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1. Introduction

Among such vibratory machines as screeners, vibratory 
tables, vibratory conveyers, vibratory mills etc., the most 
promising ones are the multi-frequency, resonance, and 
multi-frequency-resonance machines.

Multi-frequency vibratory machines demonstrate better 
performance [1], resonance vibratory machines are the most 
energy efficient [2], and multi-frequency-resonance vibra-
tory machines combine advantages of both multi-frequency 
and resonance vibratory machines [3].

The most effective and easiest technique to excite reso-
nance dual-frequency oscillations is based on the use of a ball, 
a roller, or a pendulum auto-balancer as vibration exciter [4].

At present, workability of a new method of excitation 
of dual-frequency vibrations for single-mass vibratory ma-
chines with translational rectilinear movement of the vibra-
tory platform has not been theoretically explored.

2. Literature review and problem statement

In [4], it was proposed to use a ball, a roller, or a pen-
dulum auto-balancer for the excitation of dual-frequency 

resonance vibrations in vibratory machines with different 
kinematics in the motion of platforms. It is assumed that 
this technique is applicable for single-, dual-, and three-mass 
vibratory machines.

The technique employs a special motion mode of loads 
[5], which occurs at small forces of resistance to the motion 
of loads relative to the casing of an auto-balancer. Under this 
mode, the loads get together, but, failing to catch up with 
the rotor, unto which the auto-balancer is mounted, they get 
stuck at one of the resonance frequencies of the vibratory 
machine. Because the loads get stuck, slow resonance oscilla-
tions of platforms are excited. That is why the new technique 
is based on the Sommerfeld effect [6]. In addition, the unbal-
anced mass is mounted onto the casing of the auto-balancer. 
The unbalanced mass rotates synchronously with the rotor. 
This enables rapid oscillations of the platforms. Parameters 
of dual-frequency vibrations change by changing the rotor 
speed, the unbalanced mass, and total mass of loads.

Theoretical substantiation of the feasibility of the new 
method for the excitation of dual-frequency vibrations is 
important both for the theory of vibratory machines and for 
practical application.

In [7], generalized models of single-, dual-, and three-
mass vibratory machines with translational motion of vi-
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bratory platforms and a vibration exciter in the form of a 
ball, a roller, or a pendulum auto-balancer were developed. 
Differential equations for the motion of vibratory machines 
were derived. Paper [8] analytically explores operability of 
the described technique for a single-mass vibratory machine 
with rectilinear translational motion of the platform. The 
scientific literature is also reviewed.

In this paper, we examine operability of the technique for 
a dual-mass vibratory machine with rectilinear translational 
motion of platforms.

The relevance of undertaking present research is also 
related to the fact that dual-mass vibratory machines have 
a number of advantages over single-mass machines. In the 
dual-mass vibratory machines:

– frequencies of platforms’ oscillations are less depen-
dent on load mass [9];

– excitation of anti-resonance oscillations is possible, 
at which platforms’ oscillations are not transmitted to the 
foundation [10];

– resonance motion modes have larger areas of existence 
and stability [11];

– there is a possibility for the excitation of combined 
(poly-frequency) resonance oscillations of platforms with 
eigenfrequencies of the vibratory machine’s oscillations [12];

– anti-resonance operating mode of the vibratory ma-
chine can be implemented over a wide range of parameters 
[13], it is less dependent on load mass [14], etc.

3. The aim and objectives of the study

The aim of present research is to study analytically the 
dual-frequency modes of motion of vibration platforms of a 
dual-mass vibratory machine with translational rectilinear 
motion of vibratory platforms, excited by a passive auto-bal-
ancer. It is necessary in order to substantiate the applica-
bility of the new technique for vibration excitation in the 
dual-mass vibratory machines.

To accomplish the set goal, the following tasks must be 
solved:

– it is required, under condition that the loads get stuck, 
to find an approximated solution to differential equations of 
motion of the vibratory machine, and to estimate magnitudes 
of unaccounted (discarded) components of the solution;

– to obtain an equation to search for the frequencies at 
which loads get stuck, and to perform its general analysis.

