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1. Introduction

Thin-walled structures have become widespread in prac-
tice. They include a wide variety of composite structures 
which in many cases consist of plain or corrugated panels 
connected with high-strength bolts. In particular, metal 
granaries (silos) are typical examples Silos are subjected to 
the effect of a system of operating loads including effects of 

wind, rain, snow, temperature fluctuations, etc. At the same 
time, internal pressure from grain, bulk material or liquid is 
the main load. Accidents often occur as a result of failure of 
silo elements under action of operating loads. In many cases, 
such failures occur in places of bolted connection of panels. 
These problems cannot be predicted with the use of tradi-
tional continuous strip shell models because impact of bolts 
on stress-strain state (SSS) of the studied structure is not 
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На прикладi тестової задачi дослiджуються 
особливостi впливу рiзних чинникiв на напруже-
но-деформований стан складених тонкостiнних 
конструкцiй iз болтовим з’єднанням окремих еле-
ментiв. Прикладом таких конструкцiй є металiч-
нi зерносховища – силоси, якi складаються iз 
панелей, що з’єднуються болтами. Тестова кон-
струкцiя мiстить двi вузьких плоских смуги, з’єд-
наних внакид. У отвори в цих смугах розмiщений 
болт iз попереднiм затягуванням. Ураховується 
тертя i проковзування смуг i болта, контакт 
бiчної поверхнi болта i отворiв, а також взаєм-
ний вплив вигину i розтягування. Таким чином, у 
моделi врахованi геометрична, фiзична i струк-
турна нелiнiйностi. Система пiддається дiї попе-
речного навантаження, яке прикладене до однiєї 
сторони смуги. Моделюється поетапне наванта-
ження систем. Встановлено, що при наванта-
женнi дослiджувана система набуває прогин, який 
нерiвномiрно зростає з ростом навантаження. 
Це зумовлено тим, що на нього впливає i пруж-
на деформацiя смуг, i взаємне проковзування в 
зонi з’єднання. При остаточному вибираннi зазо-
ру мiж болтом i отворами в панелях вiдбувається 
переважно пружне деформування системи. Пiсля 
першого розвантаження в системi установлю-
ється залишковий прогин. Також встановлено, що 
у системi дiють поздовжнi зусилля, якi можуть 
бути набагато бiльшими вiд поперечних сил вiд 
навантаження. Характерним є сильний взаємний 
вплив вигину i розтягування смуги. У результатi 
дослiджень встановлено чинники, що визначають 
напружено-деформований стан дослiдженої сис-
теми: геометрична нелiнiйнiсть, контактна вза-
ємодiя, тертя i проковзування, зв’язанiсть виги-
ну i розтягування. Таким чином, без урахування 
всiх цих чинникiв розрахункова модель для подiб-
них тонкостiнних конструкцiй буде неадекват-
ною, результати розрахункiв iз її застосуванням 
матимуть значнi похибки, а рекомендацiї – недо-
стовiрними. Здiйсненi дослiдження дають мож-
ливiсть розроблення бiльш адекватних моделей 
для аналiзу реакцiї складених тонкостiнних кон-
струкцiй на дiю навантаження

Ключовi слова: тонкостiнна конструкцiя, бол-
тове з’єднання, напружено-деформований стан, 
металiчне зерносховище, геометрична нелiнiй-
нiсть
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taken into account. Existing models of such connection do 
not take into consideration all factors effecting SSS of such 
composite structures. Accordingly, existing models require 
further development and improvement. Therefore, let us 
consider composite structures and methods for calculating 
them on an example of silos.

Relevance of the study in this direction is determined 
by the lack of models of analysis of behavior of thin-walled 
structures with bolted connections under action of multi-
component loads.

2. Literature review and problem statement

Silos are widely used in present-day industry due to their 
advantages: ease of assembly, reliability, low cost operation, 
easy maintenance, etc. However, as practice shows, a number 
of problem situations occur in operation that lead to structure 
failure [1]. Main failure causes include loss of stability of bear-
ing elements and walls, emergence of unwanted deformations 
in difficult to predict places because of large load variation, 
problems with bolted connections and metal corrosion. Such 
situations are caused by the fact that silos operate in hard 
conditions of constant influence of various multi-cycle multi-
component loads from the stored material, rigs, adverse envi-
ronmental conditions and possible seismic influence.

When designing new silos, it is necessary to carry out a 
comprehensive analysis of SSS of the entire structure using 
various mathematical models that take into account the 
structure features and the most adverse combination of vari-
ous factors. It has been shown in [1, 2] that this is essentially 
a non-trivial problem requiring additional studies in many 
fields of science. It is necessary to create new algorithms 
and approaches to numerical simulation, experimental lab-
oratory studies and testing of actual silos. This task can be 
partially facilitated by the use of design codes and branch 
standards [3] which, however, do not completely cover all 
possible load variations arising in the structure. As a result, 
a too “soft” estimate of loads [1, 2] is obtained. It follows that 
development, substantiation and implementation of a com-
plex parametrized mathematical model of SSS of silos and 
individual elements should be considered the most import-
ant and primary task. Only on this basis, it is possible to con-
duct adequate, accurate and complete numerical simulation 
of processes in and states of silo elements in the process of 
construction and operation and, consequently, preparation 
of appropriate recommendations.

