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Досліджено можливості використання енергетич-
ного методу для прогнозування дефектоутворення  
у вигляді утягнення в процесах комбінованого видав-
лювання. Запропоновано математичну модель проце-
су комбінованого радіально-зворотного видавлюван-
ня порожнистих деталей з фланцем з урахуванням 
виродження трапецеїдального модуля у прямокутний. 
Відокремлені етапи процесу деформування в залежнос-
ті від величину ходу активного інструменту в порів-
нянні з товщиною дна стакану. Розроблено узагаль-
нюючу розрахункову схему процесу комбінованого 
радіально-зворотного видавлювання деталей з флан-
цем з урахуванням заключної стадії деформування 
(Hдна<h1). Отримано величину приведеного тиску де- 
формування як функцію від геометричних, техноло-
гічних та кінематичного параметрів процесу видавлю-
вання. Роль кінематичного параметру процесу відіграє 
відносна швидкість витікання металу у вертикаль-
ному напрямку (заповнення стінки стакану при зво-
ротній течії металу). За цим параметром проведено 
оптимізацію величини приведеного тиску деформуван-
ня. Проаналізовано характер змінення оптимальної 
величини відносної швидкості витікання металу у вер-
тикальному напрямку за ходом процесу. Встановлено 
відмінності отриманих залежностей даного кінема-
тичного параметру для процесу з утворенням утягнен-
ня в донній частині деталі та без дефектоутворення.

Обґрунтовано, що використання комбінованого ви-
давлювання при виготовленні порожнистих деталей  
з фланцем, у порівнянні з використанням простих схем 
деформування, підвищує технологічні можливості про-
цесу. Підтверджено недостатню вивченість техноло-
гій впровадження комбінованого видавлювання та брак 
рекомендацій щодо прогнозування дефектоутворення  
у вигляді утягнення. Запропоновано розрахункову схему 
процесу радіально-зворотного видавлювання з ураху-
ванням появи утягнення на заключної стадії деформу-
вання. Здійснено моделювання процесу комбіновано-
го видавлювання порожнистих деталей з фланцем та 
встановлено вплив умов тертя на час появи утягнення 
в донній частині деталі.

Підтверджено, що запропонована узагальнена роз-
рахункова схема дозволяє прогнозувати появу дефекту 
у вигляді утягнення на всіх етапах та за різних техно-
логічних умов процесу деформування. Отримання на її 
основі попередньої оцінки можливого дефектоутворен-
ня сприятиме розробці відповідних технологічних реко-
мендацій щодо уникнення дефектів даного типу

Ключові слова: комбіноване видавлювання, енерге-
тичний метод, деталі з фланцем, дефектоутворення, 
утягнення, процес деформування 
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1. Introduction

The machining processes of metals, both hot and cold, are 
the preparatory base of machine engineering and metallurgy. 
Given the ability to form a metal at high performance and 
low waste, thereby improving its mechanical properties, the 

importance of pressure treatment in modern industry is enor-
mous [1]. This increases the role of effective resource-saving 
methods for pressure metal treatment such as cold volumetric 
stamping [2]. Combining traditional schemes of longitudinal 
extrusion by radial or lateral extrusion methods opens up 
the possibility of manufacturing parts with a more complex  
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configuration over fewer technological transitions [3, 4]. 
Combining the reverse and radial extrusion schemes in the 
manufacture of hollow parts with a flange improves techno-
logical capabilities of the processes of precision volumetric 
stamping by reducing the energy and labor intensity of pro-
duction and increasing a metal utilization factor. However, 
along with these advantages, there are a series of problems, 
primarily related to the issues of plasticity and hardening 
of metal under conditions of the complex stressed-deformed 
state [5, 6]. In addition, despite the high efficiency of the 
combined extrusion processes, examples of their practical 
implementation are limited.

The range of products manufactured by machine building 
and instrumentation enterprises contains a large number of 
hollow parts with flanges and protrusions of various shapes [7]. 
This should encourage research into new effective processes 
for obtaining this type of components, such as combined ex-
trusion. However, when making them by cold extrusion, under 
certain conditions there may occur defect formation (failure to 
maintain the shape and size of a finished product, cracks and 
ruptures of protrusions, shrinkage depression, etc.). The defect 
formation processes are a deterrent to the active implemen-
tation of these processes in industry. Therefore, they require  
a thorough study of the complex of geometric and technolo-
gical factors that contribute to the emergence (or hampering) 
of defects in the process of deformation. In this case, special 
attention should be paid to building full-fledged mathematical 
models for calculating force parameters and shape formation 
that would make it possible to predict defect formation in the 
processes of combined extrusion.