4. Research methods

We apply differential equations of motion of a sin-
gle-mass vibratory machine with translational rectilinear 
motion of vibratory platforms and a vibration exciter in the 
form of a ball, a roller, or a pendulum auto-balancer [9].

To search for the approximate solution to the system of 
differential equations of motion and frequencies at which 
loads get stuck, we employ perturbation methods and the 
elements of theory of nonlinear oscillations [15].

4. 1. Description of a generalized model of the vibra-
tory machine

A generalized model of the dual-mass vibratory machine 
is shown in Fig. 1 [9]. A vibratory machine is composed of 
two platforms with mass M1 and M2. Each platform is sup-

ported by external elastic-viscous supports with coefficients 
of rigidity ki and viscosity bi, /i=1, 2/. The platforms are con-
nected by the inner elastic-viscous support with coefficients 
of rigidity k12 and viscosity b12.

 
 
 
 
 
 
 
 
 
 
а 
 
 
 
 
 
 
 
 
 
 

b                                         c 

Fig. 1. Generalized model of the dual-mass vibratory 
machine: a – kinematics of platform’s motion (the schematic 

is rotated at angle α); b – kinematics of motion of the 
unbalanced mass and a ball or a roller; c – kinematics of 

motion of the unbalanced mass and a pendulum

The platforms can move only in a rectilinear translation-
al way due to the static guides. Direction of the platforms’ 
motion forms angle α to the vertical. Coordinates y1, y2 of 
the platforms are counted from positions of the static equi-
librium of the platforms.

A ball, a roller (Fig. 1, b), or a pendulum (Fig. 1, c) passive 
auto-balancer is placed on the second platform.

The casing of the auto-balancer rotates around the  
shaft – point K with a constant angular speed .

The point unbalanced mass  is rigidly connected to the 
casing of the auto-balancer. It is located at distance P from 
point K. Two mutually perpendicular axes X, Y originate 
from point K and form the right-side coordinate system. The 
X axis is parallel to the platforms; the Y axis is parallel to the 
direction of platforms’ motion. Location of the unbalanced 
mass relative to the casing determines angle t, where t is 
the time. The angle is counted from the X axis to the section 
that originates from point K and ends in the unbalanced mass.

The auto-balancer is composed of N identical loads. The 
mass of one load is m. The center of load’s masses can move 
along circle with radius R centered at point K (Fig. 1, b, c). 
Position of load number j relative to the casing is determined 
by angle φj, =/ 1, / .j N  The angle is counted from the X axis 
to the section that originates from point K and ends in the 
center of masses of load number j. Load motion relative to 
the casing of the auto-balancer is prevented by the viscous 
resistance force with a module of 

= = φ − ω′( ) | |,r
j W j W jF b v b R  =/ 1, /,j N  

where bW is the coefficient of viscous resistance force;
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= φ − ω′( ) | |r
j jv R  

is the speed module of motion of the center of masses of 
load number j relative to the casing of the auto-balancer, 
with a dash behind the magnitude denoting time deriva-
tive t.

4. 2. Differential equation of motion of the dual-mass 
vibratory machine [9]

Differential equations of platform 1 and 2.

+ + +′′ ′
+ − + − =′ ′

1 1 1 1 1 1

12 1 2 12 1 2( ) ( ) 0,

M y b y k y

b y y k y y

Σ + + + − +′′ ′ ′ ′

+ − + = ω ω′′
2 2 2 2 2 2 12 2 1

2
12 2 1

( )

( ) sin ,y d

M y b y k y b y y

k y y S S t   (1)

where Σ = + + µ2 2 .M M Nm
Equation of loads’ motion:

κ φ + φ − ω +′′ ′

+ φ − α + φ =′′2

( )

cos( ) cos 0,
j W j

j j

mR b R

mg my =/ 1, / .j N ,  (2)

where for a ball, a roller, and a pendulum, respectively,

κ =
7

,
5

 κ =
3

,
2

 

κ = + 21 / ( ),CJ mR   (3)

and JC is the principal central axial moment of the pendu-
lum’s inertia.

We shall note that the form of differential equations of 
motion (1) and (2) does not depend on the type of an au-
to-balancer.

