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1. Introduction

The complexity of well-drilling under deep sea condi-
tions is primarily connected to overcoming powerful and 
highly mobile water masses. This is predetermined by sea 
currents and seaways that cause drifting and pitching of a 
floating drilling rig and deform marine risers.

Therefore, when constructing and operating the risers as 
one of the most loaded elements of the drilling system, it is 
necessary to study a change in the stressed-strained state in 
operation to avoid the emergence of negative and accidental 
phenomena.

For a long time, construction and study into theoretical 
models has remained the main method for studying the dy-
namics of operation of risers. According to experts, this is 
mainly because of lower study costs in comparison with field 
observations and the impossibility of modeling the important 
factors acting on the risers in the studies with scale models [1].

At present, a large number of mathematical models have 
been developed to study dynamics of the risers [1–3]. How-
ever, complexity of the object under study leads to the fact 
that the studies of operation of risers are usually carried out 
under conditions of idealized regular seaways. In addition, 
when constructing a mathematical model, the influence of a 
number of secondary force factors acting on the riser at op-
eration is usually neglected or represented by the simplified 
equivalent models. It hinders complete description of the 
dynamic processes taking place in the riser and presents an 
obstacle for a further improvement of structures and expan-
sion of the application of risers.

2. Literature review and problem statement

Typically, when analyzing operation of the riser, it is 
represented as a long sectioned hollow bar of a circular cross 
section with axially distributed parameters modeled as a Ber-
noulli-Euler beam. Proceeding from this, the model of lateral 
oscillations in the plane of action of the velocity vectors of the 
flows passing over the riser has found the widest application 
in calculations of the stressed-strained state and operation dy-
namics of the riser. It is described by the following equation:
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where ER is the modulus of elasticity of the riser material; 
IR is the axial moment of inertia of the riser cross section; 
Te(z) is the “effective” tension force in riser sections [13]; ρR 
is the weight of a unit of the riser length; w(z, t) is the value 
of lateral displacement of riser sections; CM is a coefficient 
of inertial component in Morison’s equation; CD is the resis-
tance factor in Morrison’s equation; ρw is sea water density; 
De is the outside diameter of the riser; ww(z ,t) is the velocity 
of the point of the stream passing over the riser.

This model was used in [4, 5] to study operation of the 
riser under irregular seaways and the action of sea currents. 
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моментiв в критичних сiченнях в порiвняннi iз результатами 
класичної моделi поперечних коливань. Найбiльше розходження 
результатiв моделювання спостерiгається при помiрному хви-
люваннi моря i з ростом висоти хвилювання розбiжнiсть двох 
моделей зменшується. Виходячи iз отриманих результатiв в 
прикладних задачах по дослiдженню роботи водовiддiльної коло-
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However, model (1) enables taking into account the effect of 
only main force factors on dynamics of the riser: hydrody-
namic forces from the sea, forces of inertia and weight which 
incompletely reflects peculiarities of operation of the riser. 
Currently, there is an interest in constructing new math-
ematical models that would clarify the impact of existing 
force factors and take into account new factors acting on the 
riser during its operation. Authors of work [6] proposed to 
replace the nonlinear term of the Morison’s equation in equa-
tion (1) with an equivalent combined model of Duffing and 
Van der Pol and carried out an experimental verification of 
the proposed approach for irregular seaways. This approach 
is also used in [7] when investigating the restoring forces 
that occur in the riser. In the study of influence of a multi-
phase flow on dynamics of the riser [8], a modified equation 
(1) was considered with an additional accounting of influ-
ence of inertial forces from the transient, centripetal and 
Coriolis accelerations of the fluid flow in the riser. Construc-
tion of a simplified alternative model of lateral oscillation 
of a riser described by a differential equation of the second 
order is considered in [9]. Disadvantage of the above-men-
tioned works is that when studying dynamics of the riser, it 
is considered that the tension force is unchanged over time, 
which cannot be ensured under real conditions. The study of 
influence of the dynamic component of the tension force on 
dynamics and stability of the riser was considered in papers 
[10, 11]. However, the simplified representation of variation 
of the tensile force in the riser along its length does not en-
able an accurate characterization of their influence on the 
dynamic processes in the riser.