2. Literature review and problem statement

Currently, the active implementation of combined ex-
trusion processes in industry is constrained by the lack of 
detailed recommendations on determining the force pa-
rameters of the process, predicting shape change and defect 
formation [8–17].

A series of papers [8–13] are limited to studies of force 
parameters and phased shape change in the processes of 
combined extrusion. Work [8] analyzes the effect of geo-
metric parameters and friction conditions in the process of 
direct-reverse-radial extrusion based on a finite element 
method employing the software ABAQUS (ABAQUS Inc., 
USА). Papers [9, 10] report studying the force parameters 
and shape change of hollow parts in the process of combined 
extrusion, which are limited to modeling in Deform-2D (Sci-
entific Forming Technologies Corporation (SFTC), USA). 
The combined extrusion processes were investigated in stud-
ies [11, 12] by the methods of finite elements and the upper 
assessment (using rigid triangular elements). A comparative 
analysis of theoretically and experimentally obtained data on 
the force parameters of the process and on the shape change 
in workpieces was carried out. Paper [13] analyzed the 
process of combined radial-backward extrusion in a conical 
matrix for successive stages of the process. The study relates 
to the calculations of force parameters of the process, as 
well as a shape change; it is limited in application. The the-
oretical analysis was carried out using the method of power 
balance taking into consideration the hardening of a metal; 
experimental testing of the results obtained was performed. 
However, the constructed mathematical models do not make 
it possible to analyze patterns in the course of the deforma-

tion process with defect formation (deviation in the shape of  
a finished product, formation of shrinkage depression, cracks, 
etc.). Thus, the issues related to determining the limit of 
deformity and defect formation in the processes of combined 
extrusion remained unresolved.

The issues of assessing the unevenness of the deformed 
state, the deformity of a metal, and the limit of shape 
change in workpieces at cold extrusion were addressed in 
papers [14–16]. Study [14] calculated, based on the upper 
estimate method, the magnitudes of the reduced pressure and 
accumulated deformation at cold lateral extrusion. The cha-
racteristic deformation zones and the presence of a dead zone, 
as well as the effect of friction conditions on the course of the 
process, have been defined. Paper [15] estimated the limit of 
shape change in workpieces made from different materials 
in the processes of cold volumetric deformation. Study [16] 
calculated plasticity resource according to various criteria 
for the process of combined radial-direct extrusion. The 
derived pathways of material particle deformation make it 
possible to assess the resource of plasticity and the techno-
logical possibilities of the combined radial-direct extrusion 
process for various materials whose plasticity diagrams are 
known. Study [16] also examined the stressed-deformed 
state in a deformation site at the combined extrusion of parts 
with a flange. Based on the study conducted, the resource of 
plasticity exhaustion in the flange zone has been evaluated 
for various materials. Thus, papers [15, 16] addressed the 
stressed-deformed state, estimated the resource of plasticity 
and the technological capabilities of the processes of com-
bined extrusion of parts made from various materials.

In this case, analysis of the technological capabilities of 
the combined extrusion processes is considered in the aspect 
of assessing the limit of shape change and possible defects 
due to metal destruction and does not imply studying defect 
formation of the shrinkage depression type and failure to 
maintain the shape of parts.

The analysis of defect formation in the processes of di-
rect, radial, and radial-backward extrusion was reported in 
paper [17]. Based on the simulation data from QForm2D/3D 
(«KwantorForm,» Russia), the authors proposed a diagram 
of regions that are critical in terms of defect formation in 
the form of shrinkage depression in a bottom part at the 
combined extrusion of hollow parts with a flange. However, 
these data are limited to the case of variation in the flange 
height, ranging from 1 mm to 6 mm, the thickness of the cup’s 
wall, ranging from 3.5 mm to 14.5 mm, with a matrix radius 
of 22.5 mm. Paper [17] also considers the possibilities to pre-
dict the process of defect formation in the form of shrinkage 
depression in the bottom part of a cup with a flange using an 
energy method of the upper assessment. The proposed esti-
mation scheme for a flat-deformed process of combined radial- 
backward extrusion makes it possible to determine the crit-
ical value for the thickness of the cup’s bottom Hcrit in terms 
of the emergence of shrinkage depression. However, a given 
estimation scheme is limited by the condition Hcrit > h1, where 
h1 is the height of the extruded flange, which significantly 
narrows the scope of its application. In addition, the authors 
failed to investigate the influence of friction conditions and 
other technological solutions as control factors for correcting 
the emergence of a defect in the form of shrinkage depression.

Thus, one can state that there are certain under-inves-
tigated issues related to the analysis of combined extrusion 
processes in terms of possible defect formation. It is critically 
needed to construct the estimation schemes for predicting 
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shape formation and defect occurrence, as well as to develop 
technological means that could ensure effective control over 
the flow of a metal. That would improve the efficiency of the 
combined extrusion processes and contribute to their wide 
implementation in industry.

