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Проаналізовано теоретичні особливості захоп­
люючої здатності валків при простому процесі про­
катки в сталому режимі. Показано, що в залежності 
від умов деформації відношення максимального кута 
захоплення до коефіцієнту тертя може дорівнювати, 
бути меншим або більшим 2.

Проведено експериментальне дослідження, в якому 
здійснювали прокатку свинцевих ступінчастих зраз­
ків з вимірюванням випередження на кожній сходин­
ці. Результати досліду показують, що в граничному 
випадку деформації випередження більше нуля, тобто 
є достатній запас сил тертя для подальшого збіль­
шення обтиснення, але це неможливо.

Проаналізована рівновага всіх горизонтальних сил  
в осередку деформації. Показано, що в кожному пере­
тині втягуючі контактні горизонтальні сили витрача­
ються не тільки на подолання виштовхуючих, але і на 
врівноваження поздовжніх внутрішніх сил, які виника­
ють в результаті пластичної деформації металу.

Розроблено силовий метод оцінки поздовжньої ста­
лості процесу тонколистової прокатки. Показником 
сталості є критерій, який визначається з епюр розпо­
ділу нормального контактного напруження та напру­
ження тертя. Показано, що при позитивному значен­
ні критерію процес прокатки відбувається в сталому 
режимі, при негативному значенні – сталий процес 
неможливий та у разі його нульового значення – настає 
граничний випадок деформації. 

Проведено теоретичне дослідження з визначення 
максимального кута захоплення за різних умов тонко­
листової прокатки. Показано, що відношення мак­
симального кута захоплення до коефіцієнту тертя 
практично не залежить від товщини штаби, діамет­
ру валків і коефіцієнту тертя та дорівнює 1,43–1,44. 
Зменшення захоплюючої здатності валків пояснюєть­
ся дією в осередку деформації, крім контактних, ще  
і внутрішніх сил

Ключові слова: рівновага сил, тонколистова про­
катка, осередок деформації, захоплююча здатність, 
критерій сталості
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1. Introduction

One of the important technological parameters that 
defines the stability of the rolling process is the gripping ca-
pacity of rolls. There are conditions for gripping a metal with 
a working tool at the initial moment when the strip edges 
touch rollers and under a steady mode.

Ensuring reliable and stable grip is a mandatory condition 
for the rational technological process. Increasing the gripping 
capacity of roll makes it possible to not only improve the per-
formance of rolling mills, but also improve the workability of 
metal, which reduces the number of internal defects.

Disruption in the longitudinal stability of the rolling 
process leads to strip skidding in the rolls, and in some cases 
it is the cause of major accidents at rolling mills. 

In the theory of rolling there is the notion of «longitudi-
nal stability of the process.» It is associated with the gripping 
capacity of rolls under a steady mode and the boundary 

gripping angle α y
max . As it is known from the theory of rolling, 

the condition for gripping a metal with rollers under a steady 
mode takes the following form:

α y yf≤ 2 , 	 (1)

where αy is the gripping angle under a steady mode; fy is the 
friction coefficient at a deformation site.

This inequality was derived from the condition that the 
sum of contact stretching forces is sufficient to overcome 
the sum of contact ejecting forces. In this case, the following 
assumptions are accepted:

– normal contact stresses at a deformation site are ave
raged; 

– friction stresses are proportional to the normal contact 
stresses and are defined by a Coulomb model; 

– the rolling is flat, that is, there is no strip enlargement 
at a deformation site.
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This condition indicates that the maximum gripping angle  
cannot exceed the double magnitude of the coefficient (or 
angle) of friction under a stable rolling process. 

In a more general form, inequality (1) can be represented 
as follows:

α y

yf
n

max

,= 	 (2)

where n is the coefficient, which characterizes the inclination 
angle of the resultant of a normal contact stress.

Therefore, formula (1) was derived under important 
assumptions, and practical significance of the boundary 
gripping angles in practice is very high, for example, when 
developing modes of deformation at rolling mills.

In addition, as it is known, the process of sheet rolling 
proceeds with tensions (front and rear). Therefore, it is not 
appropriate to apply ratio α y yfmax , as an indicator for the 
stability of this process. 

Thus, it is a relevant task to undertake a study aimed at the 
further forward creep of theoretical bases for determining the 
stability of deformation during sheet rolling. Ultimately, the 
improved method would make it possible to reliably determine 
the longitudinal stability of the process when developing and 
advancing deformation modes at industrial sheet mills.

2. Literature review and problem statement

To determine the factor n in formula (2), different authors  
conducted a significant amount of theoretical and experi-
mental research. We shall address some of them in detail. 

The theoretical study, reported in [1], shows that under 
uniform distribution of the normal contact stress at a defor-
mation site, n = 2. If the resultant of these stresses deviates 
towards the release of a metal from rollers, then n > 2, if it 
deviates towards the intersection of entering the deformation 
site, then n < 2.

When analyzing the equilibrium of contact forces at a de-
formation site, the authors obtained a boundary condition for 
a stable rolling process, which takes the following form:

α y yfmax . .= 1 41 	 (3)

However, it has not been widely used as some researchers 
criticized it pointing to the incorrect analysis of the scheme 
of acting forces, though the author stuck to his point of view. 

