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Purpose. In astrophysics and geophysics one of the important problems is the problem of the temperature field
modelling in rotating with the angular velocity of the sphere when the direction of the heat flow intensity is orthogonal
to the axis of the rotation. In this paper a mathematical model of the temperature field in spherical area with complex
conditions of heat exchange with the environment is considered. The solution of the nonlinear initial boundary value
problem is reduced to the solution of the nonlinear integral equation of Fredholm type respect to spatial coordinates and
Volterra with the kernel in the form of the Green’s function on the time coordinate. Methodology. The algorithm of
numerical and analytical solution of the initial boundary value problem for the determination of the temperature field of
a spherical area with complicated boundary conditions is proposed. Results. The initial boundary value problem for the
heat equation is converted into the nonlinear integral equation of Hammerstein type and the corresponding quadrature
for determining periodical quasi-stationary temperature field by using integral transformations.

Key words: mathematical model, integral equation of Fredholm, Volterra, equation of Hammerstein, quadrature.

MOJIEJIb TEILVIOOEMIHY Y COEPUYHINA OBJIACTI

O. I1. leM’AHYEHKO

A30BCBHKHIT MOpCBKHi iHCTUTYT OleChKOT HalliOHAJTBHOT MOPCHKOI aKajeMii

ByIn. HopHomopceka, 19, M. Mapiynons, 87517, Ykpaina. E-mail: olgademyanchenko@gmail.com

B actpodizuti Ta reodi3umi onHI€ i3 BAXKIMBHAX 33734 € 3a7ada MOJICITIOBAHHS TEMIIEPaTyPHOTO IO Y KyJIi, [0
00epTaEeThCs 31 CTANOI KYyTOBOKO MIBHIAKICTIO MPU YMOBI, IO TEIUIOBHH MOTIK MEPHEHANKYISPHUN oci oOepTaHHA. Y
poOOTi PO3TIAHYTO MaTeMaTHYHY MOJETh TEMIEpaTypHOTO Moisd y chepwyHiil oOmacTi 31 CKIATHUMH YMOBAaMH
TETIO00MiHY 3 OTOUYIOUNM cepeoBrIeM. Po3B’ 130K HeNMiHIHHOT HOYaTKOBO-KpaioBOi 3a1adi 3BEIEHO 10 PO3B’sI3aHHS
HEJIHIHHOTO 1HTerpaNbHOro piBHSIHHS TUIY DpearoiapMa Mo IPOCTOPOBUM KOOpAWHATAM i THITy BonbTeppa mo 4acoBiid
KOOpAMHATI 3 sAPOM y BUIIAAI QyHKIlT ['piHa. 3anpornoHOBaHO aJrOPUTM YHCEIbHO-aHATITHYHOTO PO3B’sA3Ky 3aaad4i
BU3HAYCHHS TEMIIEPATYPHOTO NOJIs y chepuyHiii 06aacTi 31 CKIIaIHUMU TpaHUYHUMH yMoBaMu. LInsgxom iHTerpaibHIX
MepeTBOPEHb OYaTKOBO-KpalioBa 3ajady Ul PIiBHSHHS TEIUIONPOBIAHOCTI 3BEJCHO JI0 HENIHIHHOIO 1HTErpalbHOTO
piBHsHHS THny [‘amMmepiuTeliHa 1 BIANOBIAHY KBaApaTypy IJisi BU3HAYCHHS IEPIOAMYHOIO KBa3iCTalliOHAPHOTO
TEMIIEPaTyPHOTO OIS,

KaouoBi cioBa: MaTemaTMuHa MoOJeNb, iHTerpanmbHi piBHsSHHA @penromema 1 Bombreppa, piBHSHHS
I'ammepmrTeiina, KBagpaTypHi Gopmynu.