3. The aim and objectives of the study

The aim of this study is to construct mathematical models 
for the process of combined extrusion of hollow parts with  
a flange that would make it possible to predict defect forma-
tion in the form of shrinkage depression. That could provide 
an opportunity to identify patterns in the process of combined 
radial-backward extrusion with the emergence of a defect in 
the form of shrinkage depression in the bottom part of a cup.

To accomplish the aim, the following tasks have been set:
– to develop an estimation scheme of the process of 

combined extrusion of hollow parts with a flange that would 
make it possible to predict the emergence of shrinkage de-
pression in the bottom part of a cup throughout the entire 
process of deformation; 

– to establish patterns in the course of the process of com-
bined radial-backward extrusion with the emergence of shrink-
age depression in the bottom part of a cup, as well as without 
defect formation, and to investigate the effect of friction condi-
tions on the process of shrinkage depression formation; 

– to experimentally test the feasibility of using the de-
vised estimation scheme to predict defect formation in the 
form of shrinkage depression in the bottom part of a cup.

4. Theoretical analysis of the processes of combined 
extrusion of parts with a flange with the formation  

of shrinkage depression 

4. 1. Construction of an estimation scheme for the pro-
cess of combined radial-backward extrusion of parts with  
a flange with the formation of shrinkage depression

A generally recognized defect, characteristic of cold extru-
sion processes, which significantly reduces the quality of parts 
and the technological capabilities of the process, is the shape 
deviation in the form of shrinkage depression. Depending on 
the extrusion scheme, defects of this type occur both at differ-
ent stages of the process and in different zones of the part that 
is being shaped (Fig. 1). A combined extrusion with multiple 
degrees of freedom of the flow at different ratios between the 
geometric and technological parameters of the same process 
may result in the emergence of shrinkage depression in dif-
ferent zones of the workpiece being shaped (Fig. 1, a, b). For 
example, during the combined radial-backward extrusion 
of cups with a flange, at the final stage of the process, with  
a predominantly reverse flow of a metal, there is a shrinkage 
depression in the bottom part. The predominantly radial flow 
is characterized by the emergence of shrinkage depression at 
the inner wall of the cup, which is in contact with a punch. In 
addition, at the final stage of the process the defect formation 
is possible of this type in the axial part of a workpiece in the 
form of metal waste from the end of the punch (Fig. 1, b, c).

One of the efficient theoretical methods for calculating 
cold extrusion processes, including taking into consideration 
possible defect formation, is the energy method [8]. Current-
ly, two main modifications of the energy method are actively 
used: the energy method or the method of power balance 

(axisymmetric problems) and the upper assessment method 
(flat problems). To calculate the axisymmetric processes, the 
deformable volume of a workpiece is split into axisymmetric 
kinematic modules with the appropriate kinematically pos-
sible velocity fields (KPVF). In this case, the modules are 
considered in the cylindrical system of coordinates r, q, z, tak-
ing into consideration the axial symmetry and the equality  
to zero of the circular component of velocity Vq = 0. After 
selecting the appropriate set of KPVFs for the process, the 
main equation of the energy balance in powers is built:

pFv N N Ndi ci j tj n0 = + +∑ ∑ ∑− − ,  (1)

where Ndi is the power of forces of the plastic deformation 
of module i; Nci–j is the power of cut-off forces between the 
neighboring modules i and j; Ntj–n is the power of friction 
forces, generated at the surface of the contact between mo-
dule j and tool n; V0 is the speed of an active deforming tool;  
p is the pressure of deformation; F is the area of the cross-sec-
tion of the active deforming tool.

У

У

У
У У

          a                            b                                c

Fig.	1.	Schematics	of	defect	formation,	the	type	of	shrinkage	
depression:	a	–	radial-backward	extrusion;	b	–	reverse-direct	

extrusion;	c	–	radial-direct	extrusion

By dividing both parts of the derived equality by a multi-
plier FV0ss, we obtain a formula for the reduced pressure p :

p

N N N

FV

di
i

ci j
k

tj n
j

s

=
+ +∑ ∑ ∑− −

0s
,  (2)

where ss is the fluidity strain, MPa. 
The resulting magnitude of the reduced pressure makes 

it possible to calculate, regardless of the brand of a material, 
the magnitude of deformation pressure p and the force of 
deformation P:

p p s= ⋅s ,  P p F= ⋅ .  (3)

In the development of new estimation schemes according 
to the modular approach, it is possible to use, for known kine-
matic modules, the ready components of reduced pressures of 
deformation, cutting, and friction [19]. In this case, in order 
to qualitatively assess the prediction of defect formation in 
the form of a shrinkage depression at combined extrusion, 
it is necessary to pay special attention to the character of 
change in the optimal value for the kinematic parameters in 
the course of the process.