It was concluded in the studies, when using different 
theoretical models of friction, that under a boundary case of 
rolling, n > 2. 

Experimental data by several researchers also give reason 
to assume that the value for coefficient n may significantly 
differ from two. The results of these studies are also described 
in paper [1]. 

Thus, in the experiments involving the rolling of nickel 
ingots, n = 1.16, and at deformation of copper – n = 1.22.

The experiments, which were carried out at the blooming 
mill 1150 of Novo-Tagil steel plant (Russia), involved the 
rolling of steel bars on a smooth barrel and in caliber. Based 
on the results from these experiments, the magnitude of n 
changed within 1.25–1.35. 

According to studies, when rolling blooms in rolls with 
a rolling diameter of 886 mm, the n ratio was 1.37 at regular 
gripping, and 1.42 – with a pre-compression on a cone [1].

There are known experiments, which examined the grip-
ping capacity of rolls under laboratory conditions. The expe
riments were carried out at a two-roll mill at a rolling speed 
of 0.3 m/s. The maximum gripping angle was determined 
by rolling lead stepped-wedge-shaped samples based on the 
magnitude of reduction at which the first spins occur. The 
ultimate thickness of strips changed in the range from 0.5 mm 
to 50 mm; the initial thickness of the samples was chosen 
accordingly. The results of experiments showed that the coef
ficient n was within 1.5–1.9 [1]. 

In other experiments, when rolling wedge-shaped and rec
tangular lead samples, the ratio n = 1.4–1.45 was obtained [1].

Such a discrepancy between experimental data and the 
accepted theoretical conditions questions the legitimacy of 
certain provisions from the theory of rolling and requires 
their refinement. It primarily refers to equality (1), according 
to which the boundary gripping angle is determined only 
by the magnitude of coefficient of external friction. But the 
experiments, which were reported in [1], show that the grip-
ping capacity of rollers depends on the thickness and width 
of deformed metal as well. 

Thus, the results from theoretical and experimental stu
dies reveal that the theoretical condition (1) does not always 
correctly reflect the actual pattern for the longitudinal sta-
bility of the rolling process. Experiments established that the 
boundary gripping angle under a stable mode is affected not 
only by the conditions of friction in a contact between a tool 
and a metal, but by the geometric parameters and the strip 
strained state at a deformation site as well.

Given the above, we can conclude that the theory of grip-
ping the strip with rolls requires further forward creep and 
elucidation of some provisions. 

Paper [1] also describes cases of the force balance loss at 
a deformation site with a significant strip’s forward creep, 
followed by its subsequent skid in rolls. It would seem that  
a deformation site has a sufficient reserve of friction forces 
for a stable process, however, a small increase in the gripping 
angle leads to sample skidding.

There is no any convincing explanation for the results of 
these experiments in the theory of rolling, although there are 
some assumptions. For example, the loss of metal equilibrium in 
rolls in the presence of a forward creep is due to a plastic stret
ching of the strip owing to the action of longitudinal stretching 
stresses σ. These stresses reach the limit of metal strength σТ, 
the result is its grip with rollers is disrupted and there occurs 
the skidding of a strip, even in the presence of the forward creep. 

However, if σ = σТ, the average pressure of metal on rolls 
will be smaller than the forced strength limit, which is ener-
getically impossible at simple rolling process. In this regard, 
the proposed explanation is not convincing.

We shall analyze known experimental data in more detail. 
Fig. 1, a demonstrates results from an experimental study at 
rolling lead samples of thickness 11.4–12.7 mm and a width 
of 50 mm for the resulting thickness of 1.0–1.1 mm [1, 2]. 
The rolling was performed on steel dry rolls with a diameter 
of 194.6 mm, fy ≈ 0.25. The forward creep was measured by 
the method of core prints. 

As noted in [1], the experiments revealed the fol
lowing: when rolling a sample with reduction Δh = 11.2 mm 
(αy = 0.34 rad), the forward creep was S = 10.1 %, and at  
a slight increase in reduction to Δh = 11.6 mm (αy = 0.35 rad) 
another sample started skidding in the rolls. Thus, there was 
a loss of equilibrium of metal in rolls at the forward creep 
close to 10 % and αy = 0.35 rad.
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Fig. 1. Dependence of forward creep on gripping angle 	
based on experimental data: a – the ultimate sample 

thickness 1.0–1.1 mm; b – the ultimate thickness 	
of samples 3.75 mm

Similar experimental data were acquired when deform-
ing lead stepped samples for the resulting thickness of 
3.75 mm. The results of these experiments are shown in 
Fig. 1, b. The rolling was performed in steel rough rolls with 
a diameter of 210 mm, fy ≈ 0.28. The height of the last step 
corresponded to the boundary reduction at rolling a wedge-
shaped sample. As can be seen, the loss of strip equilibrium 
occurred at an forward creep of about 4 % and gripping angle 
αy = 0.37 rad (Fig. 1), that is, gripping for the conditions of 
friction (1) is not achieved. Paper [1] also argues that the 
cause for the loss of strip equilibrium in the presence of 
forward creep is the significant longitudinal stresses that 
occur at rolling with gripping angles that are larger than the 
coefficient of friction.

Given that the above experiments are unique, and will be 
subject to further analysis, while the theory does not provide 
their convincing explanation, we performed our own experi-
mental research involving determining the forward creep by  
a core method. The results of these experiments are given below. 