A more detailed study of influence of the tension force in 
the riser on its operation dynamics is possible by considering 
its combined axial and lateral oscillations. An idealized mod-
el of axial and lateral oscillations in a simply supported pipe 
with a fluid flowing in it and a stationary flow passing over 
it is considered in paper [12]. Axial and lateral oscillations in 
the riser were studied in more detail in papers [13–17]. Com-
bined axial and lateral oscillations in a sloping non-rigid 
riser is considered in [13]. The study of nonlinear resonance 
was performed in [14] by analyzing a model of axial and 
lateral oscillations in the riser taking into account inertial 
forces brought about by passage of a flushing fluid and verti-
cal displacement of the upper end of the riser. Papers [15, 16] 
study reaction of the riser to variation of the force tensioning 
its upper end by construction of a finite-element model of 
axial and lateral oscillations of the riser.

In existing works, only some issues of dynamics of the 
riser were considered. In problem statement, this has allowed 
us to study operation of the riser in ideal conditions neglect-
ing a number of important factors. Complexity of studying 
operation of the riser consists in that in the process of opera-
tion, it is influenced by two main factors that have a decisive 
effect on the oscillatory processes in the riser and have the 
same nature of origin. They are hydrodynamic forces acting 
in the vertical and horizontal directions caused by the fluid 
passing over the riser and variation of the force tensioning 
it. Given the fact that the mathematical model of axial and 
lateral oscillations of the riser has a pronounced nonlinear 
character, this makes it impossible to use the principle of 
superposition in the study of the stressed-strained state.

Given this, it is important to study operation of the riser 
simultaneously taking into consideration the force influence 
of the sea and variation of the force that tensions its upper 
end because of the tensioning system features.

3. The aim and objectives of the study

This study objective was to elucidate the dynamics of 
operation and the stresses-strained state of the riser under 
an interconnected effect of irregular seaways and the ten-
sioning system of the riser.

To attain this objective, the following tasks were formu-
lated:

– to work out a refined mathematical model of axial and 
lateral oscillations of the riser;

– to obtain a simulation model of the system ‘’floating 
drilling rig ‒ tension system of the riser – riser’’ in the Mod-
elica modeling language;

– to conduct simulation of the riser operation at various 
levels of irregular seaways;

– to analyze the results of simulation modeling by com-
paring the results obtained with the results of the classical 
model (1).

4. Physical model of the system under study 

A drilling system was taken as the object under study. Its 
calculation scheme is given in Fig. 1. Drilling ship 1 conducts 
well drilling under sea conditions at depth d. The wellhead A 
is connected to drill ship 1 by riser 3, the lower end of which 
is fixed by spherical joint 4 to the wellhead equipment and 
the upper end is held by the tensioning system.

The rope-type tensioning system of the riser consists 
of eight tensioning devices T1...8 mounted on deck 7 of the 
drilling ship.

Fig. 1. Design diagram of the system under study

In operation, the system is subjected to effects of seaways 
6 specified in a plane determined by the angle ψ to the plane 
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of symmetry of drilling ship 1. The sea state is described by 
function η(t) and variation of horizontal and vertical com-
ponents of the fluid flow velocity caused by it is described 
by functions ww(z2, t) and uw(z2, t) respectively. Seaways 
causes the ship rolling described by three vectors ξx, ξy, ξz 
and two angles ξφ, ξθ. As a result, the center of inertia of the 
ship moves from point D, which is the projection of the well 
head on surface 2 of the quiet sea to an arbitrary point O. The 
water passing over the riser causes its deformation described 
in the axial direction by function u(z1, t) and in lateral di-
rection by function w(z1, t). For convenience of calculations, 
take the coordinate systems: x1z1 in which oscillations of the 
riser will be studied; x2z2 in which velocity and acceleration 
of the fluid passing over the riser will be determined; x3y3z3, 
x4y4z4 and x5y5z5 related to the geometry of the drilling ship 
and necessary for assigning drilling ship rolling and the 
study of operation of the riser tensioning system [18].

5. Construction of a mathematical model for the axial and 
lateral oscillations of the riser

We represent riser 3 shown in Fig. 1 as a sectioned hollow 
rod of a round cross section with constant parameters along its 
length in which the flushing fluid of density ρf flows with con-
stant velocity vf. Describe the riser by external and internal di-
ameters De and Di, respectively, cross-sectional area AR, weight 
ρR of a unit of length of the riser, a Young’s modulus ER of the 
riser wall material and moment of inertia IR of its cross section.

To deduce the mathematical model of axial and lateral 
oscillations of the riser, cut an element of length dz1 from it 
together with the flushing fluid in it (Fig. 2).