The sum of projections of all forces that impact the foun-
dation

= + + +′ ′1 1 1 1 2 2 2 2.yR k y b y k y b y   (4)

At antiresonance ~ 0.yR

5. Research results

5. 1. Reducing equations of motion to the dimension-
less form

Let us introduce dimensionless variables and time

= ρ 1 1 / ( ),v y y  = 

2 2 / ,v y y  

= / ,x xs S s  = / ,y ys S s  τ = ω ,t   (5)

where ,y  ρ,  ,s  ω  are the characteristic scales, which will 
be selected later.

Then

⋅ ⋅ τ ⋅
= = ω

τ τ
 ,

d d d d
dt d dt d

 
⋅ ⋅
= ω

τ


2 2
2

2 2 ,
d d
dt d

  (6)

equations of motion (1) and (2) will also take the form

ω ρ + ω ρ + ρ +
+ ω ρ − + ρ − =

     

    

2
1 1 1 1 1 1

12 1 2 12 1 2( ) ( ) 0,

M y v b y v k y v

b y v v k y v v

Σω + ω + − ω ρ − −
ω

− ρ − + ω = ω τ
ω

        

  



2
2 2 2 2 2 2 12 1 2

2 2
12 1 2

( )

( ) sin ,y d

M yv b yv k yv b y v v

k y v v s s S

κ ω φ + ω φ − ω ω +

+ φ − α + ω φ =

 

  

 

2 2 2

2
2

( / )

cos( ) cos 0,

j W j

j j

mR b R

mRg mR yv  =/ 1, /,j N .  (7)

Where a dot above the magnitude denotes derivative 
from τ.

We shall divide equations 1 and 2 by Σω 2
2M y , and equa-

tion 3 – by κ ω2 2mR , and obtain

Σ

Σ Σ

 
ρ + + + ω ω 

+ ρ − + ρ − =
ω ω

 

 

 

 

1 1 1
1 1 12

2 1 1

12 12
1 2 1 22

2 2

( ) ( ) 0,

M b k
v v v

M M M

b k
v v v v

M M

Σ Σ Σ

Σ Σ Σ

+ + − ρ − −
ω ω ω

ω ω
− ρ − + = τ

ω ω ω

   

  





   

2 2 12
2 2 2 1 22

2 2 2

2
12

1 22 2
2 2 2

( )

( ) sin ,d
y

b k b
v v v v v

M M M

Sk s
v v s

M M y M y

ω φ + φ − +  κ ω ω

+ φ − α + φ =
κ ω κ

 

 







22 cos( ) cos 0,

W
j j

j j

b
m

g y
v

R R
 =/ 1, / .j N  (8)

We shall introduce new dimensionless parameters and 
characteristic scale:

=
ω

1
1

1

,
2

b
h

M
 

Σ

=
ω

12
12

2

,
2

b
h

M
 

Σ

=
ω

2
2

2

,
2

b
h

M
 Σρ = 2

1

,
M
M

ω
=

ω
,n  

Σ

=




2

,
s

y
M

 
Σ

ε = =
κ κ
 

2

,
y s
R RM

=
ω

2 1
1 2

1

,
k

n
M

 
Σ

=
ω

2 12
12 2

2

,
k

n
M

 
Σ

=
ω

2 2
2 2

2

,
k

n
M

εβ =
κ ω

,Wb
m

 Σβ = =
εκ ω ω 

2 ,W Wb b RM
m sm

 δ =


,dS
s

 σ =
κ ω 2 .

g
R

(9)

Then equations (8) will take the form:

+ + + ρ − + ρ − =   

2 2
1 1 1 1 1 12 1 2 12 1 22 2 ( ) ( ) 0,v h v n v h v v n v v

+ + − ρ − −

− ρ − + = δ τ

   



2
2 2 2 2 2 12 1 2

2 2
12 1 2

2 2 ( )

( ) sin ,y

v h v n v h v v

n v v s n n

φ + εβ φ − + σ φ − α + ε φ = 



2( ) cos( ) cos 0,j j j jn v  

=/ 1, / .j N   (10)

Let

= ,s NmR  
Σ

ω = 2

2

.
k

M
  (11)