As usual, main structural elements of silos include cor-
rugated panels which are connected with overlapping and 
corresponding stiffening ribs by means of preliminary tight-
ened bolted connections. Therefore, when constructing an 
adequate design model, the system of strips (or shells) rein-
forced by various structural elements is ultimately obtained. 
The bolt pre-tightening forces act between these elements. 
Also, forces of contact interaction of the bolt head and the 
nut with the strip and the cylindrical bolt section with inter-
nal surface of the bolt holes bored in the connected strips act 
in the bolted connections. Such problem formulation takes 
into account geometric, structural and physical nonlinearity 
of the structure.

Thus, analysis of the structure and loading conditions 
shows that the potential significant factors to be taken into 
consideration during development of the mathematical mod-

el and its numerical implementation by means of the finite 
element method (FEM) include the following:

1) correct application of boundary conditions;
2) detailed analysis of bolted connections in the struc-

ture;
3) taking into account friction in “nut-strip-washer-bolt 

head” combinations;
4) taking into consideration the “slider” effect, that is, 

modeling tangential displacements of panels under applied 
normal load;

5) taking into consideration heterogeneity of gap distri-
bution in the “internal strip-bolt-outer strip” system among 
individual locations of bolted connections;

6) taking into consideration unevenness (variation) of 
forces in bolted connections.

These peculiarities in formulation of the study tasks 
are in a good agreement with the problematic moments 
reflected in [1].

Attention was paid in [4, 5] to numerical and experimen-
tal studies of samples of panels connected by bolt fixtures 
with preliminary tightening. Sandwiches of strips of various 
thicknesses with various schemes of sandwich formation 
were studied. Various properties of materials of bolts and 
connected strips were also taken into consideration. Stages 
of elastic deformation of the studied structure, slippage as a 
result of overcoming static friction forces by tensile forces as 
well as plastic deformation were considered. The obtained 
results formed the basis for conclusions on characteristic 
features of behavior of the studied “plates-bolts-plates” 
nonlinear system. In the long run, it is possible to construct 
on this basis “phenomenological” models of special finite ele-
ments (SFE) embedded in traditional finite element models 
in the zones of connection of individual silo panels. Such an 
approach is quite productive and of considerable interest. 
However, it has certain disadvantages. First, tensioning 
with longitudinal forces is mainly considered in the study of 
the specimens described in [4, 5] whereas in reality, the silo 
elements work in conditions of longitudinal and transverse 
bending (Fig. 1).

 
 
 
 
 
а  
 
 
 
 
 
 
 

b                                  c 
Fig. 1. Diagram of loading of a silo element: diagram of strip 
connection (a); connection diagram and gaps in the bolted 

connection (b); model of bolted connection (c)

Under these conditions, the following factors are at the 
forefront:

1) magnitude of the tensile force, k, in the bolt varies 
during loading (in contrast to practically constant magni-
tude for the case of longitudinal tension [4, 5]);
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2) magnitude of the tensile force in strips, N, has a signif-
icant effect on deflection, w;

3) large deflections, w, cause noticeable tangential defor-
mation, and, therefore, affect the force N;

4) there may be a gap between the bolt and the strips 
(surfaces S_b, S_ p) with contacting conditions:

( ) ( ) ;p bU V S U V S
→ → → →

⋅ + ⋅ ≤ δ

5) in addition, a plastic gasket having a non-linear pat-
tern of “ε–σ» dependence may be placed between the bolt 
and the strip surface;

6) contact, friction and slip between of the bolt and the 
strip surfaces appear.

Combination of factors 1) to 6) reduces the problem to a 
system of related nonlinear equations that connect together 
physical, geometric and structural nonlinearities. At the 
same time, it is impossible to identify dominant factors. Ac-
cordingly, the task is considerably complicated in compari-
son with the cases described in [4, 7].

Given the fact that the analyzed references extensively 
study SSS of thin-walled structures including those with 
bolted connections, a problem of substantiation of design 
models being used arises. In this case, it is possible to isolate 
individual lines of study. For example, reaction to loading of 
structures which consist of corrugated panels is studied in 
[4, 7]. Study of thin-walled structures with bolted connec-
tions is described in [6–12]. At the same time, the loading 
patterns used in these works do not fully correspond to ac-
tual conditions of work of these structures. Elastic and elas-
toplastic behavior of thin-walled structures under seismic 
loads [13–16], in collapse analysis [12, 17], in determining 
response of these structures to action of wind loads is not 
enough adequately modeled [18].

As a rule, only one or several factors are taken into 
consideration in [1–18] when constructing design models 
of structures that are being studied. However, as noted in  
[19–22], it is necessary to take into consideration as wide 
range of factors as possible in such cases. In particular, an 
attempt was made in [19] to consider effects of friction force, 
contact, gaps and geometric nonlinearity on behavior of a 
composite thin-walled structure with bolted connections 
but only few structure variants were considered.

