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1. Introduction

In general terms, the technology of structuring group 
expert judgments can be presented in the form of successive 
steps, Fig. 1.

A panel of experts { | 1, }jE j tΕ = =  is given one and 
the same set of options (objects of expertise, alternatives) 

{ | 1, }iA i mΑ = =  and the same instruction containing infor-
mation as to what type of scorecard in which the experts will 
express their preferences will be used. It depends on the type 
of information received from the experts (words, conditional 
gradations, numbers, rankings, breakdowns or other types of 
objects of non-numeric nature).

As a result, a plurality of individual expert judgments 
{ | 1, }iO i tΟ = =  is formed. The established set of expert 

judgments (EJs) enters the block of structuring proce-
dures to perform operations of ranking, clusterization, 
and others. The obtained data fall into the block of eval-
uating the results of structuring, which contains a set of 
conditions that determines the correctness of the struc-
turization block.

When solving problems of analysing group expert judg-
ments and choosing appropriate methods (Fig. 2), two im-
portant circumstances should be taken into account:

– availability of diverse scales of expert measurements 
and a large number of different forms of representing expert 

14. Fayolle P.-A., Pasko A. Optimized surface discretization of functionally defined multi-material objects // Advances in Engineering 

Software. 2012. Vol. 45, Issue 1. P. 301–312. doi: 10.1016/j.advengsoft.2011.10.007 

15. Huang H., Ascher U. Surface Mesh Smoothing, Regularization, and Feature Detection // SIAM Journal on Scientific Computing. 

2008. Vol. 31, Issue 1. P. 74–93. doi: 10.1137/060676684 

16. Multi-view Stereo with Single-View Semantic Mesh Refinement / Romanoni A., Ciccone M., Visin F., Matteucci M. // 2017 IEEE 

International Conference on Computer Vision Workshops (ICCVW). 2017. doi: 10.1109/iccvw.2017.89 

17. Choporov S. V. Smoothing of Quadrilateral Meshes by Local Functional Minimization // Visnyk of Kherson National Technical 

University. 2017. Vol. 2, Issue 3 (62). P. 234–239.

DEVELOPMENT OF 
A TECHNOLOGY 

OF STRUCTURING 
GROUP EXPERT 

JUDGMENTS 
UNDER VARIOUS 

TYPES OF 
UNCERTAINTY

I .  K o v a l e n k o
Doctor of Technical Sciences, 

Professor*
E-mail: ihor.kovalenko@chmnu.edu.ua

А .  S h v e d
PhD*

E-mail: avshved@chmnu.edu.ua
*Department of software engineering

Petro Mohyla Black Sea  
National University

68 Desantnykiv str., 10, Mykolaiv, 
Ukraine, 54003

Розглянуто задачу структуризації групових експертних 
оцінок, сформованих в умовах невизначеності різної при-
роди і наявності конфліктуючих експертних свідоцтв. 
Запропоновано методику агрегування групових експертних 
оцінок, що формуються в умовах різних видів невизначеності, 
яка дозволяє синтезувати групове рішення з урахуванням різ-
них форм представлення експертних переваг (інтервальні, 
нечіткі, точкові експертні оцінки). Запропонована процедура 
дозволяє синтезувати групове рішення у разі, якщо в групі екс-
пертів є група або декілька груп експертів, які висловлюють 
свої переваги з використанням різних форм подання експерт-
ної інформації. 

Такий підхід дозволяє максимально точно відображати 
експертні переваги щодо аналізованого об’єкта, не обмежую-
чи експертів жорсткою формою подання оцінок. 

Для аналізу отриманої експертної інформації, та отри-
мання індивідуальних експертних ранжувань аналізованих 
об’єктів, в роботі використаний метод парних порівнянь і 
його модифікації. 

Встановлено, що для агрегування точкових експертних 
оцінок, більш точні результати комбінування можуть бути 
отримані на основі застосування правил перерозподілу кон-
фліктів теорії правдоподібних і парадоксальних міркувань. 
Для агрегування інтервальних експертних оцінок рекоменду-
ється застосовувати одне з правил комбінування теорії сві-
доцтв. Встановлено, що для підвищення якості результатів 
комбінування доцільно визначати порядок комбінування екс-
пертних свідоцтв, наприклад, враховуючи міру відмінності і 
структуру експертних свідоцтв. 

Одержані результати покликані сприяти підвищенню яко-
сті та ефективності процесів підготовки і прийняття рішень 
щодо аналізу та структуризації групових експертних оцінок
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judgments (numbers, rankings, paired comparisons, inter-
vals, and others) and

– a limited number of experts n (n≤30).

Currently, the most widely used methods of analysing 
expert judgments obtained in the scale of relations are the 
method of pairwise comparison and the analytic hierarchy 
process (AHP) as well as its modification.

