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Abstract. We have used Diederich’s theory of wingspan average correlation functions to obtain analytical
expressions for the local spectral density of aircraft wing moments induced by horizontal and vertical wind gusts. We
have assumed that the correlation functions of atmospheric turbulence belong to the Bullen family which includes both
partial cases of known Dryden’s model aswell asvon Karman's model.

Keywords: power spectral density; turbulence models; von Karman model.

1. Introduction

For modeling the effect of atmospheric turbulence
on the movement of large aircraft it is necessary to
take into account the influence of the size of an
aircraft on the forces and moments of forces induced
by turbulent gusts.

Different approaches have been developed by
many authors [1, 2, 3, 5, 6, 7, 8].

However, the Diederich approach [1] based on
the averaged wing span correlation functions and its
power spectral densities can be considered as the
most physically obvious.

This approach assumes that the atmospheric
turbulence is the stationary random Gaussian process.

We will suppose also that the air turbulence
under consideration is homogeneous and isotropic.

“Homogeneous turbulence” is understood to mean
turbulent motion, the probability characteristics of
which are identical for the entire wind velocity field
under consideration.

“Isotropic turbulence” is understood to mean
turbulent motion, the probability characteristics of
which do not depend on the direction along which
the correlation between the velocities at two points
in the field is being considered.

It follows from the general theory of
homogeneous and isotropic turbulence that all that
should be known to describe the velocity field in this
case is the two correlation functions: longitudinal
function f(r) and lateral function g(r)[5], where

rdf(r)
2 dr

If we neglect the size of an aircraft and accept
Taylor’s hypothesis of a frozen field of atmospheric
turbulence then the correlation functions will depend
only on the argument Ut, where U is the flight path
velocity, T is the time.

As it has been shown in [1] it is possible to take
into account the wing span effect by means of
modification of an argument of correlation functions
and accept the argument as

where Yy, and Y, — coordinates of two points along

g(n)=f(r)+

the span.

Then it is possible to obtain an analytical
expressions for the correlation functions of the
forces and moments acting on the wing which
dependon y,, Y, and 1.

Integrating these expressions over the span and
performing then the Fourier transform in time, it is
possible to evaluate the correspondent power density
spectra.

This spectra is the base for further analysis of the
effects of the turbulent gusts on the aircraft motion.

However such a program can be realized only for
the Dryden turbulence model, where

f(r)=fy(r)=o.et, (1)
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where o2, — a variance (mean value of a square of an

arbitrary velocity component of a turbulent wind);
L — a turbulence integral scale:

-
L=—2J-f(x)dx.
Ow o

The experiments suggest that the more
appropriate model of air turbulence is the von
Karman model,

22/3 r 1/3 r
f(r) GWF(I/?))( ) Kl/3(¥j, (2)

a =—AW3) | _y3300,

Var(5/6)

where K,,;(X) — modified Bessel function of the

second kind of order 1/3;
I'(X) — gamma function.

However the power spectral densities of forces
and moments for the von Karman model in [2, 3]
have been found only numerically.

This leads to difficulties when finding a Fourier
transformation of the correlation functions.

The aim of this paper is to obtain the analytical
expressions for the local power density spectra of an
aircraft wing moments induced by horizontal and
vertical wind gusts for the Bullen family of
turbulence models.

2. The local power spectra

We will assume that the longitudinal correlation
function has the form [9]

52

SN (r
f(r)zﬁwﬁ(a) Ks(aj, (3)

1 -1
a=m 2T G + s) L.

If s=1/2, the Dryden formula (1) follows from
(3), and when s=1/3 the von Karman formula (2).

As shown in [1, 2, 3] turbulent gusts generate the
random moments of forces that may be separated
into two types.

One of them is due to the vertical gusts with
correlation function of the form

2

G
Wo (0= [0, (p(em)ch @

df
v =6(4-6n+1); oy =g=F+50,

-8

where CIp — coefficient of damping in roll

coefficient;

Y(n) — the weight function;

b — wingspan.

