ,EN

D kE  it is assumed that all other 
processes except one under consideration in the hybrid cycle 
should be idealized. Disadvantage of the method of hybrid 
cycles is ignoring of the scheme structure. This method can 
identify ,

EN
D kE  and ,

EX
D kE  only in the main elements that affect 

configuration of the cycle. It is impossible to take into con-
sideration influence of additional elements on the cycle. In 
complicated schemes containing, for example, a regenerative 
heat exchanger, an economizer, intermediate vessels and 
those using multiple throttling of the working substance, 
construction of hybrid cycles is problematic which compli-
cates the process of finding ,

EN
D kE  and , .EX

D kE
In paper [8], authors proposed a so-called engineering 

method of finding ,
EN
D kE  and ,

EX
D kE  in gas-turbine and refrigera-

tion cycles. To determine ,
EN
D kE  and ,

EX
D kE  regression analysis 

is used. Based on the results, a graphical dependence is con-
structed that shows how the change in exergy losses other

DE  
in other elements of the scheme (with the exception of the 
element under consideration) affects total losses S

DE  in the 
system. Dependence ( )S = other

D DE f E  is linear and described 
by regression equation y=bx+c where , .EN

D kc E≡  To obtain 
dependence ( )S = ,other

D DE f E  installation was calculated for 
certain varying defining parameter in the element. At the 
same time, the process parameter affecting the amount of 
exergy destruction in the component under consideration 
should vary every time. This requires a large number of mul-
tivariate calculations.

Given limited initial information on the degree of influ-
ence of the efficiency factor of each process on efficiency of 
the entire system, the following procedure for calculation of 

,
EN
D kE  or ,

EX
D kE  was proposed in article [9].

To determine ,
EN
D kE  and ,

EX
D kE  dependences between the 

exergy efficiency factor of all elements of the refrigeration ma-
chine, the total losses S

DE  in the system and the losses in the 
remaining elements S= − ,

other
D D D kE E E  in the k-th component 

were obtained by the linear regression method. The remain-
ing elements are understood as all main devices of the system 
except for the k-th element under consideration. Further, from 
the dependences obtained, values S= − ,

other
D D D kE E E were determined for 

the k-th element by fixing the values of all efficiency factors 
at varied S

DE  and linear dependences of S
DE  on S= − ,

other
D D D kE E E corre-

sponding to the considered modes were constructed. Thus, 
the authors used the method of linear regression twice: first 
to derive dependence ( )S= η,other ex

D D kE f E  and then to find coef-
ficients of equation S = + ,

other EN
D D D kE bE E  in each mode.

In general, assumption of constancy of the exergy effi-
ciency factor of the element η =ex

k const  in question in con-
struction of the dependence ( )S = other

D DE f E  is disadvantage 
of the engineering method. However, in reality, the exergy 
efficiency factors ηex

k  of the elements are interconnected by 
complex nonlinear dependencies.

An alternative approach to determination of endogenous 
and exogenous destruction of exergy based on the Valero and 
Lozano theory of exergy cost was considered in [10]. The 
theory of exergy cost [11] was developed for thermo-econom-
ic diagnostics of the energy-transforming system and reveal-
ing causes of additional resource consumption by the system 
due to inefficiency of any of its elements. The theory is based 
on general economic principles of representation of technical 
systems, such as resource, structure, efficiency and purpose. 
It takes into consideration nonequivalence and interdepen-
dence of exergy losses in each element, as well as the effect 
of losses on the total exergy consumption. To determine 
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,
EN
D kE  and ,

EX
D kE  a thermo-economic model of the production 

structure including a set of relationships describing exergy 
transformation should be formed. This model serves as a 
basis for determining exergy losses associated with each flow 
and evaluating effectiveness of the entire system. The model 
reflects topology of exergy transformation processes and not 
the technical topology of the system itself. The production 
structure of the energy-transforming system is represented 
in a form of a functional scheme in which exergy flows at the 
input to and output from the element are classified according 
to the qualitative criterion “fuel” and “product”. The inter-
relation between the elements of the production structure 
is identified on the basis of their functional connection. To 
calculate exergy losses, a matrix form of recording exergy 
balances and a method of graphs for their solution are used. 
By determining the resource consumed by the element (its 
“fuel”), and singling out its “product” expressed through the 
exergy of the associated material or energy flows, it is pos-
sible to reveal additional consumption of “fuel” of the entire 
system caused by abnormal operation of a particular scheme 
element. The terminology that is used somewhat differs from 
the terminology of the hybrid cycle method. For example, 
instead of the endogenous and exogenous components of 
exergy destruction, concepts of anomaly and dysfunction 
are introduced. The anomaly (an analogue of endogenous 
destruction) is associated exclusively with the growth of the 
specific consumption of “fuel” in the element in question 
compared to the reference mode. Dysfunction (an analogue 
of exogenous destruction) is associated with the presence of 
anomalies in other elements which in turn cause a change in 
the “product” of the element in question.

