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Assume that the thin circular plate has an inner radius, other radius and 

thickness 21, RR  and 2  respectively. The temperature of the fluid sur-

rounding the surfaces z  is an arbitrary function depending on the 

time, that is  tT0 . The temperatures of the fluid surrounding the circular 

concentric surfaces 1Rr   and 2Rr   are  tT1  and  tT2 . 

In view of the statement of the problem we take the equation of heat 

flow in the form [1] 
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  is the coefficient of thermal diffusion,   

is the of heat transfer,   is the coefficient of thermal conductivity; iB  is the 

Biot’s criterion. 

The boundary and initial conditions will be 

 

  ,if0

,1if0

2

1

2

1

lrTTB
r

T

rTTB
r

T

i

i











   (2) 

0if0 0  FT     (3) 

Now we try to seek the solution of the problem (1)-(3) in the form  
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The function  0, Fr  satisfies the partial differential equation 
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with the boundary and initial conditions 
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The solution of problem (4)-(6) can be obtained by means of the finite 

integral transformation [2] with the kernel  rrWn , where  rWn  satisfies 

the equation 
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with the boundary conditions 
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Thus the passage to the transformation is carried out by the formula  
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The general solution of equation (8) is 

     ,00 rYBrJArW nnnnn     (11) 

where  rJ n0  and  rY n0  are Bessel functions. 

Substituting (11) into (5) we get the system of linear algebraic equations 

for nA  and nB . This system has nontrivial solution if the determinant 

 n  of this homogeneous system equals zero, that is 
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The solution of this transcendental equation (to get the eigenvalues n ), 

may be obtained for specific values of iB  and l  numerically. Here we try to 

find analytically an asymptotic representation for  rWn  for large values of 

n . 
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To do this we make the substitution  
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Thus the boundary value problem (8)-(9) is reduced to the following 

problem 

       ,02  xVxQxV nnn     (16) 

and 
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Using the method explain in [3] we get the solution of Sturm-Liouvill 

problem (16)-(17) in the form  
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where  yxAkn ,  are successive iterates of the nucleus  

    ;sin, ynkn QyxyxA      (19) 

 and  are angles defined by the equations 

.tan,tan 2121 kkhh     (20) 

The formula (18) immediately shows that 

   1cossin  nnn OxxV     (21) 

which is the zero approximation of  xVn . 

Now we can obtained an improved asymptotic representation of (21) 

with residual term  2
nO   instead of  1

nO  . [4] 
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Making use of the boundary condition at x  we have the asymptotic 

expression for the eigenvalues in the form  
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Returning back to equation (4), multiplying it by  rrWn , integrating 

with respect to r  from 1 to l , and using boundary conditions (5), (9) yields 

       ,00
2

0

0 FfFB
dF

Fd
nnin

n



   (24) 

where      
l

nn rdrrWFrfFf
1

00 , . 

The initial condition for  0Fn  becomes 

 

   00 nn   with      
l

nn rdrrWFrF
1

00 , . (25) 

 

The solution of equation (24) which satisfies initial condition (25) is 
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The inverse transformation (10) by virtue of the orthogonality of the ei-

genfunctions  rWn  with weight function r  can be written in such a way  

 

   
 







1

200,
n n

n
n

N

rW
FFr ,   (28) 

 

where nN  is the norm of the function  rWn  defined by the formula  
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Employing the values of the integrals [5] 
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Consequently the thermal field is determined by the formula  
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Conclusion 

 

The research results show that the exact solution of the given problem is 

obtained in the form of the series. Choosing the solution in the special form 

it was possible to improve the convergence of the series on the boundary of 

the plate. The received asymptotic representations of the eigenvalues and 
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eigenfunctions allow to find the approximate numerical solution of the prob-

lem up to any prescribed accuracy. 

 

 

Summary 

This paper contains an exact solution for the transient temperature 

distribution in the thin circular plate surrounded by a fluid having the 

temperature  tT0  depending on time. The temperature of the plate un-

dergoes a sudden uniform change and is steadily maintained thereafter 

in accordance to Newton’s law of the convective heat transfer on the 

boundary. Using the finite integral transform with respect to the coor-

dinate r  the exact solution of the problem was obtained in the form of 

the infinite series. 
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