Thus, it can be concluded that there is no complete 
solution to the problems of study of composite thin-walled 
structures. This necessitates improvement of existing models 
of SSS and methods for studying behavior of such structures 
under loading.

3. The aim and objectives of the study

The study objective was to analyze behavior of compos-
ite thin-walled structures on the example of two strips with 
bolted connections.

To achieve this objective, the following tasks were solved:
– to formulate problem and construct design diagrams 

of the test compound system of strips with bolted con-
nections;

– to carry out numerical study of SSS of the composite 
test strip and analyze the results obtained from the point 
of view of influence of design parameters on the strip 
strength.

4. Problem formulation and design diagrams

To study qualitative features of behavior of the “pan-
els-bolts-panels” system (Fig. 2), simplified (test) specimens 
were studied. The specimens form a system of two strips 
connected by one or more bolts and loaded with transverse 
forces. All elements characteristic to silos were present in 
this test system (TS) and all of the above important factors 
were taken into consideration (besides corrugations). The 
TS dimensions are close to dimensions of the strip taken 
from the metal granary.

It is necessary to develop a mathematical model of 
the TS SSS using the method of finite elements. Next, it 
is necessary to study the TS SSS for bending taking into 
consideration moderate deflections and the effect of longi-
tudinal forces.

 
 
 
 а                                            b 

Fig. 2. The studied system of strips: actual silo structure (a); 
section taken from of the composite strip (b)

The test system is modeled as a composite strip: two 
strips connected by bolt fixtures with a gap (Fig. 3). To be 
more specific, the following dimensions and material prop-
erties were taken in numerical formulation by FEM: module 
of elasticity of the material E=2.1∙1011 N/m2; Poisson coeffi-
cient v=0.3; length l=5∙10-1 m; width C=5∙10-2 m; thickness 
h=2∙10-3 m; the total length of the connected strips L= 
=9.6∙10-2 m which corresponds to the length of the span 
between stiffening ribs on the silo. Diameter of bolt holes in 
strips d1=1.2∙10-2 m; bolt diameter D=10-2 m.

Bolted connection arrangement was as follows: the bolt 
is placed in the strip holes with a gap and tightened with a 
nut to tightening torque TK. The tensile load that occurs at 
the points of strip connection is balanced at initial stages 
of loading by frictional forces in connections resulted from 
application of bolt tightening force Ftight If the force of ten-
sioning the rods along the x axis exceeds frictional forces, 
the strips will slip until the gap is vanished. At this moment, 
cylindrical surfaces of the bolt and holes in the contacting 
strips begin to work. Main attention is paid to variants of 
bolted connection arrangements, which influence behavior 
of gap vanishing during bending of the system. The follow-
ing changes in connection arrangement will be considered in 
the presented task (Fig. 4–6).

Fig. 3. System of two strips with bolted connection
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Design of the bolted connection belonging to the first 
group is a connection with a single bolt and the use of joint 
washers made of polypropylene having non-linear elastic 
properties in the contact areas (Fig. 4). In this task formula-
tion, of coefficients of friction and bolt tightening force were 
varied and joint washers were used (Table 1). Transverse 
force distributed on the upper edge of the strips is given by 
force F (cyclic loading-unloading). The tightening torque is 
modeled as the force of preliminary bolt tightening Ftight.  
Table 1 shows variants of contact interaction at various bolt-
ed connection arrangements.

Table 1

Contact types and coefficient of friction used

Variant 
No.

F, N
Ftight, 

N

Contact types

Friction 
plate-
plate

Friction 
plate-
bolt

Friction-
less 

hole- 
bolt

Friction 
plate- 

washer

Bonded 
bolt- 

washer

Friction coefficient value

1_1

450 1000

0.2 0.2 + – –

1_2 0.2 0.001 + – –

1_3 0.0001 0.0001 + – –

1_4 0.2 – + 0.2 +

1_5 0.2 – + 0.001 +

1_6 0.2 – + 0.2 +

1_7 450..0 6600 0.2 – + 0.2 +

а                      b                       с                       d 

Fig. 4. Group I. Bolted connection arrangement: variable 
coefficient of friction (bolt-strip, strip-strip, joint washer 

is absent) (a); variable force of tightening the bolted 
connection, the washer placed between the bolt head and 

the strip (b); use of a joint washer at both sides (c); change 
of the force acting on the upper surface of the strip system 

(static, cyclic, washer fills the gap)

а                              b                              c 

Fig. 5. Group II. Change of concentric position of holes with 
respect to one another: gap increase (a); gap reduction (b); 

side displacement (c)

The bolted connection arrangement belonging to the 
second group (Fig. 5) different hole diameters (Table 2). 
Also, position and arrangement of the strips relative to the 
hole axis vary. This misalignment can occur in thin-walled 
structures during their connection. In the presented task, it 
is proposed to consider three variants of misalignment (re-
spectively, variants 2_1p–2_3p): displacement of strips with 
a selected gap between the hole and the bolt (1), increased 
gap (2) and side displacement of the strips relative to the 
hole (3).

