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ÎÑÍÎÂÈ ÀÍÀË²ЗÓ ÎХÎПËÅÍÍЯ ÄÀÍÈХ

Âèì³ðюâàííÿ åфåêòèâíîñò³ ñòàëî ïðåäìåòîì íàäзâè÷àéíîãî ³íòåðåñó, êîëè îðãàí³зàö³ї ïî÷àëè ïðèä³ëÿòè 
óâàãó ï³äâèщåííю ïðîäóêòèâíîñò³ ñâîєї ä³ÿëüíîñò³ òà ñâîєї êîíêóðåíòîñïðîìîæíîñò³. Пðîбëåìà âèì³ðю-
âàííÿ ïðîäóêòèâíîї åфåêòèâíîñò³ ãàëóз³ âàæëèâà ÿê òåîðåòè÷íî, òàê ³ ïðàêòè÷íî äëÿ îñîбè, ÿêà ïðèéìàє 
åêîíîì³÷í³ ð³шåííÿ. Âàæëèâî åìï³ðè÷íî ïåðåâ³ðÿòè òåîðåòè÷í³ âèñíîâêè ïðî â³äíîñíó åфåêòèâí³ñòü ð³з-
íèх åêîíîì³÷íèх ñèñòåì, à òàêîæ óì³òè ïðîâîäèòè фàêòè÷í³ âèì³ðюâàííÿ åфåêòèâíîñò³. 
Êлючові слова: ì³ðè åфåêòèâíîñò³, àíàë³з äàíèх, ë³í³éíå ïðîãðàìóâàííÿ.

Постановка проблеми. Åïîхàëüíà ðîбîòà [10] 
щîäî âèì³ðюâàííÿ åфåêòèâíîñò³ ï³äðîзä³ë³â ïðè-
éíÿòòÿ ð³шåíü (decision making units, DMUs) äàëà 
ïîшòîâх ³íшèì íàïðÿìàì ñó÷àñíîї ïîòóæíîї ìåòî-
äîëîã³ї îбðîбêè äàíèх – àíàë³зó îхîïëåííÿ äàíèх 
(data envelopment analysis, DEA). Îêð³ì ÷èñëåí-
íèх êîíêðåòíèх зàñòîñóâàíü ³äåé DEA ó ïðàêòè÷-
íèх ñèòóàö³ÿх, óâàãè зàñëóãîâóюòü, íàñàìïåðåä, 
ìåòîäîëîã³÷í³ ðîзðîбêè DEA ñòîñîâíî ìîäåëåé 
âèì³ðюâàííÿ åфåêòèâíîñò³, ï³äхîä³â äî ïîєäíàííÿ 
îбìåæåíü íà ìíîæíèêè â³äïîâ³äíèх îïòèì³зà-
ö³éíèх зàäà÷, êëàñèф³êàö³ї зì³ííèх ³ ì³íëèâîñò³ 
äàíèх [1; 3]. 

Àналіз останніõ досліджень і публікацій. Сïðî-
бàì âèð³шèòè ïðîбëåìó âèì³ðюâàííÿ ïðîäóêòèâ-
íîї åфåêòèâíîñò³ íå âäàâàëîñÿ ïîєäíàòè âèì³ðю-
âàííÿ ê³ëüêîх фàêòîð³â (âхîä³â) âèðîбíèöòâà. 
Дî òàêèх ñïðîб íàëåæàòü фîðìóâàííÿ ñåðåäíüîї 
ïðîäóêòèâíîñò³ єäèíîãî фàêòîðà (ïðàö³, êàï³òàëó, 
òåхíîëîã³÷íîãî ð³âíÿ òîщî) бåз óðàхóâàííÿ ³íшèх 
фàêòîð³â âèðîбíèöòâà òà ïîð³âíÿííÿ ñåðåäíüîзâà-
æåíîãî âхîäó з âèхîäîì âèðîбíèöòâà. Çàãàëüíèé 
ï³äх³ä äî àíàë³зó ä³ÿëüíîñò³ [20] äëÿ âèð³шåííÿ 
ïðîбëåìè âèì³ðюâàííÿ ïðîäóêòèâíîї åфåêòèâ-
íîñò³ ìîæíà ïîшèðюâàòè íà бóäü-ÿêó ïðîäóê-
òèâíó îðãàí³зàö³ю – â³ä àêòèâíîñò³ ãðóïè ëюäåé 
äî ðîбîòè åêîíîì³êè ó ö³ëîìó [2]. Цåé ï³äх³ä äàє 
зìîãó бðàòè äî óâàãè íå ëèшå ê³ëüêà âхîä³â, àëå é 
ê³ëüêà âèхîä³â âèðîбíèöòâà [4; 10].

Пî÷àòêîâà ³äåÿ DEA ïîëÿãàëà ó ïîшóêó ìåòî-
äîëîã³ї, зà äîïîìîãîю ÿêîї ñåðåä ïîð³âíÿíèх 
DMUs ìîæíà âèзíà÷àòè íàéêðàщ³ òà фîðìóâàòè 
ìåæó їхíüîї åфåêòèâíîñò³. Цÿ ìåòîäîëîã³ÿ òàêîæ 
äàëà зìîãó âèì³ðюâàòè ð³âåíü åфåêòèâíîñò³ DMUs 
íèæ÷å ìåæ³ åфåêòèâíîñò³ òà âèзíà÷àòè äëÿ íèх 
îð³єíòèðè [14].