PROBLEM STATEMENT. The research of the heat One of the important problems in astrophysics and
transfer process is usually associated with carrying out geophysics is the problem of the temperature field
of natural experiments on the temperature and thermal U=U (r,(9,¢,t) modeling in rotating at a constant
parameters measurements of the surface and inner areas .
of the object. Installing sensors on the surface thereof is angular velocityw of the spherer <R when the
often impossible due to the fact that the analyzed object direction of the constant heat flow intensityq is
(for example, an asteroid, a planet, a star) is located at a orthogonal to the rotation axis. From the mathematical
considerable distance. point of view, most of the space objects may be

Therefore, information about the temperature field is considered as the spheres, i.e. bodies limited by sphere
obtained from the limited set of the observation points [4,7,9, 13-15].
located inside or on the surface of the investigated PURPOSE. This paper is aimed at constructing of a
object [1]. Taking into account the observed data, based mathematical model of temperature field of the
on a mathematical model, by solving the direct and spherical area with complex conditions of heat
inverse heat conduction problem, we can determine the exchange with the environment.
temperature distribution and parameters of the thermal EXPERIMENTAL PART AND  RESULTS
process [2-8]. OBTAINED. Considering the temperature field of a

One of the main methods of solving of the boundary planet or an asteroid, which is irradiated by the heat
problems for the heat equation in the areas of canonical flow from the stars, let us assume that the heat exchange
form is the method of integral equations, which means takes place according to Newton’s law on the irradiated
replacing the boundary value problem for a differential surface, and according to Newton and Stefan-
equation to an integral equation on the surface area. Boltzmann law on not irradiated surface, then,
Solutions of the equations are mainly numerical determining the temperature U (r,6,¢,t) of the sphere,

methods [6-14]. The equation solution by means of
integrating «smoothes out», i.e., the accuracy of the
solution increases. The possibility to solve problems for
the areas of any desired shape appears because the
problem with the satisfaction of the boundary conditions Qxt={0<r<R,0<0<7,0<¢<27,t>0}
does not occur.

we obtain the following nonlinear initial boundary value
problem in the area
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1

AU——ZUt:O, O<r <R, O0<@ <, O<g¢g<27m, t>0
a
U(r,0,4,0)=U,, O<r<R, 0<@<zm O0<¢<2x
q . .
h,U. +—=sin@sin O<fO<m, w-t<gdgp<w-t+rx
N U, s = 272 / / (1)
or 2 r=R 2 4
(hz—hl)U+h1Uc+1<(Uc ~U*) 0<0<7z wt+r<g<o-t+2z

U(r,0,4,t)=U(r,0,¢+27,t),

in the spherical

1l , A — thermal
A

where A — Laplace operator
coordinates, a’ :i, hy -

cp A
conductivity, C— heat capacity, p— density, «; — heat
transfer coefficient, 0 — Stefan-Boltzmann constant, &
— emissivity of the sphere surface, U — cooling medium
temperature, R — sphere the radius.

740 wt+2x 1

0

7+0 wt+27 7

:j j HVAUrZsinedrdadmt—

(0] wt 0 0

Taking into account the difference

7+0 owt+27

o wt
740 wt+27 7 U oV R
-] J‘[VF—U a—j Sln6’d¢9d¢dt—_J'
o wt 0

We will search the solution U (r,0,4,t)in the

spherical coordinate system. The solution of (1) we
obtain by using the Fredholm type integral equations in

the angular coordinates 0 < ¢ <27 and 0< 6 <7 and

Volterra in the time coordinate for t >0[2-4, 6]. To do
this, multiply the equation Q to

V rsin@drd@dg¢dt and integrate with respect to r

| JIIV[AU— Utjrzsinedrd9d¢dt:

7+0 wt+27 1

?I _[ J'_[VU r2sin@dr dodgdt.

(0] wt (0]

7 R

J‘j[v [AU —izut]—u (AV +i2vtﬂ r2sin@drdodgdt —
a a

OO0

7+0 wt+2p 7 R
_[ _[_[(UV) r?sin@drdodgdt.

wt

we get the required second Green formula, where V' is a harmonic function

7+0 owt+27

0} ot
7+0 owt+2

T
o
T

R

J'[ [AU —izutj—u [
ra a
(0] wt '.!-
l 27 7T

-7 agffuv)
0 00 o
Besides Green’s formula we introduce the Green

function for solving the problem G=G(r,6,4t). It

can be obtained by solving the dual problem to the
problem (1).

AoG+ LG =-5(r-p)8(6-&)5(p-y)5(t-1),

O<r,p<R,0<0<7z,0<¢<27r,
G=0, t>7;G<om r=0
_RZOI

t,r>0 ©)

[ [——hzu]—u [aa—\r/—hvﬂ R 2sin@dodgdt — 2)

r’sin@drdao.