а                                             b  
 

 
Fig. 6. Group III. Arrangement of bolted connections: 

two bolted connections without washers (a); two bolted 
connections with two washers (b); two bolted connections 

with four washers (c); one bolted connection with two 
paired strips (d); one bolted connection with two alternately 

connected strips (e)

In this formulation, a bolted connection is used with a 
0.01 m diameter bolt. When the hole diameter is changed, 
the gap between the bolt and the inner surface of the hole 
gets smaller/larger. Because of this, the gap change is ac-
companied by a decrease or increase in the composite rod 
bending during loading. This variation makes it possible to 
analyze the effect of the gap size on SSS of the model of the 
composite strip under study.

Tаble 2

The studied list of the bolted connection arrangements

Variant 
No.

Hole 
dia., m

F, N
Ftight, 

N

Contact type

Friction 
strip-strip

Friction 
plate-bolt

Frictionless 
hole-bolt

Friction coefficient value

2_1 0.0102

450 1000 0.2 0.2 +
2_2 0.011

2_3 0.012

2_4 0.013

2_1р

0.012 450 1000 0.2 0.2 +2_2р

2_3р

Elements with an increased number of bolted connec-
tions and addition of strips to the studied system are consid-
ered in the third group (Fig. 6). Such alternation takes place 
in thin-walled machine-building structures. Thin-walled 
panels are interconnected with a different number of bolted 
connections in a row. Also, composite thin-walled panels 
are used. They can be single-layered and multilayered. Sin-
gle-layered panels are two butted panels and multilayered 
ones are four or more panels in one connection. Multilayered 
panels are arranged in two ways: two or more panels in a 
sandwich (1) and successive panel alternation (2). Also, 
panels are arranged using various number of bolt fixtures. In 
particular, connection with two bolt fixtures was considered 
in this task. Joint washers made of physically non-linear 
materials are used in the described connections. A list of 
the studied arrangements of strips with various numbers of 
bolted connections is given in Table 3.

    
 

   

 
 

 
 

c d                      e
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Table 3

The studied arrangements of bolted connections

Variant 
No.

Strip  
arrangement

F, N
Ftight, 

N

Contact type

Friction 
plate-
plate

Friction 
plate-
bolt

Frictionless 
hole-bolt

Friction coefficient value

3_1
Two strips, 
two bolts

850 1000 0.2 0.2 +

3_2 Two strips, 
two bolts, 

two washers
850 1000 0.2

0.2
+

3_3 0.001

3_4
Two strips, 
two bolts, 

four washers
850 1000 0.2 0.2 +

3_1р

Four strips, 
one bolt 

(group con-
nection)

1200 1000 0.2 0.2 +

3_2р

Four strips, 
one bolt 

(connection 
with alterna-

tion)

1200 1000 0.2 0.2 +

The finite element model. The studied problem is reduced 
to analysis of the finite element model shown in Fig. 7, 8. 
‘Sweep’ method of finite-element grid was used. The num-
ber of elements of SOLID 186 (ANSYS) type in models is 
from 44 to 90 thousand, the number of nodes from 215 to  
435 thousand. Geometric, physical and structural nonlin-
earities are taken into consideration.

Fig. 7. Finite element model

Fig. 8. The test system loading diagram

The model loading diagram is shown in Fig. 8. The 
structure is considered in a section (symmetric with re-
spect to the xOz plane). Pressure q with a total force  
F=450 N (Fig. 1, 3) acts on the upper part of the strip. 
Strips are rigidly fixed at their ends. Movement along y 
axis in the plane of symmetry xz (Fig. 3) is restricted. The 
transverse force distributed on the upper edge of the strips 
is set by the force F (the system is loaded in steps. Prelim-
inary tightening takes place at the first stage. The system 
is loaded by increments of pressure q, and, accordingly, the 
force F) at the further stages.

5. Results obtained in numerical simulation of SSS of  
the test strip with bolted connections

Let us consider the results obtained for the first group (I), 
Fig. 4. They include pictures of system deflections, distribu-
tion of equivalent Mises stresses, reactions in the supports, 
the forces arising in the bolt under loading (Fig. 9, 10).

Analysis of the presented dependences provides the basis 
for the following conclusions:

1. Deflections of the system of strips (Fig. 9, a) is a step 
function. Plain sections correspond to deflection of the strip 
as a solid rod (in this case, the friction force is less than 
the limit value and mutual slip of the strip does not occur). 
When the friction force becomes equal to the limit value, 
a sharp increase in deflections takes place. This increase is 
caused by “extension” of the strip because of mutual slipping 
of its halves. “Plain” and “sharp” stages alternate until the 
gap between the bolts and panels vanishes. Further growth 
of the load leads to a slow growth of deflections without 
sharp jumps. In this case, the system of these strips behaves 
as a continuous strip (CS) but is lengthened by the size of the 
gap between the bolt and holes in the strips.