In an earlier work [12] devoted to the development of a 
procedure of thermoeconomic diagnostics based on the the-
ory of exergy cost, the authors determined only endogenous 
exergy destruction and so-called “structural” irreversibility. 
Developing further this approach, work [13] in determining 
dysfunction began to identify the portions of anomalies asso-
ciated with inefficiency of other elements of the scheme. De-
spite this significant addition, the procedure of thermoeco-
nomic diagnostics is not without its shortcomings. One of 
the “weaknesses” of the procedure is that the results entirely 
depend on the way of decomposition of exergy flows. Assign-
ing the function “fuel” or its “product” to each flow of exergy 
is based in a number of cases on authors’ subjective ideas 
regarding the functional purpose of the scheme element. No 
clear rules for assigning “fuel” or “product” function to the 
flow were formulated. In many respects, the question of dis-
tribution of “remainders” [14], that is, those exergy flows for 
which the system’s exergy of “fuel” was expended but whose 
“product” (in a form of an increment of the flow exergy) is 
taken from the system to environment without its useful 
consumption remains controversial. To put it simply, the 
residual flow is the system’s “by-product” which is released 
into environment by means of a dissipating element (con-
denser, cooling tower, heat exchanger). It is stated in [14] 
that for simple closed cycles, distribution of costs connected 
with the residual flow must be proportional to the value of 
the entropy production value in each element. At the same 
time, for complex and open cycles, this should be done in a 
proportion to the value of each element exergy of “fuel”.

Formalization of the results of the exergy analysis, name-
ly, translating them into a “practical plane”, also remains an 
open-ended question not solved in any of the approaches 
mentioned. Obviously, the subject field of applying results 

of in-depth exergy analysis is a system of expert monitoring 
of installation efficiency. However, difficulties also appear 
largely related to the correct interpretation of the results 
and the question “what to do next with these results?” It is 
important to note that the exergy value itself (specific con-
sumption of exergy by an element) is not a really controlled 
parameter. It cannot be measured as temperature, pressure 
or mass flow though it is defined by them. This is a mani-
festing property of a system, in other words, a system effect 
which depends on quality of the structural relationships 
between the components of a thermotransformer (of “hard-
ness”) process scheme. Growth of exergy cost manifests 
itself as an additional consumption of system resources on 
compensation for an anomaly that arose in the element. To 
get competent recommendations on improvement of a ther-
motransformer scheme, it is necessary to connect the “fuel” 
exergy consumed by each element with a concrete parameter 
affecting efficiency of the process, e. g. isentropic efficien-
cy factor of the compressor, temperature head in a heat 
exchanger, its hydraulic resistance, etc. It is impossible to 
establish such connection by analytical methods because of 
the multifactor nature of this problem. The only possible way 
to establish this relationship is statistical processing of mul-
tivariate calculations made by a thermo-economic model.

Thus, it can be stated that with the exception of the ap-
proach based on the exergy cost theory, all other approaches 
do not provide an integral picture of thermodynamic anal-
ysis. They are focused only on solution of a concrete partial 
problem of determining the exogenous and endogenous com-
ponents of exergy destruction in an element. For a rational 
design of thermotransformation systems, it is also important 
to take into consideration the amount of the consumed drive 
energy of the system necessary to compensate for exergy 
destruction.

3. The aim and objectives of the study

This study objective was to develop a procedure for in-
depth thermodynamic analysis of the ARM based on the exer-
gy cost theory which will make it possible to take into consid-
eration non-equivalence of exergy losses in various points of the 
thermotransformation process. Application of the exergy cost 
theory formalizes the process of building a thermo-economic 
model of the system enabling building of models of individual 
processes with a complex topology while reducing possible 
probability of subjective errors in the system development.