The previously devised [20] estimation scheme (Fig. 2, 
the process of deformation at H > 0) makes it possible to  
investigate the force characteristics of the process of com-
bined radial-backward extrusion, shape change in a part, and 
defect formation in the form of a shrinkage depression in the 
cup’s bottom part.
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Fig.	2.	Estimation	scheme	of	the	process	of	combined		
radial-backward	extrusion	of	a	cup	with	a	flange

It has been established that the shrinkage depression 
forms at the final stage of the extrusion process, when the flow 
of a metal in the radial direction is almost non-existent, and 
the main part of the metal of the workpiece flows vertically 
upwards. A given moment is matched with the presence of  
a minimum in the W parameter depending on the current 
thickness of the cup’s bottom Hbottom. In this case, the process, 
which occurs without defect formation, is characterized by the 
absence of a minimum point of magnitude W (a given magni-
tude decreases during the entire process of deformation).

The kinematic and geometric parameters applied for the 
improved estimation scheme (Fig. 2) are: V0 is the speed of 
an active deforming tool; V1 is the speed at the boundaries  
of kinematic modules 1 and 2; W is the rate of metal outflow 
in the vertical direction that forms the cup’s wall; V is the 
rate of metal outflow in the radial direction that forms the 
flange zone; R1 and R2 are the punch and matrix radii, re-
spectively; h1 is the flange thickness; H is the magnitude that 
characterizes the inclination angle of the module 2 boundary; 
l1 is the increment in the cup’s wall; l2 is the flange increment.

Under the accepted designations of the improved estima-
tion scheme, the process of deformation proceeds in succes-
sive three stages. Stage I corresponds to the set of kinematic 
modules 1°, 2°, 3, 4. In this case, Hbottom = H+h1 and module 2 is 
trapezoid. At Н = 0 (Hbottom = h1), there is a degeneration of the 
trapezoid mo dule 2° into a rectangular module (this stage II 
corresponds to the dotted boundary line in Fig. 2). The process 
of deformation then proceeds to the stage at which the height 
of module 1° becomes less than the thickness of the flange 
(stage III, the set of kinematic modules 1, 2, 3, 4). This stage 
corresponds to ratios Hbottom < h1 with a change in the inclina-
tion of the boundary of flow divide of trapezoid module 2. In 
this case, the calculations made earlier corresponded only to 
the first stage of the deformation process [20]. Consideration 
of stages II and III could significantly expand the possibilities 
for studying the emergence of defects in the form of a shrinkage 
depression in the cup’s bottom part for the final stage of the 
deformation process at 0 < Hbottom < h1.

The main changes in the generalized estimation scheme, 
which takes into consideration the entire process of deformation 
up to Hbottom → 0, relate to changes in the configuration of mo-
dule 2. We shall consider KPVF inside a given module accord-
ing to the selected stages in a deformation process (Table 1).

Table	1

The	shape	of	module	2	and	KPVF	according		
to	the	stages	in	a	deformation	process

Stage Module shape KPVF
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Thus, the calculation of force parameters of the process 
of deformation comes down to the sequentially passage of all 
three stages. Using the calculations for stage I of deformation 
at Hbottom > h1 (H > 0), we obtain, for the geometric parameters 
related to R1, and kinematic, related to V0, the magnitude for 
the reduced pressure:
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where

ε
ν

z
z r
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∂
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is the speed of relative linear deformation of module 2;
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are the magnitudes that determine the highest estimate of 
the reduced deformation pressure in zone 2 [20]. 

For the case of the degeneration of trapezoidal module 2 
into rectangular (at Hbottom = h1 or H = 0), the point estimate 
of the reduced pressure in relative parameters, taking into 
consideration the history of deformation, takes the form:

p

W R
R l

R

R h
h W

2

2
2 2 2

2

2 1
1

1
2

3
1 1

3

1

3
1

1

3

3

=

+ + −( ) 
+





+

+ + +( ) +

+

ln

WW R W

W W W

W R W W

R

2
2
4 2

2 2

2
2
4 2

2
2

1

3 1 1

3 1 1

3

+ +( ) −

− + +( ) + +( ) ×

×
+ +( ) − +( )

ln
WW W W

h
W

2 2

2

1

1 1

1 2

3
1

+ +( ) − +( )

































+

+
+

+(m )) −( ) − −( )





+

+ +( ) +( ) +

+
+( )