а                                                b 

c                                                 d 

Fig. 9. The results of numerical simulation of the first group 
for all variants of connections under action of load F, N: 

deflection w, mm (а); maximum equivalent Mises stresses ϭі, 
MPa (b); displacement of the contact surfaces  

relative each other и, mm (mutual slip) (c);  
force in the bolt Ftight, N (d)

а                                                  b 
 

Fig. 10. Reaction in fixtures for all variants of connections 
depending on external load F, N: along x axis Rx, N (a); along 

z axis Rz, N (b)
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2. When the coefficient of friction decreases, stepwise 
behavior changes to plain curvilinear and a displacement 
of strips relative to each other occurs at a smaller load.

3. The use of a  joint washer that  fills  the gap  leads to a 
plainer  vanishing  of  the  gap.  The  load  that  is  required  for 
displacement of strips increases.

4. Under  the  action  of  a  cyclic  load,  two  zones  are 
observed:  the  first  zone  is  growth  of  deflections  with 
increasing load. At the same time, regions of “sharp” and 
“plain” change of deflections are realized alternately. The 
second zone is a weak gradual growth of deflections with 
a further increase in load and a reverse change occurs with 
a  decrease  in  load  to  zero  (a  case  is  considered  without 
change of the load sign). A significant residual deflection 
remains  in the studied system after the “loading-unload-
ing” cycle (in this case, at a level of 60 % of the maximum). 
Further  “loading-unloading”  cycles  occur  practically  by 
the same path as in the initial cycle. Thus, it can be noted 
that when load is taken off, the system does not return to 
its original state. With a further pulsating cyclic loading 
(from zero to maximum and then back to zero), the system 
behaves  like  a  “pseudo-elastic”  but  with  some  residual 
deflection.

5. The  levels  and  distributions  of  equivalent  Mises 
stresses  are  shown  in  Fig.  9,  b,  11,  12.  Fig.  12  illustrates 
comparison of emerging maximum stresses  in all arrange-
ments of bolt fixtures (Table 1). These stresses nonlinearly 
grow with the load increase. If there is sealing material in 
the  gap  of  the  bolted  connection,  it  levels  the  stress  con-
centration.

6.  To  analyze  displacements  of  the  contacting  surfaces 
of  the  strips,  consider  dependence  of  displacements  of  strips 
relative to each other along the x axis under load (Fig. 9, c). 
A  stepwise  behavior  of  strip  displacements  with  growth  of 
loading  is  observed.  No  displacements  occur  at  the  initial 
load. With an  increase  in  load up to 50 N, a  jump-like dis-
placement  of  strips  appears  relative  to  each  other  which  is 
accompanied  by  a  partial  gap  vanishing.  With  a  further 
growth of the load (after a complete vanishing of the gap), a 
slight displacement is observed only as a result of deforma-
tion of the contacting strips and bolts.

7. Let  us  consider  also  reactions  in  places  of  plate 
fixation  (Fig.  10).  It  should  be  noted  that  longitudinal 
reaction  components,  in  contrast  to  the  transverse  ones, 
vary  almost  nonlinearly.  However,  with  growth  of  the 
load  after  onset  of  contact  of  the  bolt  with  edges  of  the 
holes,  the  reaction  components  grow  approximately  lin-
early. It is important to note that the level of longitudinal 
reactions  remains  practically  constant  when  strips  are 
displaced. Besides, the level of  longitudinal  loading is an 
order  of  magnitude  higher  than  that  of  transverse  load-
ing (and, accordingly,  the reactive  force along the z axis,  
Fig.  3).  It  should  also  be  noted  that  in  other  variants  
(Tables 2, 3), dependence of reactions Rx and Rz on trans-
verse  loading  is  similar  (and,  therefore,  they  are  not  dis- 
cussed further).

8. A significant effect of sharp increase in tensile force 
in the bolt is possible. In some cases, this force may exceed 
the level of initial tightening more than 4 times (Fig. 9, d). 
To  reduce  this  effect,  it  is  suggested  to use  joint washers. 
In  particular,  the  studied  arrangement  of  the  bolted  con-
nection in the contact between the strips and the bolt head 
through  two  yielding  washers  (variant  1_4)  has  made  it 
possible to understand causes of force increase in the bolt. 
Reaction will increase when the parts are rigidly connect-
ed. When introducing yielding elements into the system, no 
marked increase in tightening forces occurs in comparison 
with  the  initial  value.  When  there  is  an  increase  in  the 
tightening  force  of  the  bolt  fixture  with  the  washer  that 
fills  the  gap  (variant  1_7),  reaction  in  the  bolt  remains 
virtually unchanged.