To achieve this goal, the following tasks were formulated:
– develop a parametric flow graph that equivalently re-

flects structural topology of the single-stage scheme of the 
ARM and its properties;

– perform a factor analysis of the effect of the isentropic 
efficiency factors of the turbocompressor and turboexpander 
and the ambient temperature on the exergy indicators of the 
ARM and obtain corresponding generalized dependences of 
indicators of exergy efficiency of elements and the system as 
a whole on variable factors.

4. The general principle of constructing a thermo-economic 
model of an air-compression refrigerating machine

To determine anomalies and dysfunctions in the system 
elements and exergy cost of the exergy flows, a comparative 
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analysis of two operating modes of the installation is neces-
sary, i. e., reference and real modes. The real mode is char-
acterized by the presence of anomalies in operation of the 
elements that arise during operation of the installation. As a 
reference mode, the mode obtained by the procedure of ther-
modynamic idealization of processes was chosen which in-
volves elimination of technical exergy losses in the elements. 
The rules for eliminating technical losses during idealization 
of cycles were considered in [9]. According to the rules, when 
constructing an idealized reference cycle of the ARM, the 
values of the isentropic efficiency factors of the compressor 
and expander are assumed to be one. Also, the minimum 
temperature head in heat exchangers is excluded. An obliga-
tory condition for the analysis is presence of the same “prod-
uct” of installation (exergy cooling capacity) for both modes. 
To calculate air parameters in characteristic points of the 
cycle, recommendations of [15] were used. Exergy of flows 
were calculated by the procedure presented in [16].

Let us consider the main provisions of the procedure. 
When determining the exergy cost of each exergy flow tak-
ing into consideration recommendations of [17], distinguish 
the purpose of the flow coming in or outgoing from the k-th 
element by criterion “fuel F” – “product P”. For the scheme 
shown in Fig. 1, separation of exergy flows is shown in Table 1.

  

3 

6
 

7

 2

 

10 5
 

4

 
9

 

8

 

1

 

ENV 

CM 
No1 

REF 
No2 

   EXP 
  No3 

HEX 
No4 

Е0-4 Е4-0 

Е1-4 Е4-3 

Е3-0 Е0-1 

Е0-2 Е2-0 

Е1-2 Е3-2 

Nexp Nexp 

Ned 

Fig.	1.	Scheme	of	decomposition	of	exergy	flows	in	the	ARM

Fig. 1 shows the scheme of decomposition of exergy flows 
in the Brayton’s air-compression refrigerating machine. The 
following designations are used in the figure: СM for com-
pressor; HEX for heat exchanger; EXP for turboexpander; 
REF for refrigerator; ENV for environment; No. 1–4 for the 
serial number of the element; E for exergy of flow, the first 
subscript denotes the number of the element from which E 
comes out, the second subscript denotes the number of the 
element into which E enters; E2-0, E0-2 is air exergy at the 
inlet and outlet of the refrigerator; E0-4, E4-0 is air exergy at 
the inlet and outlet of the heat exchanger; Ned is power of the 
electric drive, supplied to the KM; Ned is the power produced 
by EXP . The sum of Ned and Nexp is the exergy flow E0-1.

The equation of the exergy balance for the k-th element 
can be written as 

, ,k k k D kF P R E− − =     (1)

where ,kF  kP  is “fuel” and “product” of the k-th element;  
ЕD,k is exergy destruction in the element; Rk is the “residue” 
flows. The products of dissipative elements are residual 

flows. In the ARM scheme (Fig. 1), heat exchanger (HEX) 
is the dissipative element.

Table	1

Separation	of	exergy	flows	by	the	“fuel ”	and		
“product ”	principle	for	the	Brayton’s	air-compression	

refrigerating	machine	

Flow Е, kW Output F/P Input F/P

1 Е2-1 REF F СM P

2 Е1-4 СM P HEX F

3 Е4-3 HEX F EXP F

4 Е3-2 EXP F REF F

5 Nтд EXP P ENV F

6 Е0-4 ENV P HEX P

7 Е4-0 HEX P ENV F

8 Е0-2 ENV P REF P

9 Е2-0 REF P ENV F

10 Ned+Nexp ENV P СM F

Fig. 2 shows the exergy flows entering the k-th element 
from the i-th elements (i=1, 2,...,n) and to/from environment. 
Also, Fig. 2 shows distribution of “residue” flows among 
those elements in which exergy was consumed for their 
production.