The idea of a pairwise comparison method consists in 
comparing the elements (objects) proposed by experts to one 
another in order to obtain an individual or collective rank-
ing or to choose the best option. The experts pair each two 
objects together and evaluate the significance of one object 
relative to the other. As a result, strict or non-rigorous indi-
vidual ranks of objects can be formed, for example, if their 
equivalence is recorded.

Despite the ease of implementation and the wide spread, 
it should be noted that the method is not devoid of a number 
of shortcomings, of which the following should be noted:

– in case of insignificant differences between the 
objects to achieve a satisfactory ranking, it is not always 
possible;

– with an increase in the number of 
comparable pairwise elements (n≥6), it 
is often difficult to achieve a high level 
of consistency between experts;

– with a large number of objects 
being compared, it is necessary to con-
struct a large number of inverse-sym-
metric matrices;

– in the classical method of pair-
wise comparison, an expert only works 
with rigorous assessments of objects and 
avoids uncertainty in judgments.

The main disadvantage of the meth-
ods based on the procedures of pairwise 
comparison is that they can be used 
only for a small number of comparable 
elements.

At present, a rather large class of 
modern methods has been formed to 
overcome these shortcomings. The pro- 
posed modifications of the paired com-
parison method help simulate inaccu-
racy and uncertainty in experts’ assess-
ments, both at the stage of identifying 
expert preferences and at the stage of 
obtaining local priority vectors.

2. Literature review and problem 
statement

By the form of presenting expert 
opinions, the modification of the dual 
comparison method can be classified 
as follows: on the basis of crisp expert 
evaluations; based on fuzzy expert as-
sessments; based on interval estimates 
of experts.

In [1], a review and a classification 
of methods for obtaining the priority 
vector from fuzzy matrices of pairwise 
comparisons are presented, and a mod-
ified AHP based on fuzzy expert infor-
mation is suggested. In order to find the 
values of the priority vector from the 
fuzzy matrix of pairwise comparisons 

(MPC), it is proposed in [2] to carry out the procedure of 
dephasing the elements of the fuzzy MPC by the gravity 
method; in [3], it is suggested to use the metric of the Eu-
clidean distance. As a disadvantage of this approach, the 
complexity of mathematical calculations should be noted. 
When applying the gravity method, it should be taken into 
account that the range of values of the output variable will 
be narrower than the interval at which it is defined. In [4], a 
method for obtaining a priority vector from the fuzzy MPC 
based on an evolutionary algorithm is proposed. The method 
makes it possible to process the fuzzy MPC the elements of 
which are presented as triangular and trapezoidal numbers, 
as well as to obtain crisp values of the priority vector and 
to assess the consistency of expert information. However, a 
disadvantage is the limited number of the compared items.

 

Fig. 1. A technology of structuring expert judgments

 

Fig. 2. The structure of the technology for analysing group expert judgments
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In [5], the classification and analysis of methods for 
obtaining the priority vector from interval matrices of 
pairwise comparisons is performed. In order to obtain the 
values of the vector of local priorities in the interval MPC, 
the study considers modifications of the method of pairwise 
comparison on the basis of the goal programming method 
(GPM), linear programming method (LPM), and nonlinear 
programming method (NLPM). Examples of practical im-
plementation are given.

To overcome the limit on the number of comparable ob-
jects, several modifications of the paired comparison method 
are proposed. In [6], it is suggested to apply a shortened 
procedure for the formation of the MPC and to divide the 
received expert information into groups, for each of which 
and for the results of the examination as a whole the vectors 
of local priorities are calculated. In [7], two versions of the 
modified AHP are considered. The first version corresponds 
to the case where information about the patterns of distor-
tion of the values of the empirical matrix of pairwise com-
parisons γij is absent; it is proposed to find the weighting of 
the priority vectors based on the optimization models. In [8], 
it is suggested to construct truncated matrices of pairwise 
comparisons; the expert is allowed to allocate and evaluate 
certain subsets of alternative variants within the notation 
of the theory of evidence. This approach allows taking into 
account the uncertainty and inaccuracy in experts’ assess-
ments. Among the shortcomings, it is necessary to note the 
lack of consistency of expert assessments and the possibility 
of obtaining zero values of the priority vector.

Convolutional methods have been widely used to solve 
the task of structuring the expert judgments generated by 
the methods of pairwise comparison and to synthesize the 
group decision on the order of the preferences of the options 
considered in the case where the value of the weight of the 
priority vector is represented by crisp estimates. Among 
them there are additive, multiplicative and nonlinear con-
volutions. The limitations of such an approach include the 
absence of criteria for a reasonable choice of the convolution 
type, the necessity to form weight coefficients, as well as the 
possibility of compensating small values for one indicator 
and large values for other indicators [9].