Let  us  consider  the  results  obtained  for  the second 
group (II, Fig. 5). Fig. 13 shows results of the study with 
varying  hole  diameter  (Table  2).  Based  on  the  obtained 
results,  the  following  tendency  is  observed.  With  an  in-
crease  in  hole  diameter,  the  value  of  deflection  increases 
nonlinearly:  about  0.035  m  at  diameter  of  0.013  m  and 
about 0.017 m at diameter of 0.0102 m. With  increase  in 
hole diameter, equivalent Mises stresses and forces in the 
bolt  begin  to  increase  significantly  with  complete  van-
ishing of the gap when the bolt gets into contact with the 
surface of the hole.
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Fig. 11. Distribution of equivalent Mises stresses: variant 1_1 (a); variant 1_4 (b); variant 1_6 (c); variant 1_7 (d)
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Fig. 12. Maximum equivalent Mises stresses (MPa) for 
variants 1_1–1_7 (Table 1)

а                                                b 

c                                                 d 
 

Fig. 13. Results of numerical simulation of the second group 
for all connection variants: deflection w, mm (a); maximum 

equivalent Mises stresses ϭі, MPa (b); displacement of 
contacting surfaces of the strips relative yo each other u, mm 
(mutual slipping) (c); reaction in the fixture along x axis Rx, N

When comparing the studied system of strips in a 
geometrically nonlinear formulation with a conventional 
formulation for a continuous strip (CS), one can state the fol-
lowing. There is a significant difference between deflections, 
equivalent stresses and reaction components in supports. 
Behavior of the continuous strip is shown in graphs as more 
smooth and linear while behavior of nonlinear character is 
manifested substantially in the system of interconnected 
strips studied and described above. When a continuous strip 
is loaded, the value of deflection is more than twice less than 
that of deflection in the system of strips with bolt fixturing 
depending on the hole diameter. This is explained by the fact 
that there is a structural nonlinearity in the system of strips 
with bolt fixturing, and there are significant gaps (depend-
ing on diameter) in holes commensurate with the values of 
displacement of points in the strips as a result of elastic de-
formations. Thus, conventional formulation of such a class of 
problems with a design diagram in the form of a continuous 
strip without taking into consideration bolt fixturing, gaps, 
tension and friction results in a significant inaccuracy in the 
results obtained.

When strips are laterally displaced relative to the holes, 
an additional influence on the deflection behavior takes 
place (Fig. 14, a). When strips with an increased gap are 
displaced, the deflection is about 0.04 m. When the gap is 
reduced, deflection equals to 0.018 m. It is equal to 0.025 m  
when strips are displaced laterally. Behavior of deflection 
becomes stepped and nonlinear with loading growth. Max-
imum stresses were observed in the first and third variants 

after gap vanishing (Fig. 14, b). In the second variant, stress 
growth occurs immediately at the beginning of loading. 
Behavior of slippage of strips relative to each other corre-
sponds to the change of deflection (Fig. 14, c). Force in the 
bolt increases during the system loading. Nonlinear increase 
to 3500 N is observed in the first variant and about 4000 N 
in the second variant. The force is maximal and equals to 
about 6000 N (Fig. 14, d) in the third variant when lateral 
displacement takes place.
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Fig. 14. Results of numerical simulation of the second group 
at various strip displacements: deflections w, mm (a); 

maximum equivalent Mises stresses, MPa (b); displacement 
of contacting surfaces of strips relative to each other u, mm 
(mutual slipping); forces in the bolt under action of loading 

Ftight, N

The results of study of the third group (III, Fig. 6). Let 
us consider the results of study of the system of strips with 
two bolted connections (Fig. 15). It follows from the results 
that application of two bolted connections in the studied 
system of strips leads to an increase in the force required for 
gap vanishing (compared to the system with one bolted con-
nection). It is about 400 N in the bolted connections without 
joint washers and about 250 N in the bolted connections 
with joint washers. Gap vanishing occurs gradually along 
with nonlinear behavior of deflection. Deflection was about 
0.027 m in all variants (Fig. 15, a). Equivalent Mises stresses 
were 1,126 MPa in the first variant, 1,844 to 2,083 MPa in 
the second variant depending on the coefficient of friction 
and 1,876 MPa in the third variant with two joint washers 
(Fig. 15, b, 16). Forces in bolted connections begin to grow 
significantly when the gap vanishes. Reaction in the bolts 
grows from 1,000 N to 4,000 N in a connection without joint 
washers, up to 1,700 N in the variant with two washers and 
up to 1,300 N in the variant with four washers. It follows 
from these results that the use of joint washers significantly 
affects performance of the bolted connections.

Let us consider the results obtained for multi-layered 
panels with group arrangement (variant IV) (Fig. 6) and ar-
rangement by the method of sequential alternation (variant V)  
(Fig. 16–18). Graphs of dependence of the system deflec-
tions under loading having maximum value about 0.030 m 
are shown in Fig. 17. Maximum equivalent Mises stresses 
in variants IV and V are approximately equal to 2,200 MPa 
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(Fig. 17, b). Displacement of the strips (Fig. 17, c) and bolt 
forces (Fig. 17, d) have the same nature of dependence on the 
load F as in the previous variants.

а                                                  b 

c                                                  d 

Fig. 15. Results of numerical simulation of the third group for 
all variants of connections under the action of loading F, N: 

deflection w, mm (a); maximum equivalent Mises stresses ϭі, 
MPa (b); displacement of contacting surfaces of the strips 

relative to each other u, mm (mutual slipping) (c); force in the 
bolt Ftight, N

Models at the moments of gap vanishing along with 
maximum equivalent Mises stresses arising in the contacts 
between bolts and strips are illustrated in Fig. 18. There is 
a difference between these two variants for the entirely van-
ished gap. The gap completely vanishes at 200 N in the first 
variant and at 600 N in the second variant.