 
Fig.	2.	A	generalized	diagram	of	the	image	of		

the	target	exergy	flows	in	the	installation

Proceeding from the scheme (Fig. 2), expression for the 
“fuel” flow of the k-th element can be written as

0 ,k k ik
i

F E E= + ∑  

where E0k are the exergy flows entering the system from ex-
ternal sources; Еik is exergy flows which are the “products” of 
other elements and enter the k-th element in a form of “fuel”. 
In this case, the flow with index i will be positive if it comes 
to the k-th element from the i-th element and negative if it 
leaves the k-th element and enters the i-th element (Fig. 2).

The “product” of the element is

0 ,k k ki
k

Р E E= + ∑

where Еk0 is exergy flows which are a “product” for environ-
ment; kiE  is exergy flows emerging from the k-th element as 
“product” and entering the i-th element as “fuel”.

Specific consumption of exergy in an element is defined 
as the ratio of “fuel” to its “product”

=

= =∑
0

,
n

k
k ik

ki

Fk k P
   

(2)
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where

= .ik
ik

k

Ek P

Since the analysis is performed by comparing reference 
and real modes, then writing equation (1) as

( ) ( ) ( )− = − + − + −0 0 0 0
, , ,k k k k D k D k k kF F P P E E R R  (3)

fuel overconsumption can be determined in the k-th element. 
The superscript index “0” in (3) denotes the reference mode.

The change in exergy destruction in a real mode in compar-
ison with the reference mode ( )Δ = − 0

, , ,D k D k D kE E E  represents a 
removable component of the ЕD,k, destruction since all losses in 
the reference mode are considered to be unrecoverable. In its 
turn, the removable component of exergy destruction is divided 
into endogenous and exogenous parts:

( )
, ,

0
, 1 .

D k D k

EN EX
D k k k k kE E E P k k PΔ = + = Δ + − Δ

Using the terminology of the exergy cost theory, the 
endogenous component of exergy destruction 

,D k

ENE  will be 
henceforth called an anomaly in the element and determined 
by the formula

= =

= Δ = = Δ∑ ∑0 0

0 0

,
k

n n

k k k ik ik
i i

MF P k MF k P

where Δ ikk  is the change of specific consumption of exergy 
in the element compared to the reference mode; 0

kP  is the 
product of the element in the reference mode.

Exogenous component of exergy destruction 
,D k

EXE  or a 
dysfunction is defined as

( )
=

= − Δ∑ * 0
,

0

1 ,
i

n

k P k ki
i

DF k k P  

where *
,P kk  is the specific exergy value of the “product” of the 

k-th element which is determined taking into consideration 
the exergy cost of other elements 

,

*

P i
k  (i≠k) and also taking 

into consideration the exergy spent for production of the 
dissipative element product ρik:

( )
=

= + + ρ∑ ,

* *
, 0

0

.
P i

n

P k k ik ik
i

k k k k   (4)

If flow i kE  refers to the “product” of the i-th element, then 
according to the rule of exergy cost [10, 11] k*

ik
* *

, ,ik P ik k=k*
P,i, where  

k*
ik 

* * /ik ik ikk E E=  is specific exergy cost which is equal to the 
exergy consumed by the element for production of 1 kW of its 
“product”, kW/kW; *

i kE*
ik is exergy cost of flow .i kE

In expression (4), ikρ  defines the fraction of the residues of 
the i-th dissipative element in the cost of the k-th element [10]:

,k
ik ki

i

P
P

ρ = ψ ⋅

where 

ki
ki

i

E
F

ψ =  

is the ratio of the exergy flow entering the dissipative ele-
ment to its “fuel”.

In this case, Pi is the product of the dissipative element 
and is equal to the amount of exergy 0,iR  that is diverted 

from the dissipative element to environment, Fi is “fuel” of 
the dissipative element.