1

AV +—2thJ r’sin@drdodgdt =
a

=R

where &(r—p), 5(0-¢), 5(p—y)- Dirac delta

functions [2,3]. Assuming in (2) thatV =G and taking
into account (1) and (3), we obtain the desired integral

equation with respect toW (6,¢,t) , when

O0<O<7m O0<¢p<2m, t>0
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7+0 wt+27 7 R

j ) ”G 0+US(r—p)s(0-¢)5(¢—w)s(t—7)r’sinodrdodgdt =

wt

r+0 ot+27r 7w
= j[ h U, + —sm Gﬂ
0

R?sin@do@dgdt +

r=R

I[ ((h, —=h)U +hU, +x(Uf -U ))J

1
T

wt

St+2r

i

7+0
* I
0

R?sin@d@dgdt +

t r=R

g

O'—-.g’
O )y

R
J'UOG(r,p;6’,cj;¢—z//;0—z-)r2 sin@drdéodeg.
0]

The last equation can be written as

U(p:&ysz)=U(oi¢ywit)—
T ot+2xr

—[ | Je(Rpo-¢ip—wit—7)[(h—h)W +xW* |R®sinododg dt,  (4)

0 wt 0
where
U 2z 7t R
U (p.¢w.7)= a;’ J._f_fG(r,p;Q—g“;¢—yx;O—r)r2sin0drd9d¢+
0O 0O
T owt+m 7w
+j j J'G(R,p;e—g’;¢—z//;t—r)[hzuc+%sin6’ijsin6’d¢9d¢dt+ (5)
[0} wt (o]
T ot+27 7w
+(hluc+,<uj)j jG(R,p;e—cj;qs—y/;t—r)Rzsinededqsdt.
(0] wt+ (o]
Denoting

U(R,0,4,t)=W (0,4,t); G(p;0—-<;¢p—y;t—7)=R’G(R,p;0-<p—yit—7);
G(0-¢ip—yit—7)=G(RiO—&ip—wit—7); (h—h, + W W = [ W (0,8,1) ],

we obtain the temperature distribution on the sphere surface in the form of

T ot+27 7

W (S, o) =W, (&wit)—[ [ [G(o-Cip—wit—2)@[ W (0.¢.1)]|sin0dO dpdr.(6)

0 wt+zr O

From the obtained value W (§;¢;r) from (6) using numerical methods (4) temperature can be found at any point of
the sphere. The solution (3) is the Green's function represented as

G(r,p:0.;¢—ywit—7)= igjc (r.0,t)cos jog +g;.(r,0,t)sin jg.
=0

It satisfies the periodicity condition G|¢+2” = G|¢, at that j— an integer, j = 0_oo Substituting the assumed form
of the solution to the equation of problem (3), we define functions

1— . 1— S
djc (r.,o,t) =;g jc (r,0,t)cos jy, djs (r,o,t) =;g js (r,0,t)sin jy,

o0

Z(Arﬁ —i-i%}(gjc (r.0,t)cos jg+ g (r,0,t)sin jg) =5 (r = p)5(0-¢)S (¢ -y )5 (t-7).

j=0

We multiply both sides of this equation by coske 1& . —
and integrate with respect to ¢ in the interval (0, 27 ). G= ;;COS J (¢ _‘//) 9; (r, 6’,t). (7
Then we do the same, pre-multiplying the equation by
sinkg. As a result of transformation, we obtain

§jc(r,‘9't)=§js(r,9,t)=§j(l’,t9,t). The Green's
function G takes the form

The expression §j(r,49,t) derived from the
solution of equation.
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r’sin?0 a

[Arﬂ 1 ﬁjaj (r.0.)=—5(r - p)5(0—C)5(t—7).(8)

nj
n=0

We substitute in (8) with §j (r.6.t)= i P, (cosd)g,; (r.t) and using Legendre's equation [3, 6], we obtain:
| 10 o) n(n+l) 1 o
2{75(#5}_ 2 +a_2E}P“j(cow)gm'(“):—ff(r—/3)5(6’—4.“)60—f)(g)

where n(n +1) — the eigenvalues, Pnj (COSH)— the Legendre associated functions. We multiply both sides of this

equation by ij (COS Q)Siné’ and integrate with respect to @ in the interval (0, )

Iij(cose)smeZ(r o (rZ 5) n(n_2+1) = atJ (cosd) g, (r.t)do =

n=0 ? or or r
~5(r=p)s(t-7)[ Ry (cosO)sin0s (6 ~¢)de
0

Taking into account that

1 2
G, +hG=-=Ar 2] (kr)+ kJ’ 2J kr)=0,
0 - r 5 n%( ) \/- n+7( ) Jron }()

