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Ilpusedenvr ananumuyeckue peuteHus O8YX HOBLIX KOHMAKMHLIX 3aday. B nepeoil us mux mamepuan
niacmuHvl 0b1adaem NPAMOIUHEUHOU, 60 6MOPOU — KPUBOIUHEUHOU aHuzomponuei. /[na peulenus npuMeHeH
memoo  eosmywenus, paspabomannviii ¢ [1]. Coxpamena ocnosnas udes nooxooa, Kko20d HA OCHOBe
ACUMNIMOMUYECKO20 UHMEZPUPOSAHUA 3a0a4u Meopul Ynpyeocmu CE00AMCsA K NOCIe006ameNbHOMY pPeueHuo
3a0au  meopuu NOMEHYuand, nposedeHvl Heobxooumsle 0000ujenus Mmemooda. BeinoiHeHvl pasiuuHbie
acumMnmomuyeckue OyeHKu.

Kniouegvie cnoea: acumnmomuueckui Memoo, OpMOMPONHbIL Mamepuan, KOHMAKMHOe Yycuiue,
NPAMOIUHEUHAS AHUZOMPONUA, YUTUHOPUHECKAS, AHUSOMPONUAL.
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Y3ATAJIBHEHHSA PO3B’SI3AHHSI KOHTAKTHHUX 3AIAY METOJOM 35YPEHD JUUISA TLI 3
JIHIMHOIO I TWITHAPUYHOIO AHI3OTPOIIIE€EIO

Haesedeno ananimuuni po36’sisku 060X HOBUX KOHMAKMHUX 3a0ay. Y nepwill 3 HUx mamepianl niacmuHu
Mae NPSIMONIHIUHY, V Opyeill - KpUuGoNiHIUHY aHizomponit. J[isi po36 A3aHHA 3aCMOCO8AHUl Memoo 30VpeHHs,
pospobaenuti ¢ [1]. 36epesicena ocHosHa idesi nidxody, KOIU HA OCHOBI ACUMNMOMUYHO20 IHMeZPY8aHHs 3a0ayi
meopii’ npysicHOCmi 36005iMbCsl 00 NOCAIO08HO20 PO38'A3Y8AHHA 3a0ay meopii nomenyiany, npogedeHi HeoOXioOHi
y3azanvHeHHs Memooy. Bukonarno pisui acumnmomuuni oyinku.

Kmiouogi cnosa: acumnmomuynuti Memoo, opmomponHutl mamepiai, KOHMAKMHe 3YCULISL, NPAMOLIHIUHA
aHizomponis, YuniHOpuyHa aHi3omponis
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GENERALIZATION OF SOLVING THE CONTACT PROBLEMS BY THE PERTURBATION
METHOD FOR BODIES WITH LINEAR AND CYLINDRICAL ANISOTROPY

Planar problems about load transfer by one-dimensional elastic elements to two-dimensional complex
bodies are of interest for analysis and calculation of mechanical tensions in a variety of airplane constructional
elements, for example plates joined with stringers or overlays. Such types of problems have quite a long history and
have been sufficiently researched for elastic isotropic as well as for anisotropic infinite or semi-infinite bodies.
Similar problems in case of finite and especially multilayered bodies have been significantly less studied. This paper
describes such complicated new cases of load transfer and demonstrates how to solve them using of an asymptotic
method based on ideas of L.l. Manevich and A.V. Pavlenko. The considered issue is a contact problem about a load
transfer by an elastic sustaining element (stringer) to an elastic plate which consists of two joined orthotropic
rectangles made of different materials and is fixed at two opposite edges. The stringer is placed in the middle
between the other two (free) edges in such a way that the axis of the stringer is perpendicular to the plate's edge and
continuously attached to it. The scheme of line contact is assumed to be used here. The paper presents investigation
of flat problems considering a load transmission by an elastic rod to an elastic anisotropic half-space through
application of various loading types (i.e. uniform and non-uniform distribution of a load). Various asymptotic
estimations at "small" and "big" arguments xhave been done. The proposed method has been generalized taking into
account also curvilinear coordinates. In particular, the problem about the elastic plate Ry <r <, -y <g < fixed at

the edges @ =+y was considered. The boundary r = R, remains free, the stresses and the deformations are absent
at infinity. Along the medial radius (@ = 0) the plate is strengthened by a stringer which is loaded by longitudinal
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efforts P, . The material of the plate is orthotropic; the main directions of anisotropy coincide with the polar
coordinates r,@ . Analytical solutions of two new contact problems are given. In the first of these, the material of

the plate has a rectilinear, in the second - curvilinear anisotropy. For the solution, the perturbation method
developed in [1] is applied. The basic idea of the approach is preserved, when on the basis of asymptotic integration
the problems of the theory of elasticity are reduced to a sequential solution of the problems of potential theory,
necessary generalizations of the method are carried out. Various asymptotic estimates are fulfilled.