Then

=

= φ∑
1

1
cos ,

N

x j
j

s
N

 
=

= φ∑
1

1
sin ,

N

y j
j

s
N

 =2
2 1,n
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Σ

=
2

,
NmR

y
M

 
Σ

ε =
κ 2

,
Nm
M

Σβ =
ω
2

2 ,Wb M
Nm

 
µ

δ = = .dS P
NmR NmR

 (12)

In this case, the form of equations (10) will be preserved.
Transform Ry:

Σ

= = + + +
ω

 

 

2 2
1 1 1 1 2 2 2 22

2

2 2 .y
y

R
r n v h v n v h v

M y
  (13)

At antiresonance ~ 0.yr

5. 2. Transformation of equations of loads’ motion
We shall add equations of loads’ motion from (10) and 

obtain

= =

= =

φ + εβ φ − +

+σ φ − α + ε φ =

∑ ∑
∑ ∑

 



1 1

21 1

( )

cos( ) cos 0.

N N

j jj j

N N

j jj j

n

v   (14)

We shall introduce a mean angle for consideration

=

φ = φ∑
1

1
.

N

j
jN

  (15)

Conduct transformations

= =

= =

φ − α = φ α − φ α =

= α φ − α φ =

= α − α

∑ ∑
∑ ∑

1 1

1 1

cos( ) (cos cos sin sin )

cos cos sin sin

( cos sin ).

N N

j j jj j

N N

j jj j

x yN s s  (16)

Then, considering (15), (16), equation (14) will take the 
form

φ + εβ φ − +
+σ α − α + ε =

 



2

( )

( cos sin ) 0.x y x

n

s s v s   (17)

This equation will be used to search for the frequencies 
at which loads get stuck.

In the research that follows, the influence of gravity forc-
es is not taken into consideration ( 0)σ = .

5. 3. Dual-frequency motion mode at zero approxi-
mation

At 0,ε =  the last N equations in the system (10) take 
the form:

φ = 0,j  =/ 1, / .j N   (18)

From these equations, we find

φ = Ω τ + ψ(0) ,j j j  Ω ψ −, const,j j  =/ 1, / .j N  (19)

Then

= =

φ = τ Ω + ψ = Ωτ + ψ∑ ∑(0)

1 1

1 1
.

N N

j j
j jN N

  (20)

Hence, we shall find

=

Ω = Ω∑
1

1
,

N

j
jN

 
=

ψ = ψ∑
1

1
.

N

j
jN

  (21)

Since the balls or rollers are located on one track, then:

Ω = Ω,j  =/ 1, /;j N

= =

=

= =

= φ = Ωτ + ψ =

= Ωτ ψ − Ωτ ψ =

Ωτ Ωτ
= ψ − ψ

∑ ∑

∑

∑ ∑

1 1

1

1 1

1 1
cos cos( )

1
(cos cos sin sin )

cos sin
cos sin ;

N N

x j j
j j

N

j j
j

N N

j j
j j

s
N N

N

N N

= =

=

= =

= φ = Ωτ + ψ =

= Ωτ ψ + Ωτ ψ =

Ωτ Ωτ
= ψ + ψ

∑ ∑

∑

∑ ∑

1 1

1

1 1

1 1
sin sin( )

1
(sin cos cos sin )

sin cos
cos sin .

N N

y j j
j j

N

j j
j

N N

j j
j j

s
N N

N

N N
  (22)

We shall demand that

= Ωτ + γ =
= Ωτ γ − Ωτ γ

0

0 0

cos( )

(cos cos sin sin );
xs A

A

= Ωτ + γ =

= Ωτ γ + Ωτ γ
0

0 0

sin( )

(sin cos cos sin ).
ys A

A   (23)

Then

=

γ = ψ∑0
1

1
cos cos ,

N

j
j

A
N

 
=

γ = ψ∑0
1

1
sin sin ,

N

j
j

A
N

= =

    
 = ψ + ψ        

∑ ∑
2 2

2
2

1 1

1
cos sin ,

N N

j j
j j

A
N

= =

γ = ψ ψ∑ ∑0
1 1

tg sin cos .
N N

j j
j j

 (24)