Thus, we note that during experimental studies, consid-
ered above, one observed, at rolling lead thin samples, a loss 
of strip equilibrium in rolls in the presence of the forward 
creep. In this case, there are doubts about the fact that in all 
experiments the longitudinal stretching stress σ would reach 
the limit strength of the deformed metal. Therefore, the ex-
planation that a strip slows down in the rolls under condition 
σ = σТ is, probably, not valid.

Even though the above experimental data were obtained 
at the end of the last century, there has not been any rea
sonable explanation for them up to now. 

Next, we shall deal with studies into stability of the sheet 
rolling process in the longitudinal and transverse directions. 

Paper [3] proposed a theoretical condition for the course 
of a stable process of sheet rolling in the longitudinal direc-
tion. However, it takes into consideration only the kinematic 
parameters for a deformation site and indicates that the range 
of possible values for parameter γ αc c is limited to the length 
of a plastic contact between the strip and the roll, more pre-
cisely, by the presence at the same time of plastic regions of 
forward creep and lagging. This condition takes the form:

x
l

x
l

x
l

x
l

n

c c

c

c c

n

c

1 1 1 01− < < − −

ç




γ
α

, 	 (4)

where γс is the angle that describes the position of a neutral 
intersection, rad.; αс is the angle of an elastic-plastic contact 
between the strip and the roll, rad.; lс, x1 are, respectively, the 
length of the arc of contact between the strip and the roll 
and its increment along the line that connects the centers of 
rotation of the rollers, which is a consequence of the elastic 
compression of rolls and an elastic recovery of the strip, mm; 
x0n, x1n are, respectively, the increase in the length of arc of 
the contact between a strip and the roll that is the result of 
elastic compression and elastic recovery of the strip, mm.

In the course of a theoretical analysis of a given condition, 
work [4] concluded that at a maximal value for the gripping 
angle, αc

max , in this case, q k2 0 53 0 55= −. . , it probably shows 
under which parameters for the process there is a fracture in 
the strip, that is, the stable rolling process is disrupted signifi-
cantly earlier than it follows from expression (4).

Experimental data that are also given in [4] indicate that 
the optimal values for relative specific tensions are in the range:

0 17
2

0 49. . ,≤ ≤
q
k

	 (5)

where q is the specific tension of the strip, MPa; k is the de-
formation resistance to pure shear, MPa. 

The practical operation of industrial rolling mills shows, 
in contrast, that q k2 0 15≈ . .

Thus, as it follows from the data above, there are signi
ficant differences in the conditions for the course of a stable 
process of sheet rolling.

Issues on ensuring the quality of a rolled thin sheet were 
addressed in [5, 6], and in others. A study into the instability 
of strip section at wide-strip mills of hot rolling and the ways 
for its stabilization was reported in [7, 8]. Some tasks on 
modeling and automated control over thickness, tension, and 
flatness of strips were successfully resolved in papers [9–11].

An interesting forward creep is a technique for regulating 
the cross thickness of a thin strip by using roll profiling was 
proposed in [12]. As shown by results from the experimental 
rolling, a deviation in the cross thickness of silicon steel de-
creased to 8 µm owing to a given method. It is obvious that 
the profiling of rolls requires additional costs, it can therefore 
be applied only to critical components.

Issues on the dynamic fluctuations of strip in the rolls, as 
well as working rolls, were examined in papers [13, 14]. They 
suggested theoretical models that make it possible to predict 
these phenomena when setting up equipment for sheet rolling. 
Study [15] shows that it would not do to ignore the effect of 
strip’s transverse displacement as well. In that work, the authors 
studied the effect of tension and taper angle of the roll on a la
teral flow of metal by drawing a grid on the surface of samples.

The impact of dynamic phenomena on the kinematic, 
force, and energy parameters of the process of sheet cold  
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rolling was considered in study [16]. It is shown that dif-
ferent variations of these parameters negatively affect the 
operation of equipment and the quality of finished products. 

Thus, there are significant forward creeps in the theory and 
practice of ensuring the required geometry and flatness of the 
thin sheet, the transverse displacement of the strip in rolls, the 
dynamics of the deformation process. However, there are the re-
maining unresolved aspects that relate to the longitudinal stabi
lity of a simple process of rolling and the deformation by tensions.

The reason for this is probably the lack of interest from 
industrial specialists in improving the modes of deformation 
at rolling mills. For it is much easier to use the data provided 
by equipment manufacturers, given in technological manuals 
or technical literature. 

As regards the scientists, insufficient attention to the is-
sues on the longitudinal stability of sheet rolling process can 
be explained by the inadequate financing of their studies and 
by weak ties with enterprises at which they could undertake 
their experimental research.

One of the directions for improving the reduction modes 
at thin sheet rolling mills is to increase the front and rear ten-
sions during deformation in order to reduce energy costs of 
the process. This is very important because it could help bring 
down the cost of products and improve an enterprise competi
tiveness. However, there may occur the slipping of metal in 
the rolls at the same time, which would lead to emergencies. 

Therefore, it is expedient to continue developing the 
issue on the longitudinal stability of the thin sheet rolling 
process; this is the aim of our study.