Apply internal force factors to its edges: axial force TO, 
bending moment MO and bending force QO. Apply external 
and inertial forces to the element that are acting on it during 
its operation. The external forces include weight fgR, force fb 
exerted by the float sections, friction force ffe between the 
riser walls and the flushing fluid flowing therein and the hy-
drodynamic forces fMn and fMτ in the horizontal and vertical 
directions exerted by the flow of the fluid passing over the 
riser. Inertial forces include forces fiu, and fiw from axial and 
lateral displacements of the riser element and forces ffi, ffn, 
and ffc brought about by relative, axipetal and Coriolis accel-
erations of the flushing fluid resulting from its flow through 
the deformed portion of the riser.

Assume that:
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Apply the principle of D’Almerbert, the theory of “ef-
fective” tension and make transition dz1→0 to obtain the 
following system of equations describing axial and lateral 
oscillations of the riser section:
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where kb is a coefficient of the riser weight compensation 
with float sections; Si is the perimeter of the riser channel;  
λ is a coefficient of the riser damping; Ai is the cross-sectional 
area of the riser channel; pe and pi are the external and inter-
nal pressures acting on the riser from the side of the sea and 
the mud, which are calculated from the following formulae:
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fMn and fMτ are the hydrodynamic forces that 
arise as a result of washing of the riser by a 
flow of fluid which is calculated using the 
Morison equations:
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Fig. 2. Element of the riser with applied forces
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where Dei, Ded are the reduced diameters of inertia and re-
sistance of the riser; CMn and CMτ are normal and tangential 
coefficients of inertia; CDn and CDτ are normal and tangential 
coefficients of resistance; CA is the coefficient of connected 
weight of water; uw and ww are the vertical and horizontal com-
ponents of velocity of the fluid flow that passes over the riser 
determined in accordance with the spectral theory of seaways 
by decomposition of the JONSWAP energy spectrum:
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where Sη(ω) is the energy spectrum; ωp is the peak frequen-
cy of the spectrum; γ is the peak gain factor; kn is the wave 
number; ζi, ωi, εi are the amplitude, frequency and phase of 
the i-th harmonic into which the energy spectrum of seaways 
is decomposed.

The sections of the riser are connected to each other 
through the following boundary conditions:
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where li is the coordinate of the i-th connection and (i+1)-th 
sections of the riser.

 Present the boundary condition of fastening the lower 
end of the riser in a form of an ideal hinge in the follow- 
ing form:
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The boundary condition of fastening of the upper end of 
the riser is as follows:
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where Fx(t) and Fz(t) are the horizontal and vertical compo-
nents of the force influence from the riser tensioning system 
on the upper end of the riser. They are determined by simu-
lation of the riser tensioning system.

6. Conducting simulation of operation of the system 
under study 

Based on the proposed mathematical model of axial 
and lateral oscillations of the riser (3)–(8) and the sim-
ulation model of the tensioning system described by the 
author in [18], an imitation model of the studied system 
was constructed in the environment of Modelica multi-
spectric simulation (hereinafter, the proposed model). A 
simulation model of lateral oscillations of the riser was 
also constructed. It is described by equation (1). Its re-
sults were used for comparative analysis (hereinafter the 
standard model). In view of impossibility of describing 
simulation models in the Modelica language using differ-
ential equations with partial derivatives for construct-
ing models of riser sections described by equations (1),  
(3)–(8), the numerical method of lines (NMOL) [19] was 
used. This method implies the discretization of all differ-
ential equations with partial derivatives except for one 
using known numerical methods with subsequent repre-
sentation of the equation in a form of a system of ordinary 
differential equations. In construction of the simulation 
model, discretization of equations (1), (3)–(8) was con-
ducted by dimension z1 in steps of ≈10 m using the central 
finite-difference scheme of the second order.

The riser operation was studied at various levels of irreg-
ular seaways. Parameters of its energy spectrum are shown 
in Table 1. Operation of the 21-inch diameter riser consisting 
of two riser sections was studied: a 274.3 m section without 
floats and a 365.8 m section with floats. Parameters of the 
sections of which the riser was built are summarized in  
Table 2 and other parameters of the system under study are 
given in Table 3.

Simulation modeling was carried out in a time in-
terval of 0‒500 s with an iteration step of 0.01 s using a 
CVODES solver with an accuracy of 10-6 to solve linear 
equations and 10-12 to solve nonlinear equations. The 
simulation has resulted in obtaining of a set of discrete 
time rows of change of all parameters of the system under 
study. Fig. 3 shows graphical representation of the mag-
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nitude of change of tension of the upper end of the riser 
in time for various seaways values obtained in simulation 
and Fig. 4 shows a change in the angle of deflection of the 
lower spherical hinge.