From (23), we find = − Ω Ωτ + γ

2 sin( )ys A . Then the first 
two equations in system (10) will take the form

+ + + ρ − + ρ − =   

2 2
1 1 1 1 1 12 1 2 12 1 22 2 ( ) ( ) 0,v h v n v h v v n v v

+ + − ρ − −

− ρ − = Ω Ωτ + γ + δ τ

   

2
2 2 2 2 2 12 1 2

2 2 2
12 1 2 0

2 2 ( )

( ) sin( ) sin .

v h v n v h v v

n v v A n n   (25)

We shall find a particular solution to system (25). Let us 
consider auxiliary system

+ + + ρ − + ρ − =   

2 2
1 1 1 1 1 12 1 2 12 1 22 2 ( ) ( ) 0,v h v n v h v v n v v

+ + − ρ − −

− ρ − = τ

   

2
2 2 2 2 2 12 1 2

2 2
12 1 2

2 2 ( )

( ) sin( ).

v h v n v h v v

n v v Fq q   (26)

We search for a particular solution to this system in the 
form of

τ = τ + τ1( , ) ( , )sin( ) ( , )cos( ),v q D q F q E q F q

τ = τ + τ2( , ) ( , )sin( ) ( , )cos( ).v q K q F q L q F q   (27)
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Substitute (27) in (26) and collect coefficients be-
fore sin ,  cos( ) ( ).q qτ τ  We shall obtain the following sys-
tem of equations for the search D(q,F), E(q,F), K(q,F),  
L(q,F):

11 12 13 14

12 11 14 13

13 14 33 34

14 13 34 33

3

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0

0
,

( , )

0

a q a q a q a q D q

a q a q a q a q E q

a q a q a q a q K q

a q a q a q a q L q

b q F

   
   − −    =

ρ ρ   
   −ρ ρ −   

 
 
 =
 
  

  (28)

where

= + ρ − =

= − + ρ = − =

2 2 2
11 1 12 12

2
1 12 13 12 14 12

( ) , ( )

2 ( ), , ( ) 2 ,

a q n n q a q

q h h a n a q qh

= + − =

= − + =

2 2 2
33 2 12 34

2
2 12 3

( ) , ( )

2 ( ), ( , ) .

a q n n q a q

q h h b q F Fq   (29)

We shall introduce determinants

− −
D = =

ρ ρ
−ρ ρ −

= − ρ − − +

+ ρ − −

11 12 13 14

12 11 14 13

13 14 33 34

14 13 34 33
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11 33 13 14 12 34
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−
D = =

ρ
ρ −

= ρ + −
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11 14 13
1

3 14 33 34

13 34 33
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3 13 1413
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= ρ − −

− + +

11 12 13

12 11 14
4

13 14 33 3

14 13 34

2 2
3 12 13 14

2 2
11 13 14 34 11 12

( ) ( ) ( ) 0

( ) ( ) ( ) 0
( , )

( ) ( ) ( ) ( , )

( ) ( ) ( ) 0

( , ) { ( )[ ( ) ( )]

2 ( ) ( ) ( )} ( )[ ( ) ( )] .

a q a q a q

a q a q a q
q F

a q a q a q b q F

a q a q a q

b q F a q a q a q

a q a q a q a q a q a q  (30)

Then

= D D1( , ) ( , ) / ( ),D q F q F q

= D D2( , ) ( , ) / ( ),E q F q F q

= D D3( , ) ( , ) / ( ),K q F q F q

= D D4( , ) ( , ) / ( ).L q F q F q   (31)

Dual-frequency mode of the platforms’ motion at zero 
approximation ( 0)ε =  takes the form

τ = Ω Ωτ + γ +
+ Ω Ωτ + γ +
+ δ τ + δ τ

1 0

0

( ) ( , )sin( )

( , )cos( )

( , )sin( ) ( , )cos( ),

v D A

E A

D n n E n n

τ = Ω Ωτ + γ +
+ Ω Ωτ + γ + δ τ +
+ δ τ

2 0

0

( ) ( , )sin( )

( , )cos( ) ( , )sin( )

( , )cos( ).

v K A

L A K n n

L n n   (32)

In it, the value of constant parameter Ω, which determines 
the frequency at which loads get stuck, was not defined.