[Py (cosO)R; (cosd)singdo=1 2 (n+])! - or
’ (2n+3)(n-j)r kRJ’ l(sz)Jr(th—ljJ L (kR)=0, (12)
we get "y 2)
© 9 (n+j)! 10,0 n(n+1) 106 where g, tt,,,... — positive roots of the transcendental
> | ==t =- == |x
=2 +l(n—1)! ﬁa( arj r2 a2 -

2
equation (11), kzz(#—g“j m=12,.., m=1ow

— the eigenvalues of Bessel's equation. Taking into
Standing for account (11), Eq. (10) can be written as

9, (r.t)=0, (r,t)(Zn +1)(n—j)!P; (cos¢)

e [[ﬂ_]ﬂ]ﬂ

after some manipulations we get Bessel equation gn(r,t)z_(s(r_p)a(t_f), (12)

R a%at| \r
100 8) M L2k (e ploft-e) 0
ol o) & ata)" P ' where
L)
which has the form [ 4, 8] - "2
g,(r.t)= Onm (1) -
(=2 v
1d(.dH) n(n+l) o
r2dr r* dr r2 T : Multiplying both sides of the equation (12) on
2
1 1 r—J 1('”"“ rj and integrating with respect to r in
Function H=A-=J (kr)+B—=Y (kr) Jromg LR
Jrong Jrong the segment [0, R], we obtain

satisfies this equation. When r=0 G<oo, B=0.

From the boundary condition (3) G, +h,G|,_s =0, -
we get
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{_(u;{mjz ;ngm()F«;[ (hR-n- 1)(h2R+n)]J:+;(#nm)=_5(t_,)1J (%pj

Hpm p
Standing for az[ﬂ”—m]zt
Its solution has the formg, (t)=Ce ®/ |
\/1_J 1[”&”‘,0] after transformations we obtain
- net
g..(t)=g_(t 2
nm() nm( )&2 1+(h2R—n—1)(h2R+n) 32 ( ) az(””—mjz(t—r)
2 2 ped Vi O (t-7)=n(r—t)a% \ F
o ; 9o (=) =n(7 - t)a%e

we obtain the homogeneous equation

(] st i e

G(r.p;0,¢9—yit—7)=

) J [“"m rj\]ml(“l;m pj R, (cos@) Py (cos¢)cos j(g—w)
2
|

Taking into consideration the aforesaid, we obtain
an expression for the Green function in the for

R [““m] () (13)

TR? {35 nommo Jro (n+j) 1+(th—n—l)(h2R+n) 32 ()
2n+1(n—j)! Hom nel

The symbol «/» means the halving of all members of

2
series at j =0 . Substituting (13) into (5) we obtain an . [”Em] g
lime =0, then influence of the initial

expression for U, (p,£,w,7) in the form ro>c0
temperature disappears. At a certain value N — o0
j=1 j=2k+3 periodic steady state occurs,

U(pdwt)= 2 Ul (0l wir)+ 3 Ul (plwir).(14) U(p.¢w7)=U(p. S 7)., where

] j=2k+2

Iy
o

2 = ' <7 <T.
We denote by T = il the duration of one turn of ¢ (N +q)T i O<z <T
0]
the sphere and consider the time interval (N +q+1)T When 7 — 0 the linear part of Eq. (4) is (11).
for the turn(N+q)T£rs(N +q+1)T. If N —> o0 Now we calculate the nonlinear part. Consider
T wt+2r 7w a2
j j IG(R,p;H,é’;gﬁ,z//;t—r) [(hl—hz)w +K\N4]stin0d0d¢dt: x
0 wt+z O R

N Jn+;(ﬂ”m j (cosg’)j j (cos@)singdeo
Omz_l Jr (n+1)[ (h2R n— 1)(h2R+n) ~

2n+1(n—j)! 12 J n%(#”m)

M8

S

j=0 n

Xje (2] o [wT”cos i(@=w) (h—hp)W +KW4]d¢Jdt.

ot+m

ot+27
Denote by |: .[ COoS ¢ V/)[(hl h)W+z<W4]d¢ and consider the integral with respect to

wot+m

2'=(N +q)T +7 Now,
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2( #nm (N+q)T

(e #)

NT
[+
(0] NT

dt =

jZ(N+

_a2 AHnm
R

when g~N —> .