The cost of the remainder distributed between the ele-
ments can be written as

* *
0.ki ki kR R= ψ ⋅

Provided that the target products of the installation in 
the reference and real modes are equal (ΔΡТ=0), the addition-
al “fuel” consumption ТFΔ  by installation can be expressed 
through MF and DF as

*
T

1 1 1

,
n n n

k ki k
k i k

F MF DF MF
= = =

 
Δ = + =  ∑ ∑ ∑

where *
kMF  is the cost of anomaly in the element (the sys-

tem fuel consumptions for eliminating exergy losses in the 
element).

Thermo-economic diagnostics use the element’s produc-
tivity indicator [18]

*

T

.k
k

MF
f

F
=

Δ

Indicator fk allows one to estimate additional consump-
tion of the system’s “fuel” caused by appearance of an anom-
aly in the element.

5. Matrix form of recording the exergy balance 

It is known that equation of the exergy balance (1) 
characterizes only presence of losses and does not reflect 
their interrelation in various elements of the scheme. Be-
sides, the system “fuel” consumption to compensate for 
exergy losses can be larger or smaller than the losses them-
selves depending on the topology of the scheme, the exergy 
conversion “path length”.

In order to take into consideration influence of the 
structure of the process scheme, we use a matrix form of re-
cording exergy balances [19]. Such an approach will largely 
allow us to overcome computational and methodological 
difficulties caused by the structure of the connections 
in the system and the problem dimension. The incidence 
matrix uniquely determines relationships in the elemental 
ARM structure and is, in fact, a mathematical model of the 
scheme structure topology. The number of units in each line 
gives localization of elements with separation or mixing of 
exergy flows, and the sign determines subordination of the 
flows to each element [20].

Let us carry out analysis of the exergy transformation 
using signal graphs that visually reflect the cause-effect 
relationships between the signals of a complex system. The 
values of exergy flows are considered here as the system 
signals [21].

For the computer representation of structural relation-
ships, the ARM scheme (Fig. 1) can be represented as a 
directed graph D=(V; L) consisting of a set of vertices V 
(ARM elements) and a set L of ordered pairs of vertices 
i, k∈V (Fig. 3).

Circled numbers in Fig. 3 correspond to the numbers of 
vertices (equipment items) and the numbers near the arrows 
are ordered pairs of vertices (exergy flow).

T

T

T
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Fig.	3.	The	ARM	scheme	in	a	form	of	an	oriented	graph

Connections between the incident elements of the graph 
are represented by matrix A, then by a total input matrix 
in which rows correspond to the elements of the installa-
tion and the columns correspond to the mass flows and 
the work produced and consumed. The size of the matrix is 
4×10 (4 main elements of the installation, and 10 mass flows 
and working interactions). The flow entering the element 
is +1, and the outgoing flow is –1.

1 1 0 0 0 0 0 0 0 1

1 0 0 1 0 0 0 1 1 0
.

0 0 1 1 1 0 0 0 0 0

0 1 1 0 0 1 1 0 0 0

− 
 − − =
 − −
 

− − 

A

Thus, the exergy balance can be written in the matrix 
form as

,⋅ = DA E E

where E is a column that contains exergy of each mass flow 
and exergy of the heat and work flows. The term ED is the re-
quired column vector, the elements of which characterize loss 
of exergy in a corresponding k-th element of the equipment.

Representation of the exergy balance in the “fuel” – 
“product” system can be represented as:

;= − −F P RA A A A

AFE=F; APE=P; ARE=R.

Here AF, AP, AR are the input matrixes of fuel, products, 
and residues; F, P, R are the column vectors containing ex-
ergies of fuel, products and residues, respectively.

For the considered ARM scheme, AF, AP, AR are written 
as follows:

0 0 0 0 0 0 0 0 0 1

1 0 0 1 0 0 0 0 0 0
,

0 0 1 1 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0 0

 
 − =
 −
 

− 

FA

1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
,

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 1 0 0 0

− 
 
 =
 
 

− 

PA

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 1 0
.

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

 
 − =
 
 
 

RA

Following determining the input matrices, a diagonal 
matrix KD can be constructed. It contains exergy consump-
tion in each equipment element (2)

F=KDP.

The main thesis of the exergy cost theory is that the ex-
ergy cost of any flow be it “fuel” or “product”, will be equal 
to the exergy spent for its production, i. e. F P=* *  (Fig. 2). 
Then this postulate can be written in a matrix form as

0,⋅ =*A E

where *E  is the required vector-column with its elements 
characterizing the exergy cost of the installation flows.

