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C.I'. BJIAXKEBCBKHMH

YepHiBenbKHii HaLllOHANBHUH yHiIBepcuTeT iMeHi FOpis PenpkoBuua

MOJIEJTIIOBAHHSA MTPOLIECY JIU®Y3II TEILJIA ¥V IBOILIAPOBOMY
CUMETPUYHOMY ITPOCTOPI

3adaua npo cmpykmypy HecmayioHapHO20 MEMRepaAmypHo20 NOAA 6 OBOUAPOSOMY CUMEMPUUHOMY
NpoCmMopi  MamemMamuyHo  nNpueooums 00 No0OYO008U  0OMENCeH020  PO38 3Ky  cenapamuoi  cucmemu
ougpepenyianbHux pieHAHb MenIonpogionocmi B-napaboniunoco muny 3a ROYAMKOBUMU YMOBAMU MA YMOBAMU
HeioeanbHO20 MePMIUHO20 KOHMAKMY.

Memooom inmezpanvrnozo nepemeopenna Dyp’e-beccens ompumano inmezpanvhe 300paxcenis mouHo2o
AHATIMUYHO20 PO38 A3KY HECMAYIOHAPHOI 3a0aui MenionposioHOCMi y 0860UAPOBOMY CUMEMPUUHOMY NPOCHIOPI.

IIpogeodeno ananis naibinbut iCUBAHO20 HA NPAKMUYT BUNAOKY OJIs OBOUAPOBO20 OCECUMEMPUUHO20 MiNd.

Kniouosi crosa:inmespanvie nepemeopens, pisHAHHA MENIONPosiOHOCHI, Kpatloa 3adaya.

C.I. BIAXEBCKMUI

UepHoBHUIIKMIA HAlIMOHANIBHBINA YHUBepcuTeT uMeHH FOpust DeapkoBrya

MOJIEJTMPOBAHME ITPOIIECCA TA®®DY3UU TEILIA B IBYXCJIOMHOM CUMMETPUYHOM
IMPOCTPAHCTBE

3a0aua o cmpykmype HeCMAyuOHAPHO20 MEMNEPAMYPHO2O NOJA 6 OBYXCAOUHOM CUMMEMPUYHOM
NPOCMPAnCmee MAmeMamuiecku npugooum K NOCMPOCHUI0 OZPAHUYEHHO20 DeuleHUs Cenapamtoi cucmembl
oupgepenyuanvhvlx ypasuenul menionpogooHocmu B-napaboiuieckozo muna ¢ HA4aibHbIMU YCIOGUAMU U
VCIOBUAMU HEUOEATLHO2O TENT08020 KOHMAKMA.

Memodom unmezpanvnozo npeobpazosanus Dypve-Beccens noiyyeno unmezpaivHoe npeocmasieHue
MOYHO20 AHATUMUYECKO20 PeUleHUsl HeCMAYUOHAPHOU 3a0ayu Menionpo8OOHOCMU 8 08YXCILOUHOM CUMMEMPUYHOM
npocmpancmee.

Tlpogeden ananusz naubonee ynompebiaemozo Ha npaKkmuKe caydas 01 08YXCIOUHO20 0CeCUMMEMPULHO20
mena.

Kurouesvie cnosa: unmezpansHoe npeobpasosatie, ypasHenue menjionposooOHOCMU, Kpaesds 3a0ayd.
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MODELING OF THE PROCESS OF HEAT DIFFUSION IN TWO-LAYER SYMMETRIC SPACE

Integral representation of the exact analytical solution of the non-stationary heat conduction problem in a
two-layer symmetric space is obtained by the method of Fourier-Bessel integral transform.

The research of diffusion processes in the environment is constantly attracting attention. Serious
researches began with the simplest model - differential equation of diffusion (heat conduction) under the
corresponding initial and boundary conditions. Different analytical, numerical and analytical-numerical methods of
finding the solution are developed. One of the effective methods for solving the problem of diffusion is the method of
integral transforms such as Fourier, Bessel, Weber.

This paper is devoted to the simulation of the heat conduction process for a two-layer symmetric space. The
problem of the structure of a non-stationary temperature field in a two-layer symmetric space mathematically leads
to the construction of a bounded solution of a separate system of two heat-conductivity equations of the B-parabolic
type with the initial conditions and conditions of non-ideal thermal contact. The solution of the problem is
constructed by the method of the Fourier-Bessel hybrid integral transform on the polar axis.

A straight integral Fourier-Bessel transform on the polar axis with one point of conjugation is written in
the form of a matrix row. The output system and the initial conditions are written in a matrix form and we apply the
operator matrix row to the given problem by the rule of multiplication of matrices. As a result we obtain the Cauchy
problem for the ordinary differential equation. We construct the solution of this problem using the Cauchy function
method. The inverse Fourier-Bessel transform is written in the form of an operator matrix column and we apply it to
the constructed solution of the Cauchy problem. As a result, we obtain unique bounded solution of the original
problem which completely describes the structure of the non-stationary temperature field in a two-layer symmetric
space.

The analysis of the most used case in practice for two-layer axisymmetric body has been carried out.

Keywords: integral transform, heat equation, boundary problem.
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IHocTanoBka mpo0JjeMn
[Ipomecn mudysii, sKi TOCTIHHO BiOYBAIOTHCS B HABKOJIWIIHBOMY CEPEIOBHII, IIPUBEPTAIH JIO
cebc yBary MmpoTiAToM YcCiei icTopii pO3BUTKY CYCIIIBCTBA. AJie Cepilo3HI JOCTIKEHHS IMOYaNCT 3
HAWITPOCTINIOT MOJIeNi — qUQepeHIIaIbHOTO PIBHIHHS TUQY3ii (TETIONPOBIAHOCTI) TapaboIiqHOTO THITY
[1]:

ou 28u2
- _ - - t,
o TS

3 BIANOBIJHMMH MOYAaTKOBHMHU Ta KpalOBUMH yMoBaMu. [loTpeOW MpakTHKH MPHU3BOAMIM 1O Pi3HOTO
y3arajipHeHHsT naHoro piBHAHHA. Ciix BiAMITUTH TOSBY B JAPYrili TONOBHHI XX-TO CTONITTS
"V3aragpHeHOT TepMOMEXaHIKH'", TOPOKEHOI TiNmepOONIYHUM PIBHAHHAM TEINIONPOBiTHOCTI [2].
Po3pobisimics pi3Hi aHaTITHYHI, YACIIOB] TA aHATITHYHO-YHCIIOBI METOM 3HAXOKCHHS PO3B’A3KY.
AHaJli3 OCTaHHIX JOCTiTKeHb | myOsikani

Ha ocobnmBy yBary 3aciiyroBye po3poOJjeHHIT B JAPYTid IMOJIOBHHI XX-TO CTOJITTS METO.X
KYCKOBO-CTAIIUX (DI3UKO-TEXHIYHMX XapaKTEPUCTUK JJISi BUBYCHHS TEXHIYHOTO CTaHy KOMIIO3UTHHX
MatepianiB. Lle npuBeno HaBiTh y BHIIQAKY KOPCTKOCTI MeXi 001acTi A0 qudepeHuialbHOro PiBHIHHS 3
CUHTYISIDHUMH KoedillieHTaMu THIy AenbTa-QyHKIiH Ta ii moxigHumx [3]. [HTerpampHe 300pakeHHS
TOYHOTO AHAJIITUYHOTO PO3B’S3KY 3a[adi B IIbOMY BHUMAJIKy OAEp)KaTH HEMOXJIHMBO. Llux TpyaHOIIiB
MO’KHa YHUKHYTH, SIKIIO JUISI HOOYZOBU PO3B’S3KY BUKOPHCTOBYBATH METOJ] IHTETPalbHUX NMEPETBOPEHB
tuny ®yp’e, beccens, Bebepa.

MeTta nocJixzkeHHs1

Jana poOoTa TpHUCBSYEHA MOJEIIOBAHHIO TIPOILIECY TEIUIONPOBITHOCTI JJISl JBOIIAPOBOTO

CUMETPUYHOT'O MIPOCTOPY.
BukJjiajeHHs1 0CHOBHOTO MaTepiajy J0CJiXKeHH s

3ajaua Mpo CTPYKTYPY HECTAI[IOHAPHOT'O TEMIIEPATYPHOTO TIOJIS B IBOIIAPOBOMY CUMETPHUYHOMY

MIPOCTOPI MATEMATHUYHO MPUBOIUTH JI0 MOOYA0BU OOMEXKEHOT0 B 00J1aCTi

Dy ={(t.r):1€(0,0),r e L=(0,R) U (R, )}
PO3B’SI3Ky cemapaTtHol cucTeMH nudepeHIialbHUX PIBHAHD TETLIONPOBIMHOCTI B-mapabomivyHoro tumy [1]
oT, o 8° L2205 +10

—ai| = — [T (t,1) =f(t, 1), 7 € (Rk-1, Rp), k=1, 2, (1)
ot or r or
3a MOYaTKOBHMH yMOBaMH
Tk(ta r)‘t:() :gk(l"), re (kala Rk)a RO = 07 R2 =00, k= 19 2: (2)

Ta YMOBaMH HEiZIeaTbHOTO TEPMIYHOTO KOHTAKTY [7]

|:(bli+1)Tl(f,l”)—T2(Z,}"):| =0,
or r=R,

)
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( T a(t,r) i aTz(t,r)j
/A

}":Rl

Po3B’s30k 3amadi (1)—(3) moOyayeMo METOAOM TiOPUIHOTO IHTETPaJbHOTO MEPETBOPEHHS TUILY
®dyp’e-beccens Ha monspHiii oci [4, 5]. Ilpsme inTerpansHe neperBopenHss Dyp’e-beccenst Ha monspHiit
oci 7 > () 3 0/IHI€I0 TOYKOIO CIIPSHKEHHS 300pa3uMO y BUTIISIIII MaTPHUII PsIKA:

R R
] 2
20 +1 20 +1
Hold=| [ Va1 o™V dr - [ Vg )oyr™ 2 dr |, (4)
Ry R
V(@) k — KOMIIOHEHTH CIIEKTPAJIbHOI (DYHKIIiT MarOTh BUTJISI;
*
2 A
Va1 (nA) = =——5——J oy (4r(@) = (a1, 02) ,

T 120[2 R12a2 +1

V(a);2 (r,A)= l[a(a);u (A)Jaz 0 (Ar) - A(a)11 (Z)Naz 0y (An],

Ok — KOMIIOHEHTH BaroBoi (yHKIIII:
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%
L A p2ay-a) 1

1 = 5 ™ Rl 2 1 5 02 = 9 .
ai A4 a;

3anumemo cuctemy (1) 1 mouaTkoBi yMoBH (2) y MaTpu4Hii Gpopmi

(ﬁ—a%Ba jTl
ot ! _{fl(t,r)} {T]} :[gl(r)} )
0 AT '
(E_G%Baz JTz L] | ], L&)
o> 2a+10

Tyt B, — nudepeHITialbHAR 0TIepaTop:
B, =—

“ o2 rooor
3acTocyeMo 110 3azadi (5) 32 NpaBUJIOM MHOKEHHS MaTpPUIb ONEPaTOPHY MaTpPHLIO-PANOK [4].
Bracniok 0CHOBHOi TOTOKHOCTI TiOPHIHOTO MEPETBOPEHHS AW(EPEHIIIAIEHOTO OoNlepaTopa OAepKyEMO
3amagy Komri [6]:

il—er/lzT(t,/i):f(t,/l); T|_, =&, (6)
TyT npuiiHATI MO3HAYCHHSI:
2 R
T)=3 | Tt Wi o™ dr, Ry =0, Ry = o0,

k=11ek71

~ 2 M 2a, +1

F&AD=Y [ St Wiy (o % dr,
K=1R
2 Ry

ED=Y | s W ar.
KRy

Besnocepennno nepeBipseThes, Mo po3B’s3koM 3aaadi Ko (6) € GpyHkis

t
Fa=e g0+ e Feadr=

0
t
— 2 — ~ ~

= [e O (2.4) + 8BS, (D) (7)

0

VY piBHocrTi (7) J8:(f) — mipa [ipaka, 3ocepemkena B Touli ¢ = 0+. Busnaunmo ¢yHkuii
Gi(t, ) =fi(t,r) + g(6:(n),j = 1,2, ®)
1 QYHKIIIT BILTUBY
< 2 .

H(a);]g'([,l",p) = Ie A [V(a);k(}",Z)V(a);j(p,//i)g(a);n (//L)d/l , k,], = 1, 2, (9)

0
MOPOJKEHI JIIEI0 TEIUIOBHUX JpKepesn (a00 MOYaTKOBOTO TEMIEPATYpPHOIO CTaHy), HEMEePEPBHO
PO3MOIiIEHUX HA KOXKHIHN MIJSHIN JBOIIAPOBOTO MPOCTOPY.

3acTocy€eEMO 0 MaTpHIli-eJIeMeHTa [T (t,A)], ne T (¢,4) BuzHaueHa Qopmynoro (7), obepHEeHE
nepeTBopeHHs Oyp’e-beccens:

Hig 3= [ Vot ARy (DA [+ V(a2 ()02 (A)dA (10)
0 0

3a IPaBUJIOM MHOXXEHHS MaTpullb. B pe3ynbrari orpuMaeMo QyHKIIi:
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2t Ry
2a; +1
Tj(t’r): zj IH(a);jk(f—T,V,p)Gk(T,p)O-kp ar dpdT =
k:l()Rk_]
2| 204 +1
(24
Z IH(a)]k([ 7,1, P)gk (PO p™F " dp +
k=1
-1
2t Ry
+ 2] [ Hgy = worp) filz. )o@ ldpdz Ry =0, Ry =0, =1,2. (1)
k=10R,_,

AKi € emuHUM po3B’s3koM 3amadi (1)—(3), a, oTKe, TMOBHICTIO ONMHUCYIOTh CTPYKTYPY NIYKaHOTO
HECTaI[iOHAPHOTO TEMIIEPATYPHOTO TOJISL.

JInst mpuKiIaxy po3risiHEMO JBOIIAPOBUI TPOCTIP, IHIO BOJOZIE€ OCHOBOIO CHMETpI€l0 I
3HaXO/AUTHCS B MOYATKOBHH MOMEHT 4acy MpHU HYJNbOBiH Temmepatypi (a1 = a2 = 0, g1(r) = g2(r) = 0).
[punycrumo, mo B mwapi /> = {r: € (R, ©)} Temnosi mkepena BiacyTHi (f> = 0), a B mapi /| = {r: r €
(0, R1)} TycTHHa TetutoBHX JKepen [7]:

file,r) = f—gu ~ BIOYIS, (D1 f11(r) =

zj—o[l‘SJr(t)_(l‘—to)S+(l‘—t0)]fl1(V)t—>0T0f11(r) , (12)
0 -

VY npomy Bunaaky maemo (mpH f11(r) = 1):
-1
qi = a{l/”t, i=1,2; k, =(/1T) ﬂ; = const,

*

P 1
Ol =——5,02=—5,

X ai a3

wor(A) = kag2J1(q2R1)(Jo(q1R1) — big1J1(q1R1)) — g1Jo(g2R1)J1(q1R1);
wo2(A) = kaqaN1(q2R1)(Jo(q1R1) — b1g1J1(q1R1)) — qiNo(g2R1)J1(q1R1);

2k
Vi(r,A) =”—;Jo<q1r>, wo(A) = wi(A) + wih (1),
1

Va(r, 1) = W01(/1)N0(qzr) = wo2()Jo(q2r);
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w, 2%

24 Tojl R (O A L (14)
2 A

Ty A ay wo(4)

®opmynu (13), (14) nokazyrooTs, mo:
1) i3 mmuHOM Yacy (f — o0) TeMIlepaTypHe ToJe CTadili3yeThCs 1O CTalliOHAPHOTO CTaHy:

3
() =~ by Ry —iilRf IR, +(R? =),
2 A, 2 4
* p2
Ty (t,r) = —ﬁR—ilnr;
2 2
2) i3 3pocTaHHsaM TepMoonopy (b1 — o) pyukiii 7 NpAMYIOTh 10 HYJIA.
BucHoBku

VY naHiii cTaTTi METOAOM iHTerpaspHOro neperBopeHHs: yp’e-beccens orpuMaHoO iHTErpagbHE
300paXeHHSd TOYHOTO aHANITHYHOTO PO3B’S3Ky HECTAI[ilOHAPHOI 3ajadi TEIUIONPOBIAHOCTI Y
JIBOIIAPOBOMY CHMETPHYHOMY IIPOCTOPI.

[lpoBeneHo aHami3 HaHOLIBII BXMBAaHOTO HAa TPAKTHLI BHIAAKY M ABOIIAPOBOTO
OCECHMETPUYHOTO Tia.
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