3. The aim and objectives of the study

The aim of this study is to devise a method for estimating 
the longitudinal stability of deformation based on the force 
interaction between a metal and rollers. This would make it 
possible to improve the accuracy of determining the stability 
of process when developing and improving the modes of rol
ling at industrial thin sheet mills.

To accomplish the aim, the following tasks have been set:
–  to perform a theoretical analysis of the interaction 

between a metal and rollers during thin sheet rolling and to 
devise a procedure for determining the horizontal contact 
forces and the longitudinal internal forces caused by the 
plastic deformation of metal; 

– to define a criterion under which it is possible to assess 
the stability of a simple process of sheet rolling that could be 
used for the modes of deformation with tensions as well; 

– to investigate, based on the theoretical treatment of 
contact stresses diagrams, the reliability of determining the 
boundary conditions for rolling based on a given criterion; 

– to study theoretically the occurrence of the boundary 
conditions for a simple process of sheet rolling considering 
the equilibrium at a deformation site of the contact and in-
ternal forces.

4. Materials and methods to study stability in a simple 
process of thin sheet rolling 

4. 1. Experimental study to determine the boundary 
conditions of the process of rolling

The experiments were conducted at a laboratory two-roll 
mill of Dnipro State Technical University (Ukraine). The 

rolls are made from steel, diameter is 195 mm, their surface 
is rough enough (purity class 8), speed of rolling is 0.3 m/s, 
the coefficient of friction at a deformation site is fy ≈ 0.25.  
By using a dividing head, we applied cores at the surface of 
rolls at a distance of 10 mm from each other. The purpose 
was to ensure that at each section (step) during rolling it is 
possible to detect the forward creep. The samples used were 
the lead stepped samples (grade C1) of width 60 mm. The 
stepped surface was obtained by planing. Dimensions of the 
sample steps, and other parameters for experimental rolling, 
are given in Table 1.

Table 1

Dimensions of stepped samples, geometrical parameters 	
for rolling, and values of forward creep, under conditions 	

of the performed experiment

Number of 
sample’s 
step

1 2 3 4 5 6 7 8

Step 
height, mm

7 10 12 14 15 16 16.5 17

Step 
length, mm

15 15 15 20 25 25 30 30

Reduction, 
mm

2.8 5.8 7.8 9.8 10.8 11.8 12.3 12.8

Gripping 
angle, rad.

0.17 0.244 0.283 0.317 0.333 0.346 0.355 0.362

Forward 
creep, %

5.42 8.75 8.3 7.5 6.52 5.05 4.0
slip-
ping

The rolling was intended for the resulting thickness of 
h1 = 4.2 mm. The number of rolled stepped samples is 5. To 
know in forward creep at which step one might expect the 
slipping of a metal in rolls, we preliminary rolled the wedge-
shaped samples.

It follows from Table 1 that the general shape of the 
dependence of forward creep on gripping angle qualitative-
ly coincides with the theoretical one (Fig. 1). At gripping 
angle αy = 0.355 rad., the forward creep is about 4 %, which 
indicates a sufficient force of friction at the contact between 
a metal and rollers to proceed with a stable rolling process. 
A transition to the sample’s next step (αy = 0.362 rad.) led to 
the slipping of the strip in rolls. In this case, the ratio α y yfmax  
is equal to 1.42. 

Thus, the results from our experiment completely con-
firm that the stable process of rolling is disrupted in the 
presence of forward creep when the condition for gripping is 
not met (1).

4. 2. Theoretical analysis of force equilibrium at a de-
formation site

In order to search for the cause of discrepancy between 
a theoretical realization of the stability of a simple process 
of thin sheet rolling and experimental data, we analyzed the 
equilibrium of horizontal forces at a deformation site.

Let us separate the current volume of metal in the re-
gion where the metal contacts the rollers (Fig. 2, a) and 
replace the action of the roller on the metal with horizontal 
contact forces Qx, and the action of the removed part of the 
metal – with internal forces (due to plastic deformation of  
metal) Qx vn (Fig. 2, b).
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a

b

Fig. 2. Analysis of equilibrium in horizontal forces: 	
a – deformation site; b – separated current 	

volume of metal

As a result, the following equality holds:

− + − =∫ ∫2 2 0p Rb t Rb h bx x x x

y y

sin cos ,j j j j σ
j

α

j

α

d d 	 (6)

where j is the current intersection of a deformation site, 
rad.; px are the normal contact stresses, MPa; tx is the friction  
stress, MPa; R is the radius of rolls, mm; b is the width of the 
rolled strip, mm; σх are the longitudinal internal stresses, MPa; 
hx is the thickness of a strip in the current intersection, mm. 

Given that h h Rx = +1
2j  (h1 is the ultimate thickness of  

a strip, mm), then we obtain in the dimensionless form:
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Note that the forces do not act in the intersection of 
entering a deformation site. Analyze in more detail the com-
ponents included in equality (7):

− + =∫ ∫2
2

2
2

2
p
k

t
k

Qx x
x

y y

sin cos *j j j j
j

α

j

α

d d

is the current resultant horizontal contact force in the dimen-
sionless form, which includes the components that eject and 
retract a metal from/into rolls; 

σ
jx

x vnk
h
R

Q
2

1 2+
ç


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= *

is the current longitudinal internal force in the dimensionless 
form, caused by the plastic deformation of a metal.