To determine *,E  the input matrix A must be supplement-
ed with equations that would reflect the following factors:

1. Flows introduced to the installation and their exergy.
2. Presence of internal branches, i. e., presence of several 

element outputs connected to other equipment of the system.
3. Presence of residues that have zero exergy in the event 

that additional exergy is not spent for their elimination, and, 
if spent, it is a “negative” exergy.

4. Presence of by-products.
As a result, the system of equations for determination of 

*E  will have the form:

*E ,Λ = Ω      (5)

where  Λ = α A  is the square expanded input matrix 
consisting of an input A and an internal α matrices; Ω  is 
a vector-column which includes the following elements: the 
exergy of the entrance, the exergy of the products, the exergy 
of the remnants.

For the considered ARM, the matrix size α is 6×10, thus 
(5) is written as

*

*

*

*

*

*

*

*

*
1

*
4

1 1 0 0 0 0 0 0 0 1

1 0 0 1 0 0 0 1 1 0

0 0 1 1 1 0 0 0 0 0

0 1 1 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 1 0

0 0 0 0 0 1 1 0 0 0

1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

x

x

 − 
  − −   
  − −
  

− −   
 
  ⋅
 
 −  
 −
 −  
 −   

E

E

E

E

E

E

E

E

E

E
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7

8

9
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10

5

0

0

0

0

0

.

0

0

0

Q

E

E

E

 
 
 
 
 
 

  
  =
  
  
  
  
  
  
   

Here, the exergy cost *
10E  is equal to the exergy of the 

input flow to the installation E10 installation (Fig. 1). The 
proportionality factors x1 and x4 were derived from the bal-
ance of the exergy cost of the flows, namely:

– for СM, the balance is written as * * *
2 1 10,E E E− =  hence, 

if the right-hand side of the equation is equate to zero, the 
following can be written: 

*
2

1 *
1

;
E

x
E

=

– for REF, the balance is written as * * * *
4 1 9 8,E E E E− = −  

and the difference in costs of the flows 9 and 8 is equal in this 
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equation to the exergy of the cold 0.QE  By analogy with the 
CM, the following can be written: 

*
1

4 *
4

.
E

x
E

=

The difference in flows 6 and 7 is the exergy of heat 
which is diverted from the dissipative element to the envi-
ronment as a by-product (residue). In this case, its exergy 
cost is equated to 0 which is also taken into consideration 
in the Λ matrix.

Next, exergy values of “fuel”, “product” of elements and 
additional consumption of “fuel” by installation according to 
the above theory (Section 4) are found.

To implement the described algorithm, TAESS-circe 
software was used based on the method of graphs.

6. Results of numerical realization of the procedure of 
thermodynamic analysis of the ARM

Using the procedure of in-depth thermodynamic anal-
ysis, component distribution of fuel consumption by each 
ARM element was found. As can be seen from Fig. 4, with 
a change of ηcm

is  and ηexp
is  the nature of distribution of con-

sumption in compressor varied significantly. It was found 
that DF dysfunction occurs only in the compressor with the 
major part being the anomalies of three components (28 % 
for the cooler; 65.2 % for the turbine and 5.9 % for the heat 
exchanger). 

 

a
 

 

 
  b

Fig.	4.	The	nature	of	distribution	of	exergy	losses	in	the	ARM	
elements	when	the	isentropic	efficiency	of	the	compressor	
and	the	turboexpander	vary:	 η = 0.95,cm

is 	 =ηexp 0.875is 	(a);	
η = 0.8,cm

is 	 η =exp 0.8is 	(b)

Fig. 5 demonstrates effect of the isentropic efficiency 
factors of the expander ηexp

is  and the compressor ηcm
is  on con-

sumption of exergy of “fuel” of the entire ΔFT system.
Using the proposed algorithm, sensitivity of the ARM 

characteristics to the change in local system parameters was 
analyzed. This made it possible to reveal for some scheme 
elements the modes of their operation unfavorable in terms 
of exergy consumption.