Keywords: asymptotic method, orthotropic material, contact force, rectilinear anisotropy, cylindrical
anisotropy.

IHocTranoBKa nMpod/1eMbl U
H3J10:KeHHe OCHOBHOT'0 MaTepHaJia UCCaeI0BAHUSA
1. 3agaya 0 KOHTAKTHOM B3aUMOJEICTBMU OPTOTPONHOIO MNPSMOYIOJbHUKA, 00/1aaK01Iero
JINHEHO! AaHU30TPONHEH CO LI TAMIIOM.

Iycth ynpyruii oproTponHsiii npamoyronsauk 0 < X <h, |y| <b sakpemnen no xpomkam Y ==b.B
rpanb mpsmoyromsumka (X =0) Brasmusactess ectkmii npsamoyromsmbii mramn mmpuast 21 (1 <b), koropsii
n0J JeHCTBMEM LEHTpaIbHOI cuiibl Py jBikercs nocrynarensHo napawtensio ocu 0X. Ha wrramn geiictyer

casuratomas cuna Qp. Mexay IITaMIOM M IPSMOYTOIBHHUKOM YYMTBIBACTCS CHIIA TPCHUS, MOTYHHSIOLIASCS
3akony Kymnona. PaccmaTpuBaercs cocTOSIHWE IIPEOeNbHOTO paBHOBECHs INTamma. I[IpoTHBOMOJNOXKHAS TpaHb
MPSIMOYTOJIbHUKA (X= h, y<b) ocraercst cBoOOgHOH. IIpsSMOYronbHUK TpencTaBiseT coOOW IUIACTUHY

TOJIIMHBI h-k, pa60Tanmon B YCJIOBHUAX O606HICHHOFO IIJIOCKOT'O  HAIIPS)KCHHOTO  COCTOSHUA. TpeGyeTcs{

OTIPE/IENTUTE 3aKOH pacTpe/ieTIeHus HATPSDKEHHMH 1TO]] IIITAMIIOM U B TIPSIMOYTOJIBHHUKE.
3ajava CBOJMTCS K HHTETPUPOBAHUIO YPABHCHHUI PABHOBECHS MIPSIMOYTOJbHUKA B MEPEMEIICHHSX:
B_]_uxx +Guyy'|'mGU)(y :0; le)yy +GUXX+mGqu =0 (D)
TIPH CJICTYFOIINX TPAHUYHBIX yCITOBUSAX:

0'11261220 (X=0, |<|y|<b),U=C0nSt, 012 = PO11 (XZO, |y|<|),

u=v=0 (y=ib), 011 =012 =0, (X=h, |y|<b), (2)
Ejh By
rae Bj = , G :G]_Zh’" m =1+V21—.
1—V12V21 G

3meco Ej, Eo — Monynu ynpyroctu Bnoss rnasueix Hanpasienuit OX; OY, vip, V1 — K03bdHIHEHTE!
Iyaccona, Gqp— Momyns casura, 071, O9p — HOPMAlIbHBIC HANPSDKCHHs, Opp =Op]— KacarelbHbIe

HanpspkeHus; U M U — KOMIIOHEHTBI BEKTOpa IepeMelleHui; N« — TONIMHA IUIACTHHKW; MHAEKCHl X u Y

03Ha4atoT auddepeHIpoBaHne MO0 COOTBETCTBYIOIINM KOOPIMHATAM.
Kpome Toro, 70mKHBI OBITH BBITIOJIHEHBI YCIIOBHS PABHOBECHS ILITAMIIA!

| !
[ o110,y)dy+Py =0,  [012(0,y)dy+Qp=0. ®)
o 2

3ajaua pemraeTtcs aCHMITOTHYECKHM MeTomoM [1]. JInst HaXoKIeHHs aHATUTHYECKOH B HMPSIMOYTOJIBHUKE
0<x <h, |y1| <[ dyuxuun ul’O M0 33JaHHBIM TPAHHYHBIM YCIOBHAM (2) 0TOOpaXKatOT MPSMOYTOJBHHK H3
IJIOCKOCTH 71 (21 =y + in) B IOJIyIUIOCKOCTh H300pa)XX€HUH IJIOCKOCTH §1 (77 =m+ ifl) C MOMOIIBIO
dhyHKIIIH

a1
Z1=0 I Ce1

0 \/‘{l—ﬁz)(l—klzflz)’

npuueM napamerpsr Ky (O <k < 1) 1 C| ONPEAENSIIOT U3 YPABHEHHIL!

(4)
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<(d) (5)

Y dt
- I\/(1 )(1 @) hl:cl{ e ™

e K (kg )— nommpiit smmnriueckuii materpan nepsoro pona ki =4/1— k12 .

K(k) _
Klke) B

0 o
qacTb q)yHKLII/II/I ()1 paBHA HYJIIO, & HA OCTAJIBHOU YaCTU MHHMas €€ 4aCTbh PaBHA HYJIIO, TO PEILICHUE IJIA beHKI_II/II/I

Torma =&, . Tak KaK Ha IPaHHIIE TOMYIUIOCKOCTH {{ B MHTEpBaje |771| <y meiicrBurensHas

0 o .
(1 BO BCEU IOJTYIUIOCKOCTU UMEET BUM.

A

0(r\_
o (&)= , (6)
[-2_)2
¢i -l
rie A — jeiicTBUTENbHAS TIOCTOSHHAS; BBHIOMPAETCS Ta BETBb KOPHS, KOTOpas MOJOXKUTEIbHAS [PH

TMOJIOKUTCIIbHBIX 3HAYCHUAX apryMCHTA.

JelicTBUTENIPHAS M MHUMAs 9aCTh (010 (é’l) OmpeaenstoT GyHKIuH Uilo u u)l('o.
. . 0 A
IIpu §1=0 (X1=0, UIn y1=iﬂ, W X1=h1, |y1|<ﬁ) (0_|_(7]1)=—2 5
ni =l
1,0 _ 10 A 10 A 1,0 _
Uy =0 U =—e (|| <k) 07 === w2 =0 (j]>h). )

| —1
1 - m-h

rae 71 =sn(K(ky)y1/ 8. k).
dm

uzﬁ%# e I\/(Il_ﬂl 2 J1-n? -2 ) ¥

10
HOpMaﬂbHOG HaIlps>KCHUE 011 U COCTaBIIAOLIASA KACATCIIBHOI'O HAIPSDKEHUSA 019, COOTBETCTBYHOILASA

byHKIIH ul’0 HaXOoAATCS 10 popMyIIam:

011—51“10 (\/_/|) ;o1 =6uy’ =(G/1 uy”

B HYJIEBOM HpI/I6JII/DK6HI/II/I HOpMAaJIbHOC HaHp}DKCHI/IC Ioa IITaMIIOM W COCTaBJIAgIOmIasA KacaTCIbHOI'O
HanpsKEHUA BHE IITaMIla COOTBETCTBEHHO MMEIOT BU/:

01110 -2 . %20 = % . ©)
Aau 122 2GRy yu fi2
v, =—(MG/B, )4/GB; ui'lo, re.mpn =0, |p|>k vy =0, v, =0 |m|<l,
1,0 MG R 1 (10)

v = .
i BBy chﬂ\/llz—ﬂlz

Takum oOpazam, rpaHUYHBIE YCIOBHS 0 HOPMAJIFHOMY HAINPSDKEHUIO MO IITAMIIOM YZIOBJIETBOPSIOTCS,
HO TIOJTy4aeTCsl HEBSI3Ka MO KacaTeIbHOMY HANpsDKEHWIO BHE IITAMIIA, KOTOpas CHUMAETCsl MPU ONpENeNICHUH
HaNpsHKEHHO-Ae(OPMUPYEMOTO COCTOSIHUSI BTOPOTO THIIA B HYJIEBOM MPUOIMKECHHUH.

OrmetuM, uto mpu h<| ana HanpskeHHO-1E()OPMHUPOBAHHOTO COCTOSHUS BTOPOTO THIA BMECTO
MIPAMOYTOJbHMKA (PaKTHUECKH HWMEeT MECTO IMOJymoJioca W 3ajada B 3TOM ciydae OyneT Takoil: HaiTh

2,0 o o
AHAJIMTUYICCKYIO B TOJYIUIOCKOCTH 4’2 (I)yHKIII/I}O 19 , HpU YCIOBHUH, HYTO Ha HACUCTBUTCIBHOU OCH

MOJYIUTOCKOCTH (§2 = O) ¢byHKIASA 032‘0 IIPUHUMAET 3HAYEHUSI:

76



BICHUK XHTY Ne3(66), TOM 1, 2018 p. MATEMATHYHE MOJEJTIOBAHHA OIBUYHUX 1
TEXHOJIOI'TYHUX ITPOLECIB I TEXHIYHHUX CUCTEM

20 = R ! (I <|ny|<cC ), 020 =0 Mo9|>Cy ),
%o 2\/8182 o 1 \/7722_']-2 1 | 2| 2 X (| 2| 2)
0= P (<) a

) 2,/GBy i \/If —n3

CrenyeT 3aMeTHTh, uTo mpu 0 > | (C2 > ) (opmyia (11) cyuiecTBeHHO ynpowmaercs, Jaxe Ipu ydeTe
HECKOJILKUX MepBbIX NpubmmKkenuit o napamerpy |l /C . B uacTHocTH B HysneBoM MPUOIMKEHHH Ha IpaHULE
IHOJIYIIIOCKOCTH (§2 =0 )

[Tocne mepBBIX ABYX MPHOIMKECHNH HOPMaIbHOE HAIPSHKEHUE IO IITaAMIIOM IPUHIMAET BHLI:

S S {1+g%m (G (p|n1+t+
1= ale T ¢
7l 2C1,Ll |1 ll_t2 T BZ 1-t

(12)

rae y = )
2 4th

OcobeHHOCTb HanpshkeHUH 0711 B (12) B yI7IOBBIX TOYKAX MITAMIIA |y| =1 ( |t| = 1) C y4ETOM TPEHHS TaKas
K€ KaK ¥ JUIst TIOJTYTUIOCKOCTH. J[JIst TIakoro mramia 0COOEHHOCTh COBIAAAET ¢ TOYHOM.
2. Pemende 3aJa4M 0 BJABJIMBAHUM NITAMOA B OPTOTPONHYIO IUIACTHHY C HUJIHHIPUYECKOM
AHU30TPOIMEI.
VYmpyras wiactuHa (Ry <r <oo;—y <@ <y) sakpemrena mo xpomkam 6 ==ty . Ha rpammy /= Ry
JEHCTBYeT HKeCTKHIl LITAMII C OCHOBaHKeM, Kotopoe cosraaer ¢ I = Ry (=4 <@ < A). llIramn Harpy»xeH HOPMaIBHBIM
yewmem Py u kacarensasmv Q.

Ilpn 5TOM MeXIy IUTAMIIOM M IUIACTUHOM YYUTBHIBACTCS TPEHHE (PaccMaTpHBACTCS COCTOSIHUE IPENEIBHOTO
paBHOBecwsI mtamiia). Ha 6eckoHedroCTH (r - oo) TIepeMeTIIeHIS 1 iehopMaIiK PaBHBI HYJTEO.

Pemenne naHHOW 3aJaudM OCYILECTBIIETCS C IIOMOIIBIO OTOOP@KCHUS CEKTOpa Ha MHOJIYIUIOCKOCTh H
CBOJIMTCSI K PEIICHHIO CMELIAHHOI KpaeBoH 3a/1a4i TEOPHH aHAUTUTHYECKUX (DYHKIMH JUIS TOTYITIOCKOCTH.
WnrerpupoBanne ypaBHeHui (1) mpoBOANTCS TPH BHIMOIHEHHH CIIETYIOUIMX TPAHUYHBIX yCIOBHM:

o= Bl(ROef)_l(ug + (v, +u))= 0,

T =G(R0e5)_l(u,7 +Vg —v)=0 (=0, A<7<y),
u=v=0 (n==y),
u=Co,7=poy (£=0,|n|<2),

rne P — KO3QQUIMEHT TpeHus (p <1). Ha GecxoHeuHOCTH mepeMeneHus] U HalpsHKEHUS] CTPEMSATCS K HYIIIO.
BeImonHsrOTCS YCIOBUS paBHOBECHSI IITAMIIA!

A A
[o1(0.7Hn+Py=0; [2(0.Mn+Qp =0.
-1 -1
HaI\;II[eHO pacrpeaciicHnue Har[pSDKeHI/Iﬁ oA mramMiioM U B IINIACTHUHE. I/ICCHeHOBaHO BJIIMSAHUEC OTHOILLICHUA
JUIMHBI IITaMIla KIJIUHE CBO6OHHOI>’I TpaHUllbl IIJIACTMHBI Ha pacupeACICHUC HOPMaJIbHbIX HaHpH)KeHI/Iﬁ oA
mTaMIIOM.
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Ta6muia 1
CpaBHeHHe pacrpeie/eHUs] HOPMaJIbHBIX HAMPSDKEHUH O] IITAMITIOM
JUTSL KOJIBLIEBOT'O MOJYOECKOHEYHOIO CEKTOPA M MOJIYIIOJIOCH
t 0 0.2 0.3 0.5 0.6 0.8 0.99
< 1) 1.09 1.11 1.21 1.33 1.43 2.03 23.26
o |2 1.186 1.203 1.258 1.369 1.59 2.141 26.536

1) u3BeCTHOE ACHMINTOTUYECKOE PELICHHUE ISl OPTOTPOITHOM Moynoiock: [1];
2) mnonydeHHOe B paboOTe aCHMITOTHYECKOE PEIEHHE JJIi OPTOTPOIHOTO IMOJyOECKOHEYHOTO KOJIBIIEBOTO
CEKTOpa C KPUBOJUHEHHONW aHU30TPOTIHEH.

Bnusnue TpeHus Ha ycCHWIHME IOl IITAMIIOM M Ha XapaKTep OCOOEHHOCTH YUYHTHIBACTCS C TPETHETO
pUOIIKeHUs.. B OKpEeCTHOCTH YIIIOBOM TOYKM IITaMIIa XapaKTep HAMpPsDKCHHOTO COCTOSHUSI Takoi Ke, Kak M IS
noymockocty. [loaToMy npoBeieHO cpaBHEHNE U3BECTHOTO ACHMITOTHIECKOTO PEIISHHs ATl MOIYIUIOCKOCTH [1]
¢ pewenueM JILA. l'anuHa. YCTaHOBJIEHO, YTO YKa3aHHOE PELIEHHE COBIALAET C PA3JIOKEHHBIM B Psi TOUYHBIM
pemrenrem [amina [2].

VYuer nepBbIX IBYX NPHOJIMKEHUH aeT JOCTaTOYHYIO alllPOKCUMAIMIO TOYHOTO PELICHUs U YKa3bIBaeT Ha
XapakTep 0COOCHHOCTH B OKPECTHOCTH YTJIOBBIX Touek mrammna. Kak u B [2], 3Ta 0cOOEHHOCTh UMEET BH:

o =—B-m /M) ¥*0.

Jns Tnagkoro mTaMna OCOOGHHOCTh cOBHagaeT ¢ TOuHOH. [loiydyeHHOe B MCXOIHOHM 3ajaue pelieHHe
MOJKET OBITH "TToJIpaBiieHo" BOIM3H 0COOBIX TOUEK IPH IMOMOIIH "'cpaliuBaHus’ ¢ YKa3aHHBIM OCOOBIM pPEIICHUEM.
WzBectHo [1], uTO C yMeHbIIEHHEM 3HAUCHMS yIJila ) TOYKa ''CpalllMBaHUS TPHOJIMKAETCS K IpaHHLe 00JIacTh

KOHTAKTa.
BoiBoas!
JUist MccnenoBanust IPUMEHEH METOL BO3MYILIEHHI, KOTOPBII MO3BOJIMII CBECTH PEIICHUE KPAEBBIX 337184
TEOPUH YNPYTOCTH K MOCIIEOBATENHHOMY PENIEHHUIO KPAEBbIX 3a/1a4 TEOPUHM MOTeHImana. HyXHO 3aMeTUTh, 9TO B
PacCMOTPEHHBIX 3aJ1a4ax PEIeHUs JUIS YCHIUS KOHTAKTHOTO B3aMMOJEHCTBHS, TOJNYYEHHBIE ACHMMITOTHYECKUM
METOJIOM, CIIPABEUTUBEI BCIOIY, KpoMe Hemocpencteennoi okpectnoctu touek & =0,7=0u £=0,7=y, rue

-1 o .
HEOOXOIMMO HCIONb30BaTh 0c000e pelIeHUe T(X):AX . HewssectHslii mocTOsIHHBIN KO3 uImeHT A

HAXOAWTCS U3 YCIOBUH "'cpammBaHus (B HEKOTOPOH TOYKE COBIANAIOT Kak 0co00e U MPUOIMKEHHOE PEIICHHS, TaK
U HX NPOM3BOIHBIE). DTH YCIOBHS IMO3BOJSIOT ONPEACIUTh TOUYKY CpPAIIMBaHMS OBYX PELHICHHH W KOHCTAaHTY
ocoboro. [Toka3aHo, 4TO 30HA, B KOTOPOW HEOOXOJMMO HCIIOIB30BAaTh 0CO00E pelleHHe, He3HaYnTeNnbHa. Takum
00pa3oM, MOoJTy4eHHbIe Ha OCHOBAHWH NPEIJI0KEHHOTO ITOX0/[a 3HAUCHUS U1 KOHTAKTHBIX HAIPSDKCHUH BMecTe C
0COOBIM pEIICHHEM [aloT PAaBHOMEPHO IPUTOJHOE BO BCel 00JAacCTH KOHTAaKTa NPHOJIDKEHHOE pEIICHUE
IIOCTABJICHHBIX 3a]a4.
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