It follows from expression (7) that these forces are di-
rected opposite one another, in addition, force Qx

*  is active, 
because it contributes to gripping the metal by rollers, and 
force Qx vn

*  is the resistance force, which is a response to the 
action of the active force. These forces are in equilibrium, 
thereby emphasizing the stationarity of the rolling process. 

To determine these forces, the source data are the contact 
stresses diagrams, which can be derived theoretically when 
solving a differential equation of equilibrium by T. Kar-
man [17, 18]. According to this theory, when mapping all the 

acting forces on the selected element at a deformation site 
onto the x axis, we obtain:

− + +

+ +( ) +( ) − =
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Since d dh bx xσ ≈ 0,  we obtain:
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Treating a deformation site as a set of infinitesimal ele-
ments, the following integral equality holds:
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Since in the intersection of entering a deformation site 
j = α, then c = 0, we finally obtain:
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0. 	 (9)

When comparing the last equality with (7), one may notice 
that the first two components are the horizontal contact forces, 
others – the longitudinal internal forces. Thus, when solving 
the equation of equilibrium one can determine these forces.

5. Results of theoretical research into stability  
of the simple process of sheet rolling considering  

the internal forces at a deformation site

5. 1. Theoretical analysis of the longitudinal internal 
force under different conditions of rolling

We shall analyze the distribution of longitudinal internal 
force Qx vn

*  across a deformation site for different cases of rolling. 
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As an example, we shall consider the results from theore
tical studies related to the estimation of change in the normal 
contact stresses and stresses of friction lengthwise the defor-
mation site at cold rolling of thin strips. Note that when sol
ving a Karman equation, the author applied a friction model 
that takes into consideration both slipping at a deformation 
site and a direct proportional relationship between contact 
stresses. Accordingly, for the regions of lagging and a forward 
creep, formulae for determining the stresses of friction take 
the form [19]:

t fp
h

h h
h
hx x

n

n

x

= −
−

−

ç


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0

0

1 ; t fp
h

h h
h
hx x

n

n

x

= −
−

−

ç


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1

1

1 .	(10)

Thus, when rolling under conditions when R = 300 mm, 
h0 = 0.3 mm, αy = 0.017 rad., fy = 0.044 (h0 is the initial thick-
ness of a strip, mm), the results from calculation of contact 
stresses take the form shown in Fig. 3, a, b.

.
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.
. . . .
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. . . .
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a

b

c

d

Fig. 3. Distribution diagrams across a deformation 	
site (R = 300 mm, h0 = 0.3 mm, αy = 0.017 rad., fy = 0.044) for: 

a – normal contact stresses; b – friction stresses; 	
c – longitudinal internal stresses; d – longitudinal 	

internal force

The current longitudinal internal force at each intersec-
tion of a deformation site is determined from formula:

Q h bx vn x x= σ . 	 (11)

When the distribution diagram of a normal contact stress 
is known, it is easy to find from the equation of plasticity the 
distribution σх lengthwise the deformation site:

σx xp k= − 2 , 	 (12)

or, in the dimensionless form:

σx x

k
p
k2 2

1= − . 	 (13)

Then the current longitudinal internal force will be equal to:

Q p k h R b kRb
p
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h
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+
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11
2 1 2j j 	 (14)

or, in the dimensionless form:

Q
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p
k

h
Rx vn
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
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2 2

1 1 2j 	 (15)

Distribution diagrams of current longitudinal stres
ses σx k2  and force Qx vn

*  are shown in Fig. 3, c, d.
This force under these conditions for rolling is, along the 

entire length of the deformation site, compressing and directed 
against the strip motion (Fig. 4), at the contact zone boun
daries it is zero, which corresponds to the process stationarity.

Fig. 4. Direction of action of internal stresses 	
and a longitudinal force

As reported in many studies into internal flow of metal, 
under the influence of longitudinal forces at a certain part of 
the deformation site there emerges the «backward» move-
ment of the metal. If one draws vertical lines at the surface of 
a strip (Fig. 5, line 1), then, when entering the deformation 
site, they bend in the direction opposite to the movement of 
the strip (Fig. 5, curves 2).

It should be emphasized that the character of distribution 
of force Qx vn

*  changes depending on the conditions for rolling. 
Thus, when rolling at αy > fy, stresses σх change the sign at a cer-
tain part of the deformation site and become stretching (Fig. 6).

A change in the pattern of stressed state in a plastically 
deformed metal leads to a qualitative change in the diagram 
of force Qx vn

* . At one side of the deformation site, it is compres
sing and directed opposite to the movement of the strip, and 
at another – stretching with the respective forwd direction of 
rolling. An increase in gripping angle αy leads to an increase in 
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the area at the deformation site where force Qx vn
*  is stretching, 

the result being that there is the case when the areas of com-
pressing and stretching values for a given force become equal. 
At a further increase in αy the area of stretching forces Qx vn

*  
would exceed the area where these forces are compressing.

Fig. 5. Plastic flow of metal under a stable rolling process: 	
1 – drawn initial lines; 2 – curved lines 	

at the deformation site

a

b

Fig. 6. Distribution across a deformation site (under 
condition αy > fy) of: a – longitudinal internal stresses; 	

b – longitudinal internal force

Thus, at a simple process of rolling, one 
can derive from the distribution diagrams 
of contact stresses across a deformation 
site the charts of change in the longitudinal 
internal force, which is caused by the plastic 
deformation of a metal. The magnitude and 
direction of this force strongly depend on 
the conditions for rolling and, consequently, 
it must be taken into consideration when 
deriving a condition for gripping the metal 
with rollers.