Having analyzed the obtained results, the following con-
clusions can be drawn: behavior of deflections of the system 
of strips depends on arrangement of thin-walled elements 
(group connection and alternation method). In the first 
variant of arrangement, the gap vanishes at a load level low-
er than in the second variant. This is explained by the fact 
that the number of contacting surfaces with friction is equal 
to three in the first variant and five in the second variant. 
Stresses by Mises are in the same range.
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Fig. 17. The results of numerical simulation of the fifth group 
at different displacement of strips under the influence of load 

F, N: deflection w, mm (a);  
maximum equivalent Mises stresses ϭі, MPa (b);  

displacement of contacting surfaces of the strips relative to 
each other u, mm (mutual slipping) (c); forces in 

 the bolt Ftight, N 
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Fig. 16. Maximum equivalent Mises stresses (Fig. 6, c):  
variant 3_1 (a); variant 3_2 (b); variant 3_3 (c); variant 3_4 (d)
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6. Discussion of results obtained in the study of SSS of  
a thin-walled structure with bolted connections

The described study is a continuation and development 
of studies [19–22].

It should be noted that the models developed and de-
scribed in this paper have significant advantages over con-
ventional ones. First, they take into consideration additional 
factors that were insufficiently taken into consideration in 
earlier studies (contact, friction, slip, variable force in the 
bolted connections). Secondly, all these factors act in inter-
action and interconnection. Thirdly, the created model more 
adequately reflects physical essence of the processes and 
states realized in the studied structures.

It should also be noted that application of developed 
models has established new patterns of behavior of thin-
walled structures with bolted connections. In particular, 
the effects of reaction of such structures to the effect of 
loading were established. This reaction combines stages 
of elastic deformation and mutual slipping of the strips. 
Residual deformation is accumulated in the composite 
strip at the first loading. It is determined by gap vanishing. 
After the first loading, the system is mainly deformed in an 
elastic region.

The constructed models and revealed features of behav-
ior of thin-walled structures with bolted connections can 
be used in structure studies of silos of various sizes, shapes 
and purposes. The developed models give fundamentally 
more accurate results (compared to conventional ones). For 
example, in the failure to consider deformation of the bolted 
connection, deflections of the composite strip are 2‒3 times 
smaller than when taking into consideration this factor.

However, it should be noted that the constructed models 
do not take into consideration some factors inherent to actu-
al structures of silos. First of all, it concerns the type of the 
load which can be multiple-cycle and alternating. Besides, 
possible loss of stability is not taken into consideration when 
compression forces occur in the strip. It is also worth inves-
tigating the effect of corrugations on behavior of structures 
of this type.

The noted problem issues are directions to further studies.

7. Conclusions

1. The developed model of designing thin-walled struc-
tures with bolted connections has advantages over conven-
tional models. Unlike the simpler models, it takes into con-
sideration geometric, physical and structural nonlinearities. 
Taking into consideration friction makes it possible to deter-
mine dependence of the studied system state on the loading 
history. The achieved properties give an opportunity to more 

adequately simulate stress-strain state of thin-walled struc-
tures with bolted connections.

2. Design diagrams, coefficients of friction, gaps and 
loads were varied in numerical studies of SSS of a compos-
ite strip with bolted connections. As a result, regularities 
of their influence on SSS of the studied structure were 
established.

3. Analysis of the obtained behavioral characteristics 
of the studied structures has made it possible to state the 
following:

– regardless of the variant of embodiment, presence or ab-
sence of the joint washer as well as the number of bolted con-
nections, deflection of the studied composite strip is similar 
for different variants of the composite strip by its character of 
transverse loading, however, it differs sharply from behavior 
of continuous strips. In particular, there is a combination of 
plain areas and sharp increments. The first ones correspond 
to bonding of the strips caused by friction due to bolt tight-
ening. The second accompany slippage of the strips. After a 
full vanishing of the gap between the bolt side surface and the 
bolt holes in the strips, the system becomes comparable to a 
continuous strip but with residual deflections;

– deflection of the studied composite strip responds in 
different ways to single and cyclic application of transverse 
load. Two stages are clearly distinguished in a single loading. 
The first stage combines gradual and sharp changes of de-
flection. Then (after vanishing of the gap), the stage of only 
plain growth of deflection comes. If the system is unloaded 
after this point, it does not return to its original state. Re-
sidual deflection is formed. Further cyclical loading and 
unloading (without changing the load sign) occurs along the 
curve corresponding to the first unloading. Thus, the system 
acquires residual deformations mainly in the first loading 
cycle. Practically nonlinear-elastic deformation of the strip 
system occurs in subsequent cycles;