For synthesis of a group decision, in the case where the 
value of the weight of the priority vector is represented by 
interval numbers, the linear programming method (LPM) is 
used. The main disadvantage is the computational complex-
ity of the method. If the result of aggregating the interval 
values of the weights of the priorities of the experts’ vectors 
is a priority vector whose values are represented by interval 
numbers, then there is a problem of comparing interval-given 
numbers.

The aforementioned methods of aggregating expert in-
formation do not allow taking into account the form of 
representing expert preferences and processing conflicting 
expert assessments; they are not able to operate with expert 
evidence having a different structure, in particular, to com-
bine and intersect.

3. The aim and objects of the study

The aim of the research is to study the problem of 
structuring group expert judgments that are formed under 
various types of uncertainty and to develop a mathematical 
model of structuring (ranking) group expert judgments 

taking into account various forms of representing expert 
preferences.

To achieve the aim, the following tasks are set and done:
– to propose a method of aggregating group expert judg-

ments, which allows taking into account the form of submit-
ting expert assessments;

– to choose an effective combination algorithm for ob-
taining aggregated expert evaluations;

– to conduct a computational experiment and an analysis 
of the obtained results.

4. Materials and methods of studying the problem of 
structuring group expert judgments

Methods that are based on the procedures of pairwise 
comparison make it possible to evaluate the significance of 
one object in relation to the other within a given scale of 
preferences.

For example, if there are two objects O1 and O2, then 
only three variants of the result are possible when comparing 
these objects pairwise: O1 is better than O2 ( 1 2O O ), O1 is 
worse than O2 ( 1 2O O ), and O1 and O2 are equal ( 1 2~O O ).

Let us assume that a group of experts { | 1, },jE j tΕ = =  

evaluating a certain set of alternatives { | 1, }iA i mΑ = =  by  
 
the method of pairwise comparison, has formed profiles of 
expert preferences { | 1, }.jB j tΒ = =

The profile Bj that has been formed by the expert Ej re-
flects its preferences and presents its assessment in the form 
of a reciprocally symmetric matrix of the type
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where 1/ ,ij jia a=  , 1, ;i j m∀ =  aij means expert preconditions 
formed within a given type of the scale.

To evaluate m objects of expert examination, it is neces-
sary to perform m(m–1)/2 pairwise comparisons.

The basis of analysing matrix (1) is the procedure for 
finding the priority vectors, which, provided that aij is ex-
pressed by crisp expert evaluation, is realized by the scheme 
of determining the geometric mean [10]. Such an estimate is 
most characteristic of the scale of relations [10]:
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The verification of the coherence of the elements of 
matrix (1) is carried out on the basis of calculating the con-
sistency ratio: 

CR=CI/RI,  (3)



Mathematics and cybernetics – applied aspects

63

where CI=(λmax–m)/(m–1) is the consistency index; m is 
the number of items to be compared; λmax is the maximum 
actual number of the matrix of pairwise comparisons; RI is 
the random index [10].

The calculated eigenvector from the matrix of paired 
comparisons is acceptable in the case if CR≤0.10.

If aij is represented by a fuzzy number – triangular 

1 2 3( , , ),ij ij ij ija a a a=  ( 1 2 3
ij ij ija a a< < ), 

3 2 11 ,1 ,1ji ij ij ija a a a =    

or trapezoidal 

1 2 3 4( , , , ),ij ij ij ij ija a a a a=  ( 1 2 3 4
ij ij ij ija a a a< < < ), 

4 3 2 11 ,1 ,1 ,1 ,ji ij ij ij ija a a a a =    

then, as a result of the procedure of pairwise comparisons, a 
fuzzy matrix of pairwise comparisons of type (1) is formed.

The verification of the consistency of elements of the 
fuzzy matrix of pairwise comparisons whose elements are 
represented by triangular fuzzy numbers (TFNs) can be 
performed according to the following scheme [11, 12]:

2
1 2 3 1 2 3

1 2 3

2
( 1)( 2)

log log ,
3

ij ij ij i i i

i j j j j
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m m

a a a w w w
w w w<

= ×
− −

   + + + +
× −    + +    
∑  (4)

where 

1 2 3( , , );ij ij ij ija a a a=  1 2 3( , , )j j j jw w w w=

is the vector of local priorities; m is the dimension of the 
matrix.

If CCI=0, the matrix is considered to be absolutely con-
sistent. For the matrix of order m=3, the threshold values are 
CCI=0.3147; for m=4, they are CCI=0.3526; and for m>4, 
they are CCI=0.370.

To obtain the values of the vector of local priorities in 
the fuzzy matrix of pairwise comparisons presented by the 
TFNs, Chang’s method [13] can be applied, which helps ob-
tain crisp estimates of the values of the priority vector. The 
essence of the method is as follows.