5. 2. Theoretical analysis of the resul-
tant horizontal contact force 

Because the rolling process is stationary, 
and it is incorporated into boundary con-
ditions for solving the Karman equation, 
then all forces that act at a deformation 
site must be balanced. It is obvious that 
internal forces can be balanced only by 

those forces that act in a contact between the metal and  
rollers. 

Analyze the diagrams of contact stresses that are shown 
in Fig. 3, a, b. A change in the resulting horizontal contact 
stress lengthwise the deformation site qx is calculated from 
formula:

q p tx x x= − +sin ,j jcos 	 (16)

or, in the dimensionless form:

q
k

p
k

t
k

x x x

2 2 2
= − +sin .j jcos 	 (17)

Fig. 7, a shows a diagram of change in this stress. Their 
action is graphically illustrated in Fig. 8.
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b

Fig. 7. Diagrams of distribution across 	
a deformation site (R = 300 mm, h0 = 0.3 mm, 	

αy = 0.017 rad, fy = 0.044): a – resultant horizontal 	
contact stress; b – resultant horizontal 	

contact force

Fig. 8. Contact interaction between metal and rollers 	
at a deformation site at rolling
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In accordance with the distribution diagram q kx 2 ,  one 
can determine a change in the resultant horizontal contact 
force as follows:

Q Rb qx x

y

= ∫ dj
j

α

, 	 (18)

or, in the dimensionless form:

Q
Q
kRb

q
kx

x x
y

* .= = ∫2 2
dj

j

α

	 (19)

As already noted, force Qx
*  is active as is directed in the 

direction of the strip motion (Fig. 8), it ensures the rolling 
process. The diagram of its distribution lengthwise a defor-
mation site is shown in Fig. 7, b. One can see that Qx

* at the 
contact zone boundaries is equal to zero. Hence, it follows 
that the velocity of the strip at the input to the deformation 
site and when exiting it remain unchanged over time, that is, 
as mentioned above, the process of deformation is stationary.

Comparing the diagrams Qx vn
*  (Fig. 3, d) and Qx

* (Fig. 7, b), 
note that at any intersection of the deformation site the cur-
rent values for these forces are interrelated as follows:

2Q Qx x vn
* * .= 	 (20)

That also follows from an analysis of the Karman differen-
tial equation, given above, and matches equality (9). 

Given that in a contact the horizontal forces Qx
*  act from 

the side of the upper and lower rolls, one can understand 
the presence of coefficient 2 in expression (20). Force Qx

* , 
depending on the conditions for rolling, changes similarly to 
the force Qx vn

* .
An important conclusion follows from the derived equali-

ty on that the retracting horizontal contact forces at a defor-
mation site are used not only to overcome the ejecting ones, 
but to balance the longitudinal internal forces as well. Then 
the gripping capacity of rollers in a stable process of rolling 
should decrease. This issue is examined below. 

Hereafter, we shall analyze only contact forces Qx
* , be-

cause they are active, contributing to the process of deforma-
tion, and their action coincides with the direction of rolling.

5. 3. Definition and theoretical analysis of stability 
criterion in the process of thin sheet rolling

Consider the values acquired by force Qx
* at different 

parameters for rolling. As an example, we shall consider 
a solution to the Karman equation taking into account the 
replacement of the arc of a circle with a parabola and a di-
rectly-proportional dependence between contact stresses 
(tx = fуpx). Suppose that the rolling is performed for the fol-
lowing parameters: the diameter of rolls D = 200 mm, the ini-
tial thickness of strip h0 = 1 mm, gripping angle αy = 0.06 rad., 
and reduction angle Δh = 0.36 mm. A variable parameter is 
the coefficient of friction fy, which is equal to 0.06; 0.042, and 
0.03. We shall construct theoretical diagrams of the contact, 
the resulting horizontal stresses, and the resultant horizontal 
contact force for these conditions of deformation. Results of 
the calculation are shown in Fig. 9.

One can see that a change in force Qx
*  strongly depends 

on parameter α y yf . Under a given ratio equal to unity 
(Fig. 9, curve 1), at each intersection of a deformation site 
the force Qx

*  is positive (retracting). At α y yf = 1 43.  (Fig. 9, 
curve 2), the resultant horizontal contact force Qx

*  at one 

part of the deformation site is positive, at another – negative 
(ejecting); in this case, the corresponding areas are equal.  
At ratio α y yf = 2, force Qx

* at each intersection of the contact 
zone is less than zero.
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Fig. 9. Diagrams of distribution across a deformation 	
site at friction model tx = fypx : a – normal contact stresses; 

b – friction stresses; c – resulting horizontal contact 
stresses; d – resultant horizontal contact force; 	

1 – fy = 0.06, 2 – fy = 0.042, 3 – fy = 0.03

Thus, if one introduces a dimensionless criterion or in-
dicator:

K Qct
y

x

y

= ∫
1

0α
j

α
* ,d 	 (21)

then, for the first case (Fig. 9, curve 1), it will be positive, 
for the second (curve 2) – equal to zero, and in the third 
(curve 3) – negative. That is, this criterion describes which 
forces (retracting or ejecting) dominate a deformation site.