– the stressed state of the studied system of strips is 
characterized by the fact that the Mises stresses are concen-
trated in the panels in the zone of bolted connections. The 
maximum values of stresses with the load growth behave 
nonlinearly. In multiple-cycle loading, accumulation of a 
certain value of residual stresses at the first stage occurs first 
and then their nonlinear elastic change occurs. It should be 
noted that a model problem was considered: it was assumed 
that the material of the strips works in an elastic region de-
spite the high level of stress;

– an effect of possible sharp increase in tensile forces in 
the bolt was detected during loading of the studied system 
of strips. This is especially evident in the absence of a joint 
washer. Therefore, application of a model with a fixed force 
in the bolted connections is inadmissible in a general case;

– control over behavior of longitudinal forces in the stud-
ied system has made it possible to establish that when load 
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Fig. 18. Distribution of equivalent Mises stresses (Table 3): variant 3_1p (a); variant 3_2p (b)
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increases, they sharply increase from zero to values exceeding 
transverse load several times. This indicates that deflections 
cause significant extension of the studied strip and the longi-
tudinal forces resulting from this, in turn, affect deflection. 
It turns out that mutual influence of stretching and bending 
takes place. Thus, like in the case of continuous strip, it is nec-
essary to determine SSS from stretching and bending togeth-
er. However, unlike the case of a continuous strip, composite 
strip demonstrates an additional elongation and deflection not 
only due to elastic deformations but also due to the possible 
mutual slip of the strips relative to each other. This results in a 
more complicated connection between stretching, sliding and 
bending. This feature must be taken into consideration in the 
design models of such structures;

– an increase in the number of bolted connections leads 
to a noticeable “strengthening” of the structure. The struc-

ture is also “strengthened” by the use of multilayered strips 
which are stacked by superimposing strips to the left and to 
the right alternately;

– introduction of a joint plastic washer between the bolt 
head and the strip, between the nut (metal washer) and the 
strip, between the side of the bolt and the hole in the strip 
“smoothes” but not eliminates the revealed features of be-
havior of the studied composite strip.

4. The established features and regularities of SSS of 
a composite strip with bolted connections show that con-
sideration of the contact, friction and slip, forces of bolt 
tightening and deformation of a yielding washer-spacer 
dramatically change behavior of the test system compared 
with the continuous strip. Accordingly, these factors need 
to be taken into consideration in the design models of such 
systems.
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1. Introduction 

The impact interaction between solid bodies typically 
occurs over a short period of time and is accompanied by 
large dynamic loads, which could result in the possible de-
struction of structures’ elements. Thus, it is only natural that 

the simplest theories for calculating the canonical bodies for 
strength upon impact are highlighted in the resistance of 
materials [1, 2]. They consider an impact to be instantaneous 
and, rather than the magnitude of force, apply its momen-
tum. Actually, they consider not the process of a mechanical 
impact, but its consequences, that is a post-impact motion. 
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Розглянуто пружний прямий удар по плоскiй границi нерухо-
мого пiвпростору тiла, обмеженого в зонi контактної взаємодiї 
поверхнею обертання, порядок якої менший двох. Особливiсть 
задачi полягає в тому, що для вибраного випадку нескiнчен-
на кривизна граничної поверхнi в точцi первiсного контакту, з 
якої розпочинається процес динамiчного стискання тiл у часi. 
Крiм основних припущень не хвильової квазистатичної теорiї 
пружного удару твердих тiл, тут використано також вiдомий 
розв’язок статичної вiсесиметричної контактної задачi теорiї 
пружностi. Процес удару з невеликою початковою швидкiстю 
подiлено на два етапи, а саме на динамiчне стискання i динамiч-
не розтискання. Для кожного з них побудовано аналiтичний 
розв’язок нелiнiйного диференцiального рiвняння вiдносного 
зближення у часi центрiв мас тiл. Розв’язок нелiнiйної задачi 
з початковими умовами для диференцiального рiвняння другого 
порядку на першому етапi виражено через Ateb-синус, а на дру-
гому – через Ateb-косинус. Для спрощення розрахункiв складено 
окремi таблицi вказаних спецiальних функцiй, а також запро-
поновано компактнi апроксимацiї їх елементарними функцiя-
ми. Встановлено, що похибка аналiтичних наближень обох 
спецiальних функцiй менша одного вiдсотка. Виведено також 
замкненi вирази для обчислень максимальних значень: стис-
кання тiл, сили удару, радiуса кругової площадки контакту та 
тиску, який обмежений у центрi цiєї площадки. Розглянуто чис-
ловий приклад, пов’язаний з ударом жорсткого пружного тiла 
по гумовому пiвпростору. Задачi такого типу виникають при 
моделюваннi динамiчної дiї кускiв твердої мiнеральної сировини 
на гуму, при падiннi їх на футерованi гумою валки вiбрацiйно-
го класифiкатора. Внаслiдок порiвняння розрахованих параме-
трiв удару, одержано гарну узгодженiсть числових результа-
тiв, до яких призводять побудованi аналiтичнi розв’язки та 
iнтегрування нелiнiйного рiвняння на комп’ютерi. Цим пiдтвер-
джена вiрогiднiсть побудованих аналiтичних розв’язкiв задачi 
удару, якi дають розгортку короткочасного процесу в часi
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