1. Find the sum of the elements (ratings) of each line and 
normalize the obtained value:
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is the arithmetic operation of TFN multiplication.

2. Calculate the degree of possibility i jS S≥  , based on 
the expression

 (6)

3. Calculate the degree of possibility iS  in relation to 
other (m–1) fuzzy assessments:

1, ,
( | 1, , ) min ( ),i j i j

j m i j
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≥ = ≠ = ≥     1, .i m=  (7)

4. Calculate the value of the priority vector:
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If aij is represented by an interval number, then, as a result 
of the procedure of pairwise comparisons, an interval matrix 
of pairwise comparisons (IMPC) of type (1) is formed, where 

1 2[ , ],ij ij ija a a=  ( 1 2 0ij ij ija a a< < < ), 

2 11 ,1 ,ji ij ija a a =    1 2 1.ii ii iia a a= = =

The IMPC is coordinated if the next admissible area is 
not empty [14]:

The IMPC is coordinated if its elements satisfy the in-
equalities

1 1 2 2max( ) min( )ik kj ik kjkk
a a a a≤  for ( , , ) 1, .i j k m∀ =  (10)

In order to obtain the values of the vector of local pri-
orities in the IMPC, the following methods have become 
widely used [5, 14, 15]: the linear goal programming meth-
od (LGPM), the lower and upper approximation method 
(LUAM), and the two stage linear goal programming meth-
od (TSLGPM).

Let us consider the situation in which a group of ex-
perts includes such experts or subgroups of experts as 
E⟹{{Gr1}, {Gr2},…,{Grp}}, (Grp⊆E, {Grp}={E1,…, Er}, t≥r≥1), 
t=|E|, expressing their preferences using different forms of 
expressing expert judgments.

For example, according to the results of an expert 
survey, a group of experts is divided into two subgroups 
E⟹{{Gr1}, {Gr2}}. Experts from the group Gr1, performing 
the procedure of pairwise comparison of alternatives, have 
expressed crisp expert opinions; Gr

2
 group experts have 

formed fuzzy expert judgments.
The profile Bi=<A>, which is formed by the expert 

1iE GrÎ , reflects its preferences and presents its estimates in 
the form of a matrix of paired comparisons of type (1) with 
the crisp values of expert judgments formed within a given 
verbal scale.

The profile Bj=<A>, which is formed by the expert 

2jE GrÎ , reflects its preferences and presents its estimates in 
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= = ≤ ≤ = >∑1 2

1 2 1
( , ,..., ) | / , 1, 0 . (9)

m

m ij i j ij i ii
S w w w w a w w a w w




≥
≥ = ≥


−
 − + −

 

2 2

1 3

3 1

3 2 3 1

1, ;

( ) 0, ;

, otherwise.
( ) ( )

j i

i j i j

i j

i i j j

a a

V S S a a

a a

a a a a



Eastern-European Journal of Enterprise Technologies ISSN 1729-3774 3/4 ( 93 ) 2018

64

the form of a matrix of paired comparisons of type (1), where 
expert assessments aij are presented in the form of triangular 
or trapezoidal fuzzy numbers.

The task is to develop a group decision that allows tak-
ing into account the form of submitting assessments by all 
experts.

Formally, the procedure for finding a group expert opin-
ion can be presented in the form of the following consecutive 
steps:

1. Determining the set of objects of expertise (alterna-
tives).

2. Performing a procedure for identifying the priorities 
of alternatives. In the framework of this stage, expert prefer-
ences are determined and the matrices of pairwise compari-
sons of alternatives are formed.

3. Calculating the vector of matrix priorities of pairwise 
comparisons, taking into account the form of representing 
expert assessments.

As a result, the established set is { | 1, },jW j tΩ = =  in 
which each element is a vector of local priorities, calculated 
on the basis of expert judgments Ej { | 1, }.

i

j
jW w i m= =  The 

choice of the method is based on the form of submitting 
expert assessments: crisp expert evaluations, fuzzy expert 
assessments, and interval expert assessments.

4. Verifying the consistency of expert assessments.
5. Aggregating individual expert assessments 

into a collective set. The aggregation procedure 
is performed by combining the obtained values 

{ | 1, }
i

j
jW w i m= =  of all experts Ej, ( 1, ).j t=

The aggregation procedure is carried out in 
two stages: in the first stage, there is an aggrega-
tion of Wi and Wj, the elements of which are given 
in the same presentation form. For example, the 
elements of the vectors Wi and Wj are represented 
by interval numbers. In the second stage, if neces-
sary, the aggregation of Wk and Wp is performed, 
the elements of which have different representation 
forms – crisp and interval.