Fig. 6 demonstrates the character of change of the turbo-
expander indicator fexp as a function of ηexp

is  and ηcm
is . 
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Fig.	5.	Influence	of	 ηexp
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is 	on	ΔFT

 

 

 

0.83 0.89 0.86 0.92 0.95 0.80 
0.86 

0.92 

0.83 
0.89 

ηis 
exp 

fexp×0.001 

0.95 

119 
109 

99 
89 
79 
69 
59 

 0.80 

ηis 
 cm 

Fig.	6.	Influence	of	 ηcm
is 	and	 ηexp

is 	on	fexp 

Fig. 7 demonstrates the character of change of indicator 
fcm of the turbocompressor as a function of ηexp

is  and η .cm
is
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Fig.	7.	Influence	of	 ηexp
is 	and	 ηcm

is 	on	fcm 

Fig. 8 demonstrates effect of the change of ηexp
is  and ηcm

is  
on indicator fref.
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As can be seen from Fig. 6–8, there is a completely differ-
ent character of change of indicator f for the ARM elements 
with a change of ηexp

is  and η .cm
is  This indicates an essentially 

non-linear relationship between the cycle parameters.
Table 2 gives results of thermodynamic analysis of the 

ARM at various ambient temperatures: Тenv=25 °C and Penv= 
=0.1 MPa (variant a); Тenv=30 °C and Penv=0.1 MPa (variant b)
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Table	2

Change	of	the	values	of	exergy	flows	“fuel ”	–	“product ”	for	
two	modes	of	the	ARM	operation

Element
Variant а Variant b

P, kW F, kW ED, kW P, kW F, kW ED, kW

CM 724.27 863.66 139.38 907.43 1066.00 179.57

REF 24.46 49.24 24.77 25.53 56.77 31/24

EXP 440.42 582.27 141.85 582.80 744.10 181.30

HEX 65.59 92.75 27.16 72.24 108.54 34.30

As can be seen from Table 2, with an increase in Тenv, 
there is an average 13–20 % increase in consumption of the 
exergy of “fuel” by each element of the ARM.

7. Discussion of the results obtained in thermodynamic 
analysis of the air-compression refrigerating machine

The procedure of making in-depth thermodynamic anal-
ysis of the ARM developed on the basis of the exergy cost 
theory makes it possible to evaluate effectiveness of both in-
dividual elements and the whole scheme at various stages of 
system creation. To implement the procedure, an algorithm 
was proposed for constructing a thermo-economic model 
of the ARM which takes into consideration structural and 
topological features of the scheme and the relationship be-
tween its elements. The generalized dependencies of exergy 
indicators on variable factors obtained by numerical imple-
mentation of the procedure make it possible to identify un-
favorable operating conditions for the ARM equipment with 
increased energy consumption. In constructing generalized 
dependencies, the apparatus of design an experiment was 
used which has made it possible to take into consideration 
the interrelated influence of variable factors on the installa-
tion performance.

Not taking into consideration the effect of pressure loss 
in the ARM heat exchangers is limitation of the proposed 
procedure. However, with a corresponding addition of the 

calculation units, this drawback can be taken into consider-
ation as well.

In terms of further development of this procedure, the 
problem of constructing a thermo-economic model for more 
complicated regenerative schemes and the ARM schemes im-
plementing the Brayton’s open-air cycle can be considered.

8. Conclusions

1. A parametric flow graph that equivalently reflects the 
structural topology of the single-stage ARM scheme and 
its properties was developed. This allowed us to apply the 
matrix approach of recording exergy balances which is nec-
essary for automating the process of calculating the exergy 
destruction in the elements of complex schemes.

2. Anomalies and dysfunctions in each ARM element 
were revealed and their effect on consumption of the exergy 
of “fuel” for the entire system was established. The greatest 
influence on the change of consumption of the exergy of “fuel” 
of the system was exerted by the efficiency factor of the tur-
boexpander. It was established that the CM co-opts dysfunc-
tions of all other elements of the scheme while it is the most 
sensitive element to the change of exergy losses. Conservatism 
of REF to the change of exergy losses and their influence on 
consumption of the exergy of “fuel” was observed. Linear 
character of the change of consumption of the exergy of “fuel” 
was revealed for each element when ambient temperature var-
ies. With an increase in TOC from 25 °C to 30 °C, consumption 
of the exergy of “fuel” in the system increases by 19.6 % while 
the total destruction increases by 21.7 %.
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