Thus, we note that forces Qx
*  and Qx vn

*  have not been 
given sufficient attention to in the theory of rolling up to 
now, while their magnitude is significantly affected, as shown 
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above, by the conditions of deformation. These forces can 
also be calculated based on the experimental diagrams of 
contact stresses [20]. 

Consider some results from a theoretical research into de-
termining an indicator Kct under different conditions of rolling 
and compare them with the experimental data provided above.

Thus, in the experiments involving the rolling of lead 
samples to the resulting thickness of 1.0–1.1 mm the loss 
of strip equilibrium in the rolls occurred at gripping angle 
α y

max .= 0 35 rad. 
Given such conditions of deformation, as well as different 

gripping angles, we performed a theoretical calculation of 
the contact, the resulting horizontal stresses, force Qx

*  and 
indicator Kct. The law of friction for a deformation site was 
the model constructed in work [21].

Based on the results from calculations, we constructed 
the generalized theoretical dependencies for criterion Kct 
and forward creep S depending on a gripping angle (Fig. 10).

Comparing the results from experiments (Fig. 1, a) with 
theoretical calculations (Fig. 10), we can conclude that the 
strip slipping in rolls occurs when criterion Kct becomes zero 
(0.36 rad. – derived from theoretical calculations; 0.35 rad. –  
based on the results of experiment), regardless of the mag-
nitude for a forward creep. At a positive value for Kct, there 
is a stable process of deformation, and at Kct < 0, the rolling 
process is impossible.

. . . .

Fig. 10. Dependence of criterion Kct and forward creep S 	
on gripping angle αy, calculated for experiments where 	

the resulting thickness of samples is 1.0–1.1 mm

Similar research and comparison of theoretical results 
with experimental was also conducted for experiments where 
the resulting thicknesses of samples are 3.75 mm and 4.2 mm. 
The generalized theoretical dependences of Kct and S depen
ding on αy are shown in Fig. 11.

By comparing the theoretical calculation with the re-
sults from experimental data, we again can conclude that 
the strip slipping in rolls occurs when the value for criterion 
Kct accepts a null value. Under the conditions of experi-
ments when the resulting thickness of samples is 3.75 mm 
(Fig. 1, b), inaccuracy at determining the maximum gripping 
angle is approximately 5 % (0.39 rad. – based on theoretical 
calculations; 0.37 rad. – according to the results from expe
riment), and under the conditions of our own experiments 
when the resulting thickness of samples is 4.2 mm (Table 1) 
it is 3 % (0.35 rad. – according to theoretical calculations; 
0.362 rad. – according to the results from experiment).

Thus, our theoretical analysis has revealed that regardless 
of the magnitude for the forward creep the boundary con-
ditions of rolling occur when the value for a dimensionless 
criterion Kct equals zero. Note that in all examined cases the 

ratio of the maximum gripping angle to a friction coefficient 
α y yfmax  is significantly less than two. This is due, as already 
noted, to the fact that contact retracting forces must over-
come the ejecting forces and balance the internal ones.

. . . .

. . . .

a

b

Fig. 11. Dependence of criterion Kct and forward creep S 	
on gripping angle αy, calculated for experiments: 	

a – when the resulting thickness of samples is 3.75 mm; 	
b – when the resulting thickness of samples is 4.2 mm

5. 4. Algorithm of the force method for estimating sta-
bility of the thin sheet rolling process

Thus, we have constructed a force method for estimating 
the longitudinal stability of the thin sheet rolling process 
considering the effect of contact and internal forces, which 
implies the following:

1. Acquire the theoretical distribution diagrams of contact 
stresses (p kx 2  and t kx 2 ) across a deformation site when sol
ving a differential equation of equilibrium by Karman, applying 
the model of friction at a deformation site, or experimental (рх 
and tx), employing different methods (point load-cell strain 
gauge, force-measuring anvil, polarization-optical method).

2. Based on the contact stresses diagrams, determine the 
curves of change in the resultant horizontal stresses and for
ces across a deformation site. 

3. Based on the distribution diagram for the latter, com-
pute a dimensionless criterion Kct (or dimensional – for the 
case of analysis of experimental diagrams of contact stresses), 
which characterizes the stability of the deformation process 
in the longitudinal direction.

4. Assess the stability of the rolling process: If Kct > 0, the 
deformation will proceed under a steady mode, while at a nega-
tive value for the criterion, a stable process is impossible, and for 
the case Kct = 0, the boundary conditions for deformation occur.

5. 5. Theoretical study of the maximal gripping angle un-
der a stable mode of the simple process of thin sheet rolling

By employing the above algorithm, we performed a theore
tical study into determining the maximal gripping angle un-
der a stable mode at the simple process of thin sheet rolling.  
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Variable parameters included the thickness of a strip (1–5 mm), 
the coefficient of friction (0.05–0.2), the diameter of rolls  
(100–400 mm). The results of calculations have shown that the 
ratio of the maximum gripping angle to the coefficient of friction 
at a deformation site α y yfmax  is in the range of 1.43–1.44 and 
almost does not depend on the above-mentioned parameters. 
This theoretical conclusion is confirmed in the experimental 
studies by several authors that were analyzed at the beginning 
of this paper. A similar conclusion has been drawn in paper [22].