For the aggregated estimates, it is recommended to use 
one of the rules for redistributing conflicts. The resulting 
combined probability masses are calculated by adding parts 
of the total conflict mass or local conflict mass to the cor-
responding value of the basic confidence mass m(х). In this 
case, the resulting subsets correspond to the output, and new 
subsets are not formed.

The composite bulk of confidence mPCR5(C), according to 
the rule of redistribution of conflicts PCR5 ( A \ { }C D∀ ⊂ ∅ ),  
is calculated from the expression [16, 17]

A

5 12

2 2
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1 2 2 1\{ }
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( ) ( ) ( ) ( )
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Y D X
X Y

m C m C

m X m Y m X m Y
m X m Y m X m YÎ

∩ =∅

= +

 ⋅ ⋅
+ + + + 

∑  (11)

where m12(C) is the basic belief assignment for the subsets 
C=X∩Y, which is calculated on the basis of a conjunctive 
consensus.

For the aggregation of interval expert assessments, it is 
recommended to use one of the combination rules in the the-
ory of evidence [17–19]. When choosing a combination rule, 
it is necessary to prioritize a number of criteria for which one 
or another combination rule will be evaluated. As criteria of 
choice, the following combination rules may be considered: 
information on the sources of data (experts), their compe-

tence, and the nature of the data analysed (local conflicts, 
the structure of expert judgments, etc.).

To obtain more effective combination results, it is pro-
posed to determine the order of combining on the basis of 
the metrics of the theory of evidence [20–23]. The value of 
the metric d(W1, W2)∈[0, 1] is the distance representing the 
difference and expressing the degree of conflict between W1 
and W2. For the aggregation of the corresponding values of 
W1,…, Wk, (k≤t), the elements of which have the same repre-
sentation, at each stage, the Wi and Wj are selected, for which 
the fulfilled condition is min(d(Wi, Wj)), , 1, .i j r∀ =

The result of the combination is the vector of local priori-
ties { | 1, },iW w i m= =  reflecting the group assessment.

5. Results of the study of the problem of structuring 
group expert judgments

Let us consider examples illustrating the proposed meth-
od of aggregation.

Example 1. Suppose that the expert E1 evaluates the sig-
nificance of one alternative with respect to another by the tri-
angular fuzzy number 1 2 3( , , ),ij ij ij ija a a a=  then the set of expert 
assessments of the expert E1 can be represented in the form of 
a fuzzy matrix of pairwise comparisons of the following type:

where 

3 2 11/ (1/ ,1/ ,1/ );ij ji ij ij ija a a a a= =   

estimates 1 2 3( , , )ij ij ij ija a a a=  are formed within the verbal scale 
that expresses the degree of superiority of one element over 
another, Table 1.

Table 1
Triangular fuzzy scale

Verbal scale
Triangular fuzzy 

scale ija
Triangular fuzzy 

scale jia

Same significance (1, 1, 1) (1, 1, 1)

Some advantage of 
significance

(1/2, 1, 3/2) (2/3, 1, 2)

Weak significance (1, 3/2, 2) (1/2, 2/3, 1)

Strong significance (3/2, 2, 5/2) (2/5, 1/2, 2/3)

Very strong significance (2, 5/2, 3) (1/3, 2/5, 1/2)

Absolute significance (5/2, 3, 7/2) (2/7, 1/3, 2/5)

To find the vector of local priorities, we apply Chang’s 
method [13]:

1 (5.5, 7, 8.5) (1/ 24.07,1/ 22.63,1/16.35)

(0.23, 0.31, 0.52);

S = ⊗ =
=



 

2 (5, 6.17, 7.5) (1/ 24.07,1/ 22.63,1/16.35)

(0.21, 0.27, 0.46);

S = ⊗ =
=



 

3 (3.9, 4.67, 5.67) (1/ 24.07,1/ 22.63,1/16.35)

(0.16, 0.21, 0.35);

S = ⊗ =
=



(1,1,1) (1, 3 / 2, 2) (3 / 2, 2, 5 / 2) (2, 5 / 2, 3)

(1/ 2, 2 / 3,1) (1,1,1) (1, 3 / 2, 2) (5 / 2, 3, 7 / 2)
,

(2 / 5,1/ 2, 2 / 3) (1/ 2, 2 / 3,1) (1,1,1) (2, 5 / 2, 3)

(1/ 3, 2 / 5,1/ 2) (2 / 7, 3, 2 / 5) (1/ 3, 2 / 5,1/ 2) (1,1,1)

A

 
 
 =
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4 (1.95, 4.8, 2.4) (1/ 24.07,1/ 22.63,1/16.35)

(0.08, 0.21, 0.15);

S = ⊗ =
=



1 2( ) 1;V S S≥ =   1 3( ) 1;V S S≥ =   1 4( ) 1;V S S≥ = 

2 1( ) 0.86;V S S≥ =   2 3 ;( 1)V S S≥ =   2 4 ;( 1)V S S≥ = 

3 1( ) 0.53;V S S≥ =   3 2( ) 0.68;V S S≥ =   3 4 ;( 1)V S S≥ = 

4 1 ;( 0)V S S≥ =   4 2 ;( 0)V S S≥ =   4 3 ;( 1)V S S≥ = 

w1=0.42; w2=0.36; w3=0.22; w4=0;

4

1

1.i
i

w
=

=∑

As a result, we will form a priority vector derived on 
the basis of assessments by the expert E1: W1=(0.42; 0.36; 
0.22; 0).