Table 1

Parameters of the JONSWAP spectrum depending on the 
significant wave height [20]

No.
Significant wave 

height H1/3, m
Peak frequency ωp, 

rad/s
Coefficient of peak 

amplification γ

1 3.0 0.79 3.3

2 4.0 0.7 3.3

3 5.0 0.63 3.3

4 6.0 0.57 3.3

Fig. 3. Variation of the force of tensioning of the upper end 
of the riser Fz(t) in time t at various significant  

wave height H1/3

Table 2

Basic geometric and mechanical parameters of the riser 
sections 

No. Parameters

21-inch section

With 
floats

With no 
floats

1 Weight of the section without floats, N 158,552 158,552

2 Section length, m 22.86 22.86

3 Weight of floats for a section, N 98,216 0

4
Weight of the immersed section with 

floats, N
2,869.1 137,783

5 Weight compensation by floats 97.92 % –

6 Reduced diameter of resistance Ded, mm 1,410 1,049

7 Coefficient of resistance CDn 1.00 1.00

8 Coefficient of resistance Cdτ 0.03 0.03

9 Reduced diameter of inertia Dei, mm 1,410 952.5

10 Coefficient of inertia CMn 1.9 1.9

The obtained numerical data of variation of the basic sys-
tem parameters were later used for calculating indicators of 
operation dynamics of risers and determining their critical 
cross-sections and maximum stresses.

Table 3

Basic parameters of the system under study 

No. Parameter Unit

Tensioning system of the riser

1 Number of the tensioning devices 8

2 Тype of the tensioning devices Single

3 Diameter of the hydraulic cylinder, mm 470

4 Diameter of the hydraulic cylinder shaft, mm 400

5 Volume of the gas tank of low pressure, m3 0.5

6 Volume of the gas tank of high pressure, m3 3.2

7 Diameter of a pulley of the pulley block, mm 1,200

8 Diameter of the pulley block rope, mm 44,5

9 Hydraulic fluid
Eriffon 

818

10 Working gas Nitrogen

11
Friction forces in the hydraulic cylinders from 

nominal force
1.5 %

Other system parameters

12 Sea water density ρw, kg/m3 1,025

13 Mud density ρf, kg/m3 1,200

14 Velocity of the mud flow vf, m/s 1.1

Fig. 4. Variation of the deflection angle φ of the lower 
spherical hinge in time t at various significant  

wave height H1/3

7. Discussion of the results obtained in the simulation 
modeling of operation of the riser under conditions of 

unregular seaways 

Analysis of the results obtained in the simulation mod-
eling of the system under study has shown that because of 
peculiarities of functioning of the tensioning system, there 
was a pronounced nonlinear variation of force of tensioning 
of the upper end of the riser. Its maximum value was 5.8 % 
of the static value at significant wave height H1/3=3.0 m and 
increased to 7.6 % at significant wave height H1/3=6.0 m. 
This indicates that the tensioning system is one of the main 
factors influencing dynamics of the object under study. To 
estimate the effect of variation of the force of tensioning 
in the sections of the riser and the additional force factors 
caused by the flow of the mud in the riser on its lateral oscil-
lations, consider Fig. 5. It shows comparison of distribution 
of maximum, minimum and mean square values of lateral os-
cillations along the riser length. These graphs were obtained 
by analyzing results obtained in simulation of the riser oper-
ation at various seaways levels for the proposed (3)–(8) and 
standard (1) models.

The proposed model has demonstrated higher calculated 
values of lateral oscillations in cross-sections of the riser. For 
example, magnitude of the mean square deviation for a critical 
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section 55.86 m at significant wave height H1/3=6.0 m cal-
culated by the proposed model was 22 % larger than for the 
standard model and for a critical section 39.9 m at H1/3=3.0 
m, it was respectively larger by 30.3 %. Similar results were 
observed for other critical sections of the riser. The average 
difference between the magnitude of the mean square devia-
tion for the two models along the length of the riser was from 
47.2 % at H1/3=4.0 m to 37.3 % at H1/3=6.0 m. The obtained 
data show that a growth of the seaways level leads to that the 
difference between the two models tends to decrease.