+

R
W

R

W H l

h

X

2 2
3

1
1

1 2

1

1
3

1

4

3
1

2

3 3

m

m m

D

44

3

4

3
1 1

1 2 0 1 1

2
2
2 2

1

m

m

R H h l
W

W R
l

h

− +( )
+

+ + −( )( )





































































.  (5)

In this case, by assuming the magnitude H1 = h1+H in the 
KPVF of module 2 for stage III where H, in the course of the 
process, accepts values from 0 (not including) to –h1, one can 
completely duplicate the magnitude of reduced pressure p1. 
Thus, we finally obtain, taking into consideration the degen-
eration of module 2 at H = 0 and the history of deformation 
(relative to the stroke), the generalized magnitude of the 
reduced pressure:

p
p H H h H h H

p H H h

X

X

=
∈ − )∪ −( )
= −
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0at

at

, , ,

.
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where HX  is the relative stroke; H0  is the relative initial 
height of a workpiece.

4. 2. Analysis of patterns in the course of the process 
with the emergence of shrinkage depression in the cup’s 
bottom part and without defect formation

Let us consider the effect of change in the friction con-
ditions on the cup’s wall and punch m2, responsible for the 
reverse flow, and m1, for the outflow of a metal that forms 
a flange zone in the radial direction, on the possibility of 

forming shrinkage depression (Fig. 3). At equal values for the 
magnitudes m1 = m2, there is a slight shift in the critical course 
of the punch corresponding to the beginning of the formation 
of a given defect. The shift of the critical stroke of the punch 
does not exceed 1 mm for friction conditions m1 = m2 = 0.3 
(curve (1), Fig. 3) and m1 = m2 = 0.08 (curve (2), Fig. 3). In 
addition, the relative speed of metal outflow in the vertical 
direction W , also changes slightly, while at stage III there 
is actually a transition from the combined extrusion to the 
reverse extrusion. The increase in the friction factor in the 
bottom part m1 = 0.3 at a fixed value m2 = 0 results in a more 
significant shift of the critical magnitude DHx  downwards 
to 8.5 mm (curve (3), Fig. 3). This leads to the possibility of 
an earlier moment in the formation of shrinkage depression, 
which is a negative factor. In this case, the increase in the 
friction factor on the cup’s wall punch m2 = 0.3 at a minimum 
value of m1 = 0 makes it possible to avoid the emergence of  
a defect at all stages of the deformation process. This is due 
to the absence of a minimum point, as the magnitude W  
decreases throughout the entire deformation process; it is  
a favorable factor (curve (4), Fig. 3). Therefore, one can 
obtain a period of critical values for stroke DHx, at which it 
is likely that there will be a shrinkage depression for these 
geometric parameters of the process, considering the extreme 
values of friction factors characteristic of cold extrusion.
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Fig.	3.	Numerical	simulation	of	change	in	the	relative		
outflow	rate	of	a	metal	in	the	vertical	direction	W,	depending	

on	punch	stroke	Нх	under	different	friction	conditions:		
1	–	m1 = m2 = 0.3;	2	–	m1 = m2 = 0.08;	3	–	m1 = 0.3,	m2 = 0;		

4	–	m1 = 0,	m2 = 0.3

For the process parameters R1 = 10.5 mm, R2 = 22.5 mm, 
h1 = 3 mm, and various contact friction conditions, we per-
formed simulation employing QForm2D/3D (Fig. 4). We 
have analyzed patterns in the staged shape change of a part 
made from lead alloy, in terms of influence of these technolo-
gical factors on the critical values for the thickness of the cup’s 
bottom in the formation of such a defect. The results, based 
on QForm2D/3D simulation, confirm the significant effect of 
friction conditions on the possibility of a defect in the form of 
shrinkage depression and are consistent with the results from 
theoretical studies based on the estimation scheme.

Thus, the conditions of contact friction can be attributed to 
significant control factors that affect the possibility of defect for-
mation in the process of combined radial-backward extrusion.
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1=0.3 
2=0 

Fig.	4.	A	QForm2D/3D	simulation	of	the	process	of	
shrinkage	depression	formation	in	the	part	made	from	lead	
alloy	at	R1 = 10.5	mm,	R2 = 22.5	mm,	h1 = 3	mm,	and	different	

friction	conditions

5. Analysis of the feasibility of using  
the estimation scheme to predict defect formation  

in the form of shrinkage depression in the cup’s  
bottom part 

5. 1. Experimental study of the process of combined 
radial-backward extrusion with the formation of shrinkage 
depression

When implementing cold extrusion processes, one can 
observe, under certain conditions, the phenomenon of defect 
formation. For the process of combined radial-backward ex-
trusion, characteristic are the following types of defects:

– failure to maintain the shape and size of a finished pro-
duct, including the non-fit flange; 

– rupture of a flange (evolution occurs in the radial direc-
tion to the axis of the extruded part); 

– crack at the border of contact between a cup’s wall and 
the bottom part, leading to the detachment of the latter; 

– shrinkage depression in the cup’s bottom part and on 
the inside of the formed wall of the cup.