The expert E2, evaluating the significance of one alter-
native in relation to other crisp estimates, has formed the 
matrix of pairwise comparisons of the type

1 5 3 9

1/ 5 1 5 7
,

1/ 3 1/ 5 1 7

1/ 9 1/ 7 1/ 7 1

B

 
 
 =
 
  

where 1/ ;ij jib b=  the estimates bij are the positive integers 
formed within the verbal scale [10]: the same significance 
is 1, the weak significance is 3, and so on, the absolute 
significance is 9; 2, 4, 6, and 8 are intermediate values of 
degrees of preference between each gradation.

To find the vector of local priorities, we use the geometric 
mean method [10]:

4
1

4
2

4
3

4
4

1 5 3 9 3.4

1/ 5 1 5 7 1.62
,

1/ 3 1/ 5 1 7 0.83

1/ 9 1/ 7 1/ 7 1 0.24

d

d
B

d

d

 = ⋅ ⋅ ⋅ =
 

= ⋅ ⋅ ⋅ = =  = ⋅ ⋅ ⋅ = 
 = ⋅ ⋅ ⋅ = 

1 2 3 4 6.09;D d d d d= + + + =

1
1 0.56;

d
w

D
= =

 
2

2 0.27;
d

w
D

= =
 

3
3 0.13;

d
w

D
= =

 
4

4 0.04;
d

w
D

= =
 

4

1

1.i
i

w
=

=∑

As a result, we will form a priority vector derived on 
the basis of assessments by the expert E2: W2=(0.56; 0.27;  
0.13; 0.04). 

To get a group decision, we will use the operation of com-
bining the expert assessments.

Expert 1: m1(A1)=0.42; m1(A2)=0.36; m1(A3)=0.22.
Expert 2: m2(A1)=0.56; m2(A2)=0.27; m2(A3)=0.13; 

m2(A4)=0.04.
Conflict rate:

4 4

12 1 2
1 1,

( ) ( ) 0.64.j i
j i i j

k m A m A
= = ≠

 
= =  

∑ ∑

Taking into account the rather high level of conflict, we 
will use the combination rule PCR5 (11) to aggregate expert 
assessments, which allows redistributing the conflicting 
basic masses of assertiveness to subsets involved in local 
conflicts [16, 17].

The resulting subsets and the existing local conflicts are 
given in Table 2.

Table 2

The degree of intersection of subsections determined by the 
experts

Subsections {Ai}
Expert 2

{A1} {A2} {A3} {A4}

Expert 1

{A1} {A1} ∅ ∅ ∅

{A2} ∅ {A2} ∅ ∅

{A3} ∅ ∅ {A3} ∅

As can be seen from Table 2, there are 9 local conflicts 
in the model: 

1 2 ,A A∩ = ∅  1 4 ,A A∩ = ∅  1 3 ,A A∩ = ∅  2 1 ,A A∩ = ∅

2 3 ,A A∩ = ∅  2 4 ,A A∩ = ∅  3 1 ,A A∩ = ∅  

3 2 ,A A∩ = ∅  3 4 .A A∩ = ∅

The first local conflict

12 1 2 1 1 2 2( ) ( ) ( 0.42*0.27 0 1 3) . 1m A A m A m A =∩ = =

is proportional to the choice between A1 and A2 according 
to the expression:

1 2 0.42 0.27 0.113
.

0.42 0.27 0.42 0.27 0.69
x y ⋅

= = =
+

Then

x1=(0.42∙0.113)/0.69=0.069; 

y2=(0.113∙0.27)/0.69=0.044.

The second local conflict 

12 1 3 1 1 2 3( ) ( ) ( 0.42*0.13 0 0 5) . 5m A A m A m A =∩ = =

is proportional to the choice between A1 and A3, respectively:

x1=(0.42∙0.055)/0.55=0.042; 

y3=(0.13∙0.055)/0.55=0.013.