Such a discrepancy between the data obtained and the 
provisions from theory can be explained by that in theoretical 
calculation the maximum gripping angle affects the equilib
rium at a deformation site not only of contact forces, as is ac-
cepted in the theory of rolling, but the internal forces as well, 
which leads to a decrease in the gripping capacity of rolls.

6. Discussion of results of constructing a force  
method for estimating stability of a simple process  

of thin sheet rolling

The result of a theoretical analysis of the interaction bet
ween a metal and the rolls during thin sheet rolling and the 
application of the Karman equation of equilibrium is the con-
struction of a force method for estimating stability of a simple 
rolling process. This method differs from known dependences 
in the theory of rolling by considering, when analyzing the 
equilibrium at a deformation site, not the contact forces only, 
but the internal ones as well, which arise as a result of the 
plastic deformation of a metal. This is the main advantage of 
the devised method. The physical meaning of the action of 
these forces is explained in Fig. 4, 5.

Determining the longitudinal stability of the rolling process 
is carried out based on a criterion of stability, which is derived 
from the distribution diagrams of normal contact stresses due 
to stresses of friction. It is a well-grounded approach, because 
they act in the zone of contact between the metal and rollers.

The reliability of determining the boundary conditions for 
rolling based on a given criterion was tested by comparing theo-
retical calculations with the results from experiments. An error 
of the theoretical evaluation of determining the stability of the 
process does not exceed 5 %, indicating a satisfactory conver-
gence between the method constructed and experimental data.

Therefore, the interruption of a simple process of rolling 
under actual conditions in the presence of forward creep (for 
example, results from the experiments are shown in Fig. 1) 
occurs as a result of failing to take into consideration, in the 
theoretical dependences, specifically the condition of grip-
ping (1), the internal forces of the plastically deformed metal. 

Thus, the constructed force method is a new improved 
approach in assessing the stability of a simple process of thin 
sheet rolling. 

It should be noted that a given force method can only be 
used for the estimation of the longitudinal stability of the pro-
cess of thin sheet (hot, cold) rolling, that is, under conditions of 
the flat deformation when a Karman equilibrium equation holds.

The disadvantage of the proposed approach is that we did 
not consider, when solving a differential equation of equilib-
rium, the front and back tensions. This could be achieved  
by introducing appropriate coefficients at the boundaries of 
a deformation site, which depend on tensions. Resolving this 
issue will be the area of further research by Authors. 

The application of the devised method for a simple pro-
cess of deformation of thin and thick sheet is predetermined 

in this work by comparison with experimental data, which 
were obtained for the rolling without tensions.

In advancing a given approach together with the models, 
procedures, and systems, analyzed above, the force method 
could be used for the development and improvement of de-
formation modes at thin sheet rolling mills in order to main-
tain a stable process of deformation at lower energy costs. 
One of the areas to improve energy efficiency of the thin 
sheet rolling process is to increase the tension of strips. This 
issue was analyzed in detail in paper [23].

7. Conclusions 

1. We have performed a theoretical analysis of the force in-
teraction between a metal and rollers at thin sheet rolling. In 
contrast to the generally accepted theoretical concepts, this 
analysis took into consideration not only the contact forces, 
but the internal forces as well. The existence of internal forces 
at a deformation site has been proven in practice, for example, 
in experiments when bending the vertical lines drawn at the 
surface of a strip (Fig. 5). The contribution of these forces to 
equilibrium is also due to the Karman equation. The sequence 
for determining the horizontal contact and internal forces 
has been described in detail. Initial data are the distribution 
diagrams of contact stresses in a contact zone between a metal 
and rollers. It should be noted that determining the horizontal 
contact and internal forces has not been paid attention to in 
the theory of rolling. So, the novelty is the shape of distribu-
tion charts for these forces across a deformation site, based on 
which one can assess the longitudinal stability of the rolling 
process. We have substantiated a given approach based on the 
results from theoretical and experimental studies.

2. We have devised a force method for estimating the 
longitudinal stability of the process of thin sheet rolling, 
which implies determining a stability criterion. For the case 
of its positive values, the process proceeds in a stable fashion; 
at a negative value, the stable process is impossible and at  
a zero value of the indicator, there is the boundary case of de-
formation. Such an analysis can be performed using both the 
theoretical diagrams of contact stresses and the experimental 
ones. The application of a given criterion for rolling with ten-
sions is possible as a result of the introduction of coefficients 
at the boundaries of a contact zone between the strip and 
rollers, which depend on the front and back tensions.

3. Based on the processing of theoretical diagrams of contact 
stresses and by comparing their results with experimental data, 
it has been shown that an error in determining the boundary 
conditions for thin sheet rolling does not exceed 5 %. Therefore, 
application of the devised approach makes it possible to deal 
with as-yet-unresolved issues related to the interruption of  
a simple process of rolling in the presence of forward creep.

4. We have theoretically investigated and refined a com-
monly accepted condition for gripping a metal by rollers un-
der a stable mode of rolling without tensions. It is shown that 
the ratio of the maximum gripping angle to the coefficient of 
friction at a deformation site equals to 1.43–1.44, which is 
confirmed by results from experiments by several researchers.
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