5. 4. Condition for existence of the dual-frequency 
modes of motion

We search for the mean angle at steady motion in the 
first approximation. Assume that

φ = Ωτ + γ + εγ0 1,   (33)

where Ω=const, and γ1 is the periodic function. Then, with 
accuracy to the magnitudes of first-order smallness inclusive

φ = Ω + εγ



1,  φ = εγ



1,

≈ Ωτ + γ − εγ Ωτ + γ0 1 0cos( ) sin( ).xs A

At the same accuracy, equation (17) takes the form

εγ + εβ Ω − + ε Ωτ + γ = 

1 2 0( ) cos( ) 0,n v A

hence, we find

γ = −β Ω − − ε Ωτ + γ 

1 2 0( ) cos( ).n v A   (34)

At zero approximation, v2 takes the form (32). Find the 
second derivative

τ = −Ω Ω Ωτ + γ +
+ Ω Ωτ + γ −

− δ τ + δ τ



2
2 0

0

2

( ) [ ( , )sin( )

( , )cos( )]

[ ( , )sin( ) ( , )cos( )].

v K A

L A

n K n n L n n

Substituting it in (34), we shall obtain
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( ) 2
1 0

0

2

0

{ [ ( , )sin( )

( , )cos( )]

[ ( , )sin( ) ( , )cos( )]}

cos( ) 0.

n K A

L A

n K n n L n n

γ = −β Ω − + Ω Ω Ωτ + γ +
+ Ω Ωτ + γ +

+ δ τ + δ τ ×
× Ωτ + γ =



 (35)

The right-hand side of this equation includes a constant 
that generates the secular component:

−β Ω − + Ω Ω =2( ) ( , ) / 2 0.n L A   (36)

If this constant is equal to zero, then γ1 is the periodic 
function.

With respect to (31), condition (36) takes the form

Ω = β − Ω D Ω + Ω D Ω =2
4( , ) 2 ( ) ( ) ( , ) 0.P n n A   (37)

Equation (37) is the polynomial of degree 9 relative to Ω. 
Its real roots determine frequencies at which loads can get 
stuck. The quantity of frequencies at which loads get stuck 
depends on the rotor speed.

We shall note that in the first approximation corrections 
to v1, v2 will equal to the order of ε. For actual vibratory 
machines 1/ 50,ε <  and, therefore, the correction will not 
exceed 2 % of the dual-frequency mode of motion already 
found. That is why a given correction is not determined in 
subsequent calculations.

Estimation of the magnitudes of discarded (unaccount-
ed) components shows that despite strong asymmetry of 
supports, the platforms execute almost perfect dual-frequen-
cy oscillations.

5. 5. Analysis of equation for the search for a frequen-
cy at which loads get stuck

We shall substitute (29) in (30) and obtain

D Ω = − Ω ρ Ω + +

+ − Ω + Ω +

+ + ρ − Ω + Ω + ρ

3 2 2 4
4 1 12 12

2 2 2 2 2
12 1 1

2 2 2 2 2 2
2 1 12 1 12

( , ) 2 { (4 )

[( ) 4 ]

[( ) 4 ( ) ]}.

A A h h n

h n h

h n n h h   (38)

(30) and (38) show that:

( )40 ,A 0,∀Ω < ⋅ D Ω >

( ) ( )40 ,A 0, 0.∀Ω > ⋅ D Ω < ∀Ω⋅ D Ω >

That is why

( ) ( )0 , 0, , 0,P n n P n∀Ω ≤ ⋅ Ω > ∀Ω ≥ ⋅ Ω <

and:
– all real roots of the polynomial (37) are in the open 

interval (0, n);
– ∀ n>0 at least one real positive root exists, ( )1 0,γnΩ ∈ , 

is the frequency, at which loads get stuck.
If the resistance forces in supports do not exist (h1, h12, 

h2=0)

D = + ρ − + − − ρ2 2 2 2 2 2 4 2
1 12 2 12 12( ) [( )( ) ] .q n n q n n q n  (39)

Two different twofold roots of this equation

determine natural frequencies of oscillations of the system at 
loads that are motionless relative to the auto-balancer.