The third local conflict 

12 1 4 1 1 2 4( ) ( ) ( 0.42*0.04 0 0 7) . 1m A A m A m A =∩ = =

is proportional to the choice between A1 and A4, respectively: 

x1=(0.42∙0.017)/0.46=0.015; 

y4=(0.04∙0.017)/0.46=0.001.
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The fourth local conflict 

12 2 1 1 2 2 1( ) ( ) ( 0.36*0.56 0 2 2) . 0m A A m A m A =∩ = =

is proportional to the choice between A2 and A1, respectively: 

x2=(0.36∙0.202)/0.92=0.08; 

y1=(0.56∙0.202)/0.92=0.12.

The fifth local conflict 

12 2 3 1 2 2 3( ) ( ) ( 0.36*0.13 0 0 7) . 4m A A m A m A =∩ = =

is proportional to the choice between A2 and A3, respectively:

x2=(0.36∙0.047)/0.49=0.034; 

y3=(0.13∙0.047)/0.49=0.01.

The sixth local conflict 

12 2 4 1 2 2 4( ) ( ) ( 0.36*0.04 0 0 4) . 1m A A m A m A =∩ = =

is proportional to the choice between A2 and A4, respectively:

x2=(0.36∙0.014)/0.4=0.013; 

y4=(0.04∙0.014)/0.4=0.001.

The seventh local conflict 

12 3 1 1 3 2 1( ) ( ) ( 0.22*0.56 0 1 3) . 2m A A m A m A =∩ = =

is proportional to the choice between A3 and A1, respectively: 

x3=(0.22∙0.123)/0.78=0.035; 

y1=(0.56∙0.123)/0.78=0.088.

The eighth local conflict

12 3 2 1 3 2 2( ) ( ) ( 0.22*0.27 0 0 9) . 5m A A m A m A =∩ = =

is proportional to the choice between A3 and A2, respectively: 

x3=(0.22∙0.059)/0.49=0.027; 

y2=(0.27∙0.059)/0.49=0.033.

The ninth local conflict 

12 3 4 1 3 2 4( ) ( ) ( 0.22*0.04 0 0 9) . 0m A A m A m A =∩ = =

is proportional to the choice between A3 and A4, respectively:

x3=(0.22∙0.009)/0.26=0.007; 

y4=(0.04∙0.009)/0.26=0.001.

The resulting major masses of confidence, in accordance 
with the PCR5 rule, are

m12(A1)=0.572; m12(A2)=0.301; 

m12(A3)=0.123; m12(A4)=0.004; 
4

12
1

( ) 1.i
i

m A
=

=∑
As a result of the performed calculations, we obtain a 

vector of local priorities, the coefficients of which reflect the 
group opinion W=(0.572; 0.301; 0.123; 0.004).

Example 2. Assume that the expert E1 evaluates the sig-
nificance of one alternative in relation to another interval 
number:

1 2, ,ij ij ijc c c =    

then the set of expert assessments by the expert E1 can be 
represented in the form of an interval matrix of paired com-
parisons of the type

[ ] [ ] [ ]
[ ] [ ]

[ ]

1 2,5 2,4 1,3

1 1
, 1 1,3 1,2

5 2
,1 1 1 1

, ,1 1 ,1
4 2 3 2

1 1
,1 ,1 1,2 1

3 2

C

 
      
 =       

           
 

    
        

where 

1 2, .ij ij ijc c c =  

The matrix C, in accordance with (10), is consistent. To 
find the vector of local priorities, we use the linear program-
ming method GPM [15]:

w1=[0.354, 0.552]; w2=[0.170, 0.248]; 

w3=[0.083, 0.168]; w4=[0.159, 0.230].

The expert E2, evaluating the significance of one al-
ternative in relation to another triangular fuzzy number 

1 2 3( , , ),ij ij ij ija a a a=
 
formed the fuzzy matrix of pairwise com-

parisons A  (example 1), on the basis of which, according 
to Chang’s method [13], a vector of local priorities was ob-
tained: W2=(0.42; 0.36; 0.22; 0).

The Chang method helps obtain crisp frames of a fuzzy 
MPC represented by triangular fuzzy numbers, while the 
linear programming method GPM allows obtaining interval 
frames from an interval MPC. To combine the elements of 
the W1 and W2 vectors, we need to bring the values of the W1 
and W2 vectors to one form – either pointwise or interval.

To obtain the crisp estimates wi∈W1, we apply a pessi-
mism coefficient:

1 2(1 ) ,i i iw w w= γ ⋅ + − γ ⋅′  (12)

where 

1 2, ;i i iw w w =    γ∈[0, 1] is the pessimism coefficient.

As a result, we will form a priority vector derived on the 
basis of estimates of the expert E1, at γ=0.7, taking into ac-
count the valuation that W1=(0.46; 0.22; 0.12; 0.2).

The values of the main masses of confidence are the 
following:

Expert 1: m1(A1)=0.46; m1(A2)=0.22; m1(A3)=0.12; 
m1(A4)=0.2.
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Expert 2:  m2(A1)=0.42;  m2(A2)=0.36;  m2(A3)=0.22.
Conflict rate:

4 4

12 1 2
1 1,

( ) ( ) 0.7.j i
j i i j

k m A m A
= = ≠

 
= =  

∑ ∑

To aggregate expert estimates, we apply the rule of 
combination PCR5 (11). The resulting major masses of con-
fidence in accordance with the PCR5 rule:

m12(A1)=0.51; m12(A2)=0.29;  

m12(A3)=0.13; m12(A4)=0.07;

4

12
1

( ) 1.i
i

m A
=

=∑

As a result of the calculations, we obtain a vector of local 
priorities the coefficients of which reflect the group opinion 
W=(0.51; 0.29; 0.13; 0.07).

6. Discussion of the results of studying the problem of 
structuring group expert judgments

The proposed technology of structuring expert infor-
mation helps process expert judgments presented in various 
forms and synthesize collective ranking, taking into account 
various types of “ignorance” (contradictory, incomplete, ob-
scurity, etc.) under the influence of which expert judgments 
are formed. The given numerical calculations demonstrate 
the effectiveness of the proposed method of aggregating ex-
pert evaluations under conditions of incomplete processing 
(an expert may refuse to evaluate an object) and contradic-
tory (inconsistent) expert data.

To aggregate expert judgments obtained in the process 
of pairwise comparison, the widely used methods are of 
congestion, estimation of the average geometric or weight-
ed meanings, and construction of a generalized matrix 
of pairwise comparisons. Unlike the existing methods of 
aggregating expert judgments, the proposed aggregation 
procedure does not depend on the form of presenting expert 
information, does not require additional information on 
the qualification (weight) of experts and allows processing 
conflicting (contradictory, inconsistent) expert judgments. 
Such advantages are achieved through the use of the 
combination mechanism for aggregating expert evidence 
on the basis of the mathematical apparatus of the theory 
of evidence and the theory of plausible and paradoxical 
reasoning. They make it possible to handle various forms 
of interaction of expert evidence (their union and intersec-
tion) and to take into account such factors as uncertain-
ty, inaccuracy and incompleteness of expert information. 
Combining expert evidence on the basis of the rules of 
redistribution of conflicts, despite the complexity of math-
ematical calculations, give more effective combinations 
and help handle conflicting expert judgments. Effective 

results of the combination, when constructing aggregate 
estimates, can be obtained by establishing the optimal 
order for the combination of expert evidence, for example, 
taking into account the degree of dissimilarity and the 
structure of expert evidence. This, in turn, allows using the 
expert information received in full, without losing it when 
combining contradictory expert evidence.

Further research may be aimed at developing methods 
for improving the quality of the expert information received 
and studying the dynamics of the level of uncertainty in 
relation to the structure of expert evidence.

7. Conclusions

1. The method of aggregating group expert judgments 
is suggested to help synthesize group decisions, taking into 
account various forms of representing judgments of experts 
(interval, fuzzy and crisp expert evaluations). This approach 
allows modelling uncertainty in expert judgments due to the 
presentation of inaccuracies in expert estimates in the form 
of fuzzy and interval numbers. The expert independently 
chooses the form of presenting preferences in constructing 
matrices of pairwise comparisons and also can refuse the 
evaluation of certain objects of expertise, in which case 
truncated matrices of pairwise comparisons are constructed. 
The absence of a restriction on the form of presenting expert 
preferences gives the expert an opportunity to express an 
opinion (estimate) with respect to the analysed object as 
precisely as possible. This approach can increase the efficien-
cy of the expert, which will improve the quality, reliability 
and consistency of expert information.

2. To aggregate individual expert judgments, it is pro-
posed to use a combination mechanism based on one of the 
rules of the theory of evidence or the theory of plausible and 
paradoxical reasoning. It has been determined that more 
effective combined results are achieved when using rules for 
redistributing conflicts. In order to improve the quality of 
the aggregate results, it is proposed to determine the proce-
dure for combining expert evidence (the values of the vector 
of local alternatives priorities), taking into account the 
degree of conflict between them and the structure of expert 
evidence. This allows for the full use of expert information 
and the elimination of situations when some of the expert 
information may be lost during the process of combining. 
For example, when trying to integrate non-coincident, con-
tradictory expert evidence.

3. Examples of practical implementation of the proposed 
method of synthesizing a group decision are presented for 
conditions of uncertainty of different nature. The obtained 
practical results are intended to help increase the efficiency 
of the processes of preparing and making optimal decisions 
for analysing and structuring expert evaluations. Their 
application can significantly improve the quality of the 
received expert data by eliminating the restrictions on the 
form of submitting expert judgments and the need for evalu-
ating each object of expertise.
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