 
 
 
 
 
 
 
 
 
 
 
 
 
 

а                            b                           c 

 
 
 
 

Fig. 5. Distribution of values of lateral displacements of the 
riser sections along the riser length z1 at various significant 

wave height H1/3: rms (a); maximum (b); minimum (c)

Comparison of the obtained graphs shows that the stan-
dard model gives a much larger relative difference between 
minimum and maximum values along the length of the riser. 
In the graphs max

RwD  and min ,RwD  there is appearance of new 
local extrema and a much larger estimate of difference of 
oscillations in noncritical sections of the riser. For example, 
local extrema at significant wave height H1/3=3.0 m was 
observed in the sections of 44.89 m, 134.66 m, 324.41 m, 
484.76 and 584.98 m where the values of the maximum 
difference of lateral oscillations of the riser were 0.848 m,  
0.763 m, 0.584 m, 0.658 m, and 0.811 m, respectively. At sig-
nificant wave height H1/3=6.0 m, extrema were observed in 
the following sections of the riser: 54.86 m, 184.53 m. 429.64 
m and 569.95 m. The values of maximum difference between 
lateral oscillations in these sections were 1,625 m, 1,604 m, 
1,438 m, and 1,719 m, respectively.

The obtained results show that when seaways level in-
creases, a decrease in the difference between the results of 
the standard and proposed model of the riser operation dy-
namics is observed. This indicates that the influence of the 
dynamic component of tensioning of the riser in verification 
calculations of the riser in extreme operation conditions can 
be neglected. However, in the studies of operation of the 
riser in usual drilling conditions, in particular the study of 
the effect of deformation of the riser on operation of the drill 
riser, this should not be neglected.

Another important parameter affecting operation of the 
riser is the magnitude of bending moments that arise in its 
cross-sections. Comparison of the results of imitation model-
ing according to the standard and proposed models (Fig. 6) 

shows that the difference between the values of bending mo-
ments obtained by the proposed model is greater compared 
to the results obtained by the standard model.
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Fig. 6. Distribution of bending moments arising in cross-
sections of the riser along its length z1 at various levels of 

significant wave height H1/3: rms (a); maximum (b);  
minimum (c)

For example, in a critical section of 39.9 m, the bending 
moment is 0.6 MNm at a seaways level H1/3=3.0 m, 0.72 MNm 
at H1/3=4.0 m, 0.71 MNm at H1/3=5.0 m and 0.81 MNm 
at H1/3=6.0 m. These values are 22.7 %, 25.7 %, 18.2 %, 
and 11.2 % higher compared to the values obtained by the 
standard model. In the upper critical section, there is a less 
pronounced difference between the bending moment values 
calculated for two models. For example, the bending moment 
value calculated by the proposed model is 9.1 % higher at 
H1/3= 4.0 m and 6.2 % higher at H1/3=6.0 m.

Comparison of the bending moment values arising in the 
upper and lower critical sections shows that the value of the 
bending moments in the lower critical section is 30‒35 %  
higher than the value in the upper critical section. In gen-
eral, difference between the two models along the riser 
length is from 37 % at significant wave height H1/3=4.0 m to  
24.8 % at H1/3=6.0 m.

The obtained results show that when seaways are moder-
ate, the strained state of the riser depends to a large extent 
not only on the hydrodynamic forces brought about by wash-
ing of the riser by the fluid flow but also on the variation of 
the force of tensioning of its upper end.

One of the further lines of further development of this 
study is obtaining of a model of spatial oscillations of the 
riser taking into account the force factors brought about by 
surge vortices of the flow passing over the riser.

9. Conclusions

1. A refined mathematical model of axial and lateral os-
cillations of the riser was proposed. It additionally takes into 
account the influence of power factors caused by the flow of 
fluid in the riser. Calculation of the pressure gradient of the 
mud along the length of the riser was refined and moving of 
the upper end of the riser was taken into consideration.
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2. A simulation model of the system “drilling ship - 
tensioning system of the risers – riser” in Modelica lan-
guage was created. It enables studying the stationary and 
transient processes in the riser taking into account the 
simultaneous influence of interconnected force factors: 
hydrodynamic forces caused by conditions of irregular sea-
ways and change of tension force by the tensioning system 
of the riser.

3. The simulation results show that the proposed model 
produces a 22–40 % higher calculated lateral oscillation am-
plitude and the 10‒25 % higher calculated bending moments 
in the critical sections of the riser.

4. The obtained results indicate that in the studies of 
dynamics of the riser in conditions of slight sea, it is not 
appropriate to ignore the influence of change in time of the 
tensile forces in the sections of the riser.
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