Note that

− − + ρ + ρ =

= + + + ρ −

− + + ρ >

2 2 2 2 4
1 2 12 12

2 2 2 2
1 2 12

2 2 2 2 2 2
1 2 1 12 2 12

[ (1 ) ] 4

[ (1 ) ]

4( ) 0.

n n n n

n n n

n n n n n n

That is why these frequencies always exist and 0<q1<q2.
Equation (37) always has at least one root Ω*, close to 

n. Using the method of expansion of polynomial roots by 
the powers of small parameter [15], it is possible to obtain 
that at low or very high rotor speeds there is only one root; 
in this case:

∀ < << Ω ≈
ρ + + + ρ

≈ −
β + + ρ

*

4 4 2 2 2
5 1 12 12 1 2 1 12

2 2 2 2 2 2 2
1 2 1 12 2 12

: 0 1

( )
,

( )

n n

h n h n h n n
n An

n n n n n n

∀ >> 1n  
β

Ω ≈
β + +

*

12 2

.
( )

n
A h h

  (41)

In the case of low rotor speeds, this is the single frequen-
cy at which loads get stuck.

In the case of a rapidly rotating rotor, there can exist 
other frequencies at which loads get stuck.

In the absence of resistance forces in supports, summand 
β − Ω D Ω2 ( ) ( )n  has five real positive roots: q1, q1, q2, q2, n. If 

there are forces of viscous resistance in supports

∀Ω ∈(0, )n  β − Ω D Ω >2 ( ) ( ) 0,n  Ω D Ω <2
4( , ) 0.A

That is why, in the case of small viscous resistance forces 
in supports, other frequencies at which loads get stuck:

– are close to the eigenfrequencies of vibratory machine’s 
oscillations;

– occur in pairs in the vicinity of each eigenfrequency;
– one frequency at which loads get stuck from the pair 

is slightly lower than the corresponding eigenfrequency of 
vibratory machine’s oscillations; while the other is slightly 
higher.

That is why, at small viscous resistance forces in the sup-
ports of a vibratory machine, an increase in the rotor speed 
leads to a sequential growth in the number of frequencies 
at which loads get stuck. In this case, the quantity of such 
frequencies is: 1 – for < *

1 ;n q  3 – for ∈ * *
1 2( , );n q q  1, 5 – for 

> *
2.n q  Here, * *

1 2,q q  are some characteristic rotor speeds, such 
that < < <* *

1 1 2 2.q q q q  Magnitudes of these characteristic 
speeds were not determined.

Arbitrary viscous resistance forces in the supports may 
interfere with the emergence of new frequencies at which 
loads get stuck. That is why, in the most general case, the 
quantity of such frequencies can amount to: 1 – for n<q1;  
1 or 3 – for n(q1, q2); 1, 3, or 5 – for n>q2.

6. Discussion of results of studying dual-frequency 
motion modes of the dual-mass vibratory machines

The theoretical study conducted allowed us to 
establish that a dual-mass vibratory machine with 
rectilinear translational motion of platforms and a 
vibration exciter in the form of a passive auto-balancer 
always possesses steady-state operation modes that 

2 2 2 2 2 2 2 4
1/2 1 2 12 1 2 12 12

1
(1 ) [ (1 ) ] 4 (40)

2
q n n n n n n n= + + + ρ − − + ρ + ρ
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are close to dual-frequency regimes. During these motions, 
loads in the auto-balancer create constant imbalance, cannot 
catch up with the rotor, and get stuck at a certain frequency. 
In this way, loads serve as the first vibration exciter, induc-
ing vibrations with the frequency at which loads get stuck. 
The second vibration exciter is formed by the unbalanced 
mass on the casing of the auto-balancer. The mass rotates at 
the rotor speed and excites faster vibrations.

Despite the strong asymmetry of supports, the auto-bal-
ancer excites almost perfect dual-frequency vibrations of 
platforms. Deviations from the dual-frequency law are pro-
portional to the ratio of loads’ mass to the mass of the entire 
machine. That is why they do not exceed 2 % for actual 
machines.