Defects of the first type (Fig. 5, a) in the form of curva-
ture of the lateral end occur due to the insufficiently fixed 
centered punch (co-axiality) in the deformation process, 
which also contributes to the formation of different thickness 
of the wall of the resulting cup. The main defects also include 
the characteristic shape of a flange in the form of a «toe of 
the boot». Defect formation in the form of flange rupture is 
typically observed for low-plastic materials or at low flange 
height for more plastic materials (AA1135, Fig. 5, b). This 
is facilitated by a rather unfavorable pattern of the stressed 
state, because the zone of flange formation is dominated by 
circumferential tensile stresses, and at the peripheral part the 
stressed state is close to linear stretching.

The extrusion based on the scheme of combined radial- 
reverse extrusion at the intensive flow of a metal upwards 
(predominant reverse extrusion at the final stage of the 
process) may lead to the emergence of shrinkage depression 
at the cup’s bottom (Fig. 5, c, d). It was experimentally 
established that the main difference of the process of defor-
mation with defect formation from the process that occurs 
without the emergence of shrinkage depression is a sharp 
increase in the magnitude P. When studying samples made 
from lead alloy, the data were obtained on the strength 
of deformation at the matrix radius R2 = 22.5 mm and the 
punch radius R1 = 10.5 mm. The process of extrusion without 
the formation of shrinkage depression at the flange height 
h1 = 4.5 mm is characterized by a smooth saturation of the 

magnitude P at the final stage of the deformation process 
(Fig. 6, point data (2)). In the process of extrusion with the 
formation of a defect at Н0 = 20.5 mm and the flange height 
h1 = 3 mm, the final stage of the process is characterized 
by a sharp jump in the force of deformation, starting from 
Нx = 14 mm (Fig. 6, point data (1)). This occurs at the stage 
of deformation, corresponding to the moment of the defect’s 
birth in the form of shrinkage depression with a further 
increase in the effort of extrusion during the process. This 
feature in the character of change in the energy-force pa-
rameters of the process is associated with a sharp increase 
in the rate of outflow of a metal in the vertical direction, 
that is almost with the transition to the scheme with one 
degree of freedom of flow (radial extrusion is virtually  
non-existent).

  
 

  

  
 

  

                      a                                          b

                      c                                          d

Fig.	5.	Defect	formation	in	the	process	of	combined	radial-
reverse	extrusion:	a –	failure	to	maintain	the	shape;		

b	–	flange	rupture;	c, d	–	shrinkage	depression		
in	the	cup’s	bottom	part
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Fig.	6.	Experimental	data	on	change	in	the	force	of		
the	radial-backward	extrusion	P for	a	workpiece	made	from	
lead	alloy	in	the	course	of	the	process	Hx	at	R2 = 22.5	mm,	

R1 = 10.5	mm	and	flange	thicknesses h1:		
1	–	h1 = 3	mm,	2	–	h1 = 4.5	mm

Experimental data on the course of the deformation 
process with the formation of shrinkage depression for the 
first stage are given in detail in paper [20]; further examined 
below in the comparative analysis taking into consideration 
all stages.
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5. 2. Comparative analysis of theoretical studies into 
predicting the formation of shrinkage depression with 
experimental data

An important stage in the design of the technological 
process of combined radial-backward extrusion is an analysis 
of the possibility of a defect in the form of shrinkage depres-
sion in the cup’s bottom part. In this case, it is necessary 
to refine the character of change in the relative outflow 
rate W  and to determine the critical value of the thickness 
of the cup’s bottom, corresponding to the beginning of 
shrinkage depression formation. Theoretical study of the 
character of change in the optimal value W  was conducted  
up to Hbottom → 0.