_|_

(N+aq)T +z

)

(N-+q)T

F (1) eaz[#'gm]z(tr)dt,

2( Anm

F(t)ea( R

)2 (t—(N—t)T—")

dt =

R j (t_r')dt _0,

Consider the integral assuming that W (g“,z//,r) is periodic function of the variable 7 with a period T

(N+q

N]'q F(t)e [ mjz _[

N S

q (N+)T az(#nmjz(t—(NJrq)T—T')
B F(te * ° dt =
§(N+}[—1)T (t)e
= L T ' az(mf('t”') . az(”ﬂJZTT aZ(/‘nm jz(t 7)
" AT R

as

U(p.¢w.7 )=V, (p.¢w.7)

J 1 (/unm J
n+=
2

Egs. (4) and (6) are transformed into the nonlinear
integral equation of Hammerstein type [2, 5] and the
corresponding quadrature for determining of periodical
quasi-stationary temperature field, after such a limiting
transition.

(cosg")f ; (cos)sinodo

gy DIDIPI

j=0 n=0m=1

=}

(h R—n-— 1)(h R+n)

Jr (n+1)(

2n+1 (n—j)!

x —+1 !F() (#Hm)(t‘_rl)dt#;}'

CONCLUSIONS. The algorithm of numerical and
analytical solution of the initial boundary value problem
for the determination of the temperature field of a
spherical area with complicated boundary conditions is
proposed. The initial boundary value problem for the
heat equation is converted into a nonlinear integral
equation of Hammerstein type and a corresponding
quadrature for determining of periodical quasi-
stationary temperature field by using integral
transformations.
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MO/IEJIb TEIINIOOBMEHA B COEPUYECKOM OBJIACTH
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A30BCKHI MOpCKOM HHCTUTYT O/1ecCKON HAIIMOHAIBHOW MOPCKOM akaieMuu
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B actpodusuke u reopusnuke OJHON M3 BaKHBIX 3a/a4 €CTh 3a/auya MOJCIMPOBAHHS TEMIICPATYPHOTO IOJS BO
BpAaIllAlOIIEMCS C YITIOBOM CKOPOCTBIO LIape, KOrja HallpaBJIEHUE TEIJIOBOrO MOTOKAa OPTOTOHAIBHO OCH BpalleHus. B
paboTe paccMOTpeHa MaTeMaTH4ecKas MOJIENb TEMIEepaTypHOTO Toisd B chepHdecKoil 00NacTH CO CIOKHBIMH
YCIIOBUSIMH TEIUIOOOMEHA C OKpYy)Karomied cpemoil. PemieHne HENMWHEWHOW HAa4YalbHO-KPAaeBOW 3aJadd CBEACHO K
PELICHHIO HEJIMHEHHOr0 MHTErpajibHOro ypaBHeHus Tuna dpearosbpma 1mo NpoCTPaHCTBEHHBIM KOOpPAMHATaM M THIIA
Bombreppa mo BpeMeHHO# KoopawmHATe ¢ supoM B Buae QyHkuumu ['puna. [IpemnoxeH amroput™M YHCICHHO —
aHAIMTHYECKOTO PEIICHUs HavaJlbHO-KPaeBOW 3aaud OIPEIEIICHUS TEMIICpaTypHOTO o cheprdecKoil o0IacTi co
CJIOKHBIMU TPAaHUYHBIMHU YCIOBUSMHU. B pe3ynbTare MHTETpaNbHBIX MpeoOpa3oBaHU HaudaldbHO-KpaeBas 3ajada Jist
YpaBHEHUH TEIJIONPOBOJHOCTH Mpeo0pa3oBaHa B HENMHEWHOE HWHTETpallbHOE ypaBHeHWEe Tumna [ammepureiiHa u
COOTBETCTBYIOLLYIO KBaJpATYypy [JIsl ONPEIETCHUS IEPUOANUECKOr0 KBa3UCTALIUOHAPHOTO TEMIIEPATYPHOTO MOJIS.

KiiioueBble cjioBa: MareMaTHdeckas MOJENb, MHTErpaibHble ypaBHeHusi Opearonbsma, Bombreppa, ypaBHeHHE
I'amMmepinTelina, KBaapaTypHbie GOPMYIIBL.

Crarrs Hagiimuia 25.11.2016.
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