A dual-frequency vibratory machine has its own two 
oscillation frequencies – q1, q2 (q1<q2). Loads can get stuck 
only at speeds close to: the eigenfrequencies of vibratory ma-
chine’s oscillations; the rotor rotation frequency.

A vibratory machine has always one, and only one, fre-
quency at which loads get stuck, which is slightly lower than 
the rotor speed.

In the case of small viscous resistance forces in the sup-
ports, an increase in the rotor speed of vibratory machine 
leads to an increase in the quantity of frequencies at which 
loads get stuck, first to 3, then to 5. In this case, new frequen-
cies at which loads get stuck:

– occur in pairs in the vicinity of each eigenfrequency of 
the vibratory machine’s oscillations;

– one of the frequencies is slightly lower, while the other 
is slightly higher, than the eigenfrequency of vibratory ma-
chine’s oscillations.

Arbitrary viscous resistance forces in the supports may 
interfere with the emergence of new frequencies at which 
loads get stuck. That is why, in the most general case, the 
quantity of such frequencies can reach: 1 – for n<q1; 1 or 3 – 
for n(q1, q2); 1, 3, or 5 – for n>q2.

Thus, at small viscous resistance forces in the supports, 
a dual-mass vibratory machine has more dual-frequency mo-
tion modes than the single-mass machine [10]. In this case, 
the dual-frequency motion modes in the dual-mass vibratory 
machine do not disappear at an increase in the rotor speed. 
This opens up new possibilities for designing vibratory ma-
chines with different dynamic characteristics.

We shall note that the stability of different dual-fre-
quency motion modes and dynamic properties of the vi-
bratory machine under these motions were not explored. 
It should be noted that differential equations of motion for 
the vibratory machine have solutions that correspond to 
the onset of auto-balancing. These solutions also remained 
unexplored.

The obtained results (the laws of platform motion, equa-
tion for finding the frequencies at which loads get stuck, 

etc.) could be applied both for analytical research and for 
a computational experiment. In the future, it is planned to 
investigate dynamic properties of the vibratory machine 
under a dual-frequency motion mode by employing a compu-
tational experiment.

7. Conclusions

1. A dual-mass vibratory machine with rectilinear trans-
lational motion of platforms and a vibration exciter in the 
form of a passive auto-balancer always has steady-state mo-
tion modes that are close to dual-frequency regimes. Under 
these motions, loads in the auto-balancer create constant 
imbalance, cannot catch up with the rotor, and get stuck 
at a certain frequency. In this way, loads serve as the first 
vibration exciter, inducing vibrations with the frequency at 
which loads get stuck. The second vibration exciter is formed 
by the unbalanced mass on the casing of the auto-balancer. 
The mass rotates at rotor speed and excites faster vibrations 
of this frequency.

Despite the strong asymmetry of supports, the auto-bal-
ancer excites almost perfect dual-frequency vibrations of 
the platforms. Deviations from the dual-frequency law are 
proportional to the ratio of loads’ mass to the mass of the en-
tire machine. That is why they do not exceed 2 % for actual 
machines.

2. A dual-frequency vibratory machine has two eigenfre-
quencies of oscillations. Loads can get stuck only at speeds 
close to eigenfrequencies of the vibratory machine’s oscilla-
tions, or to the rotor rotation frequency.

A vibratory machine has always one, and only one, fre-
quency at which loads get stuck, which is slightly lower than 
the rotor speed.

At low rotor speeds, there is only one frequency at which 
loads get stuck.

In the case of small viscous resistance forces in the 
supports, at an increase in the rotor speed, the quantity of 
frequencies at which loads get stuck in a vibratory machine 
increases, first to 3, then to 5. In this case, new frequencies 
at which loads get stuck:

– occur in pairs in the vicinity of each eigenfrequency of 
the vibratory machine’s oscillations;

– one of the frequencies is slightly lower, while the other 
is slightly higher, than the eigenfrequency of vibratory ma-
chine’s oscillations.

Arbitrary viscous resistance forces in the supports may 
interfere with the emergence of new frequencies at which 
loads get stuck. That is why, in the most general case, the 
quantity of such frequencies can be 1, 3, or 5, depending on 
the rotor speed and the magnitudes of viscous resistance 
forces in supports.
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