We have performed a comparative analysis of the ex-
perimentally obtained part made from lead alloy with the 
resulting shrinkage depression and simulation employing 
QForm2D/3D at R1 = 10.5 mm, R2 = 22.5 mm, h1 = 4.5 mm 
and the bottom thickness Hbottom = 2.5 mm (Fig. 7). The re-
sulting patterns of the part’s shape formation are identical. 
In addition, for these geometric parameters of the process,  
a change in the relative speed of metal outflow in the vertical 
direction during the process (Fig. 8) has been investigated. 
At Нx = 22.5 mm (Hbottom = 4.5 mm), there is a transition 
from stage I to stage III; in this case, in close values there 
is a minimum of the magnitude W .  This indicates the pos-
sible beginning of the formation of shrinkage depression, 
and at Нx = 24.5 mm there is actually a transition to the 
process of reverse extrusion. The onset of shrinkage depres-
sion formation according to the QForm2D/3D simulation 
and the experimental data corresponds to Hbottom = 3.6 mm 
(Нx = 23.4 mm). According to theoretical calculations, the 
onset of shrinkage depression formation is marked by a ver-
tical solid line (T), and, according to experimental data, by  
a dotted vertical line (E) (Fig. 8). Thus, considering as  
a criterion value of the minimum point W  is feasible and pro-
duces a slight overestimation of the bottom thickness, cor-
responding to the start of defect formation. The character of 
change in the increment of the flange zone during the process 
of deformation with the formation of shrinkage depression 
also confirms the patterns in the course of the process. Thus, 
starting from Нx = 24.5 mm and to the end of the deformation 
process, there is no increase in the flange zone, that is there is 
no radial extrusion (Fig. 9).

 

experiment QForm2D/3D 

Fig.	7.	Comparative	analysis	of	experimental	data	(left)		
and	the	QForm2D/3D	simulation	(right)	on	the	formation		
of	shrinkage	depression	in	a	workpiece	made	from	lead		

alloy	at	R1 = 10.5	mm,	R2 = 22.5	mm,	h1 = 4.5	mm,		
Hbottom = 2.5	mm
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Fig.	8.	Numerical	simulation	of	change	in	the	relative	rate		
of	metal	outflow	W 	during	the	process	Hx	with	the	formation	

of	shrinkage	depression	at	R1 = 10.5	mm,	R2 = 22.5	mm,	
h1 = 4.5	mm:	T	–	theoretically	obtained	estimation	data,		

E	–	experiment

Fig.	9.	Numerical	simulation	of	increment	in	the	flange		
zone l2	during	the	process	Hx	with	the	formation	of	shrinkage	

depression	at	R1 = 10.5	mm, R2 = 22.5	mm,	h1 = 4.5	mm
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Since friction conditions can be attributed to factors 
that significantly affect the duration of shrinkage depres-
sion formation, the following diagram can be proposed as 
a preliminary estimate of the defect formation (Fig. 10).  
A given diagram was derived from theoretical calculations of 
the moment of shrinkage depression formation, correspond-
ing to the point of minimum in the magnitude W , when  
the relative flange thickness h1/R2 ranges up to 0.35, the 
relative thickness of the cup’s wall S/R2 up to 0.75 at the 
border sets m1 = 0, m2 = 0.3 и m1 = 0.3, m2 = 0. Let us describe  
the algorithm of using this diagram.

Initially, one needs to find the relative values for the 
flange height and the thickness of the cup’s wall S = R2–R1 by 
marking them in the coordinate system h R S R1 2 2,( )  on the 
right-hand side of the diagram. Next, one needs to proceed, 
considering the relative value for the cup’s bottom thickness 
t = Hbottom, to the left-hand side of the diagram by marking the 
final position of point t R S R2 2, .( )  In this case, if the point 
t R S R2 2,( ) is located above the top broken line, separating 

the region of defect formation (Fig. 10, (1)), the shrinkage 
depression for these parameters of the process does occur, 
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below the bottom broken lone – does not (Fig. 10, (2)). In 
addition, in the band of critical values (the region of the plane 
between broken lines), it is possible to control the emergence 
of shrinkage depression by changing friction conditions within 
the range of m1 = 0 ÷ 0.3, m2 = 0 ÷ 0.3. In this case, increasing the 
height of the flange while maintaining the rest of the extru-
sion process parameters contributes to a later onset or the 
absence of shrinkage depression, and thus expands the region 
for obtaining parts without defect formation. Increasing the 
thickness of the cup’s wall while maintaining the rest of the ex-
trusion process parameters, on the contrary, contributes to the 
earlier onset of shrinkage depression and is a negative factor.

The diagram has a point (1) corresponding to the process 
of deforming a workpiece made from lead alloy at h1 = 4.5 mm, 
S = 12 mm, t = 3.6 mm with the formation of shrinkage depres-
sion (experimentally obtained data). This point falls into the 
region of the diagram above the top broken line, that is in 
the region of shrinkage depression formation, obtained from 
theoretical data. The point (2) corresponds to the process 
of deforming a workpiece made from lead alloy at h1 = 3 mm, 
S = 8.5 mm, t = 6.5 mm without the formation of shrinkage de-
pression. This point falls into the region of the diagram below 
the bottom broken line, that is the region without the forma-
tion of shrinkage depression, derived from theoretical data.