Âîäíî÷àñ íåäîñòàòíüî âèñâ³òëåíèìè зàëèшà-
юòüñÿ ïèòàííÿ ³íòåðïðåòàö³ї ðîзâèòêó DEA ÷åðåз 
ìîäèф³êàö³ї îïòèì³зàö³éíèх зàäà÷.

Мета статті ïîëÿãàє ó äåìîíñòðàö³ї ìîæëèâîñ-
òåé зàñòîñóâàííÿ ì³ð åфåêòèâíîñò³.

Âиклад основного матеріалу дослідження. 
Сó÷àñíèé ðîзâèòîê ìîäåëåé DEA ïîшèðюєòüñÿ 
íà ìîäåëü îбîëîíêè â³ëüíîãî ðîзì³щåííÿ, ìîäåë³ 
ïåðåхðåñíîãî îö³íюâàííÿ òà ì³í³ìàëüíîї â³äñòàí³. 
Ðîзãëÿíåìî ìíîæèíó n DMUs, äå DMU j=1,...,n  

âèêîðèñòîâóє m âхîä³â xij, i=1,...,m, ³ ãåíåðóє s  
âèхîä³â yrj, r=1,...,s. Яêщî âèхîäó yrj â³äïîâ³äàє 
ö³íà (ìíîæíèê) ur, à âхîäó xij – ö³íà vr, òî зà â³äî-
ìèх ö³í åфåêòèâí³ñòü DMU j âèì³ðюєòüñÿ â³äíî-
шåííÿì зâàæåíèх âèхîä³â ³ зâàæåíèх âхîä³â
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ÿêå є îñíîâîю ñòàíäàðòíîї ïðîäóêòèâíîñò³ â 
³íæåíåð³ї.

Яêщî ö³íè âхîä³â vi ³ âèхîä³â ui íåâ³äîì³, òî 
äëÿ îб÷èñëåííÿ òàêèх ö³í äàíîãî DMU ïðîïîíó-
єòüñÿ ðîзâ’ÿзàòè ïåâíó зàäà÷ó íåë³í³éíîãî ïðîãðà-
ìóâàííÿ [10]: òåхí³÷íà åфåêòèâí³ñòü e0 DMU 0 є 
ðîзâ’ÿзêîì зàäà÷³ ìàêñèì³зàö³ї ïî vi òà ui (зàäà÷³ 
äðîбîâîãî ïðîãðàìóâàííÿ)
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äå ε – äåÿêà äîäàòíà íåàðх³ìåäîâà âåëè÷èíà 
з³ ñòðîãî äîäàòíîю íèæíüîю ãðàíèöåю [11] (ε ≥ 
0 [10]), щî ãàðàíòóє ñòðîãó äîäàòí³ñòü зì³ííèх 
vi òà ui. Îñê³ëüêè ö³ëüîâà фóíêö³ÿ – â³äíîшåííÿ 
âèхîä³â äî âхîä³â, òî öÿ зàäà÷à є âèх³ä-îð³єíòîâà-
íîю. Цю зàäà÷ó íàзèâàюòü зàäà÷åю CCR зà ïð³зâè-
щàìè Charnes, Cooper, Rhodes àâòîð³â ðîбîòè [10]. 
Çàäà÷à (ìîäåëü) CCR ïåðåäбà÷àє ïîñò³éíó â³ääà÷ó 
â³ä ìàñшòàбó (constant returns to scale, CRS).

Яêщî ö³ëüîâà фóíêö³ÿ – â³äíîшåííÿ âхîä³â äî 
âèхîä³â, òî â³äïîâ³äíà ñòàíäàðòíà зàäà÷à ì³í³ì³зà-
ö³ї є âх³ä-îð³єíòîâàíîю.

Çàñòîñîâóю÷è òåîð³ю äðîбîâîãî ïðîãðàìóâàííÿ 
[8] ³ зàì³íó зì³ííèх
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П³äхîäÿщ³ îð³єíòèðè äëÿ òî÷êè G – öå òî÷êè 
C ³ D.

Дëÿ âñ³х òî÷îê  A, B, C, D, E, F, G âñ³ зì³íí³ 
íåâ’ÿзêè (slack) s–

1j, s
–
2j äîð³âíююòü íóëю. Дîäàìî 

òî÷êó H, ðàä³àëüíà ïðîåêö³ÿ ÿêîї ïîòðåбóє ïîäî-
âæåííÿ ìåæ³ åфåêòèâíîñò³ äî äåÿêîї òî÷êè H*, à 
зì³ííà íåâ’ÿзêè s–

1H äîäàòíà ³ ð³âíà â³äñòàí³ ì³æ 
H* ³ D. Òîä³ ãîâîðÿòü, щî òî÷êà H íå є â³äïîâ³äíî 
îхîïëåíîю, à òî÷êà H* є ñëàбêî DEA-åфåêòèâíîю 
[12; 13].

Ìîäåëü [6] â³äð³зíÿєòüñÿ â³ä ìîäåë³ [10] äîäàò-
êîâîю зì³ííîю u0 бóäü-ÿêîãî зíàêó ³ ïåðåäбà÷àє 
зì³ííó â³ääà÷ó â³ä ìàñшòàбó (variable returns to 
scale, VRS):
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Цÿ зàäà÷à ð³âíîñèëüíà зàäà÷³ ЛП ³з äîäàòêî-
âîю зì³ííîю μ0, ÿêà ìîæå ìàòè бóäü-ÿêèé зíàê,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,               (3)

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

.

Дâîїñòîю зàäà÷åю äî îñòàííüîї є зàäà÷à ЛП з 
äîäàòêîâîю зì³