Another one is caused by horizontal gusts and the
correlation function of the moment has the form

2CI2
2 I YWy (p(z.n))dn, (5)

Y (0=

U27?
On(p) = U22 +(bn/ 22 (bn/ 27
(bn/2)?
U217 + (bn/2)?
where o, —angle of attack.

It turns out that despite of complicated
dependence of the local correlation functions g, (p)

and g, (p) on time 7, it is possible to find out

analytical formulas for the power spectral densities
which are written in the form

Gy (@)= T &7,y

f(p)+

av(p),

oo

Gy (o )— 1 €79y (pyc.

To find the functions G, (®) and Gy (o) it is
convenient to represent g, (p) and gy (p) in the form

% =SuTrg 1%£ 5{2(1+5)pKe(P) =P Ko P)]

_ g2 2 s Ki_s(P)
gH GWF(S)(zp Ks(p) (br]/2a)2 :) J

Using the integral transform [4]

Tcos(cx)(x2+p2)§ (\/x2+p2)dx:
- 5 (o)

we obtain the followmg expression for the power
spectral density

N\'—‘

O N
(1+v )s+2

21+ 9)(1+ VZ)KS+ | (B)],

[ —BK_ 3(B)+
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where
1
A-Cab 27
U r s+l ’
2
yo 02
=0

Bz%\/1+v2.

Using the recurrence relation for modified
Bessel’s functions,

BKg+1(B) = BKy(B) + 20K (B),

we find an expression for the local power spectral
density of the moment, which is caused by vertical
gusts

S+l

:L((za+s)vz+1)r<s+l(ﬁ>—
2

<1+v2 )S%

—BK I(B)J-

(6)
2

Similarly we find an expression for the power
spectral density of the moment due to horizontal gusts:

1
S+5
Gy =—“~*B{2K
S+l S+
(1++2)72

For the Dryden model, s= 1/2, from (6), (7) we find

M| —

(B)—ﬁKsl(ﬁ)J- (7

CBL B (e ik (61K (8] &
G\/ nU (1+V2)2(( Ve + ) I(B) B O(B))a ( )
Gy :(;LJ_%(ZKI(B)_BKO(B))' )

These expressions are identical with the formulas
given in [3].

Substituting s = 1/3 into (6) and (7) we find an
expression for the von Karman turbulence model

=S (s s )
6

(10)

2
G, :%%(2&(5)—5%(5)} (11)

where

1 (5 -1
Ck =26F(€) = 1.26702.

3. Discussion

Let us discuss briefly the physical meaning of the
formulae obtained. It can be shown that the function
G, (v,B) is positive and the function G, (v,B) has
only a single root, which is a solution of the equation

For Dryden’s model
Karman’s model B« =1.227.

Formulae (6) and (7) allow us to analyze the
properties of local power spectral density at high
frequencies v>>1.

In the limit of zero span magnitude, b — 0,

limXIKq (x)=2"79T(0), 1imx™*'Kq(x) =0,
x—0 x—0

Bx=1.332and for von

formulae (6) and (7) reduce to well known
expressions for the lateral and longitudinal spectral
densities for the airplane point model:

2L (20+9v +1)

Go(v) = :
Y ey
oiL 2
GHO(V):TE_U—H!

(1+v?)"2

At higher frequencies the functions G,y(v) and
Gy (v) decrease by the power law

1
Gy(v) o< pEg

1
Gyyo(v) o< PR

It is clear from the formulae (6) and (7) that the
effect of the finite span of the aircraft leads to
exponential decay of the local power spectral density
at high frequencies. Indeed, since in the region of the
high frequencies v >>1

_bn
P=2a"
it is possible to use the well known asymptotic

expression for the Bessel functions in the formulae
for the local spectral density

~ [T X
Kq(x)~\/;€,x>>1.
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n . sl by N1321. 1957. 20 p.

Gy (v,p) > — Ow 2—(mj ve 2a, [4] Erdélyi, Aet al. Tables of Integral Transforms.
NEY F(S+ 1) 2a Vol. 1. McGraw-Hill Book Company. Inc., MR 15.

2 1954. 868 p.
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