Thus, a comparative analysis of the experimentally obtained 
data for R2 = 22.5 mm, S = 12 mm and S = 8.5 mm confirmed the 
possibility of using the built diagram both for the process with 
the formation of shrinkage depression and without defect for-
mation. The proposed diagram (Fig. 10) for the chosen range of 
variations in geometric and technological parameters is infor-
mative enough and easy to use. Based on theoretical data, it is 
possible to build diagrams similar to this one, for other ratios of 
the combined radial-backward extrusion process.

6. Discussion of results of studying the processes  
of combined extrusion based on the method  

of kinematic modules

Our study has confirmed the effectiveness of the devised 
generalized estimation scheme for the process of combined 
radial-backward extrusion. Three stages in the process prog-
ress have been identified and the magnitude for the reduced 

pressure has been obtained to calculate the deformation pro-
cess up to Hbottom → 0 (considering the final stage of deforma-
tion at Hbottom < h1). A change in the character of the relative 
outflow rate in the vertical direction has been investigated 
for processes with the formation of shrinkage depression and 
without a given defect. It is feasible to consider, as a criterion 
magnitude (corresponding to the beginning of defect forma-
tion), the point of minimum W .

We have analyzed the effect of change in friction condi-
tions on the cup’s wall punch m2, responsible for the reverse 
flow, and m1 – for the outflow of a metal forming a flange 
zone in the radial direction, on the possibility of shrinkage 

depression formation. It is noted that at 
equal values for magnitudes m1 = m2 there is  
a slight shift in the critical stroke of the 
punch corresponding to the beginning of 
the formation of this defect. The boundary 
friction conditions (maximum value m1 at 
minimum value m2, and vice versa) have 
a much greater impact on the duration of 
the shrinkage depression formation.

The resulting solutions, derived in the 
form of a diagram, make it possible to con-
duct a preliminary assessment of obtaining  
a part (regardless of the material) without 
the formation of shrinkage depressions for 
the following ratios:

– relative thickness of the flange up  
to 0.35; 

– relative thickness of the cup’s wall  
up to 0.75; 

– ensuring friction conditions within 
the range m1 = 0 ÷ 0.3, m2 = 0 ÷ 0.3.

The QForm2D/3D simulation and experimental data 
confirm the feasibility of using the proposed generalized 
estimation scheme, which makes it possible to predict shrink-
age depression formation throughout the entire process of 
deformation up to Hbottom → 0. The factors that reduce the 
likelihood of shrinkage depression formation or contribute to 
its later onset include:

– increasing the thickness of a flange (for example, by 
introducing a chamfer);

– ensuring the highest friction on the cup’s wall and 
punch at minimal friction in the bottom and flange zone.

The aim of further research is to extend the possibilities 
of the energy method for the development of estimation 
schemes for combined extrusion processes, which would 
make it possible to effectively predict defect formation in 
different zones.

7. Conclusions 

1. A generalized estimation scheme of the process of com-
bined radial-backward extrusion of hollow parts with a flange 
has been developed, taking into consideration all stages of de-
formation. That has made it possible to predict the emergence 
of shrinkage depression in the cup’s bottom part throughout 
the entire process of deformation.

2. We have investigated a change in the character of re-
lative outflow rate in the vertical direction for processes with 
the formation of shrinkage depression and without defect for-
mation. It has been proposed to consider, as a criterion mag-
nitude (corresponding to the beginning of defect formation),  
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Fig.	10.	Diagram	of		dimensions	of	the	parts	that	can	be	obtained		
by	combined	extrusion	without	the	formation	of	shrinkage	depressions:		

1	–	experimental	data	for	R2 = 22.5	mm, h1 = 4.5	mm, S = 12	mm,	t = 3.6	mm;		
2	–	experimental	data	for R2 = 22.5	mm, h1 = 3	mm, S = 8.5	mm,	t = 6.5	mm
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the point of minimum W . The effect of different friction 
conditions on the process of shrinkage depression emergence 
has been analyzed. It has been established that the greatest 
influence on the time of shrinkage depression emergence is 
exerted by the boundary friction conditions (maximum value 
m1 at minimum value m2, and vice versa). A later onset (or the 
absence) of shrinkage depression is contributed to by ensur-
ing the highest friction on the wall of the cup and punch at 
minimal friction in the bottom and flange zone.

3. The obtained experimental data and the QForm2D/3D  
simulation confirm the feasibility of using the gene-
ralized estimation scheme to predict the formation of  
shrinkage depression throughout the entire deformation 
process up to Hbottom → 0. Using the proposed diagram is 
recommended for the relative flange thickness h1/R2 with-
in the range up to 0.35, the relative thickness of the cup’s 
wall S/R2 up to 0.75 at the border sets m1 = 0, m2 = 0.3 and  
m1 = 0.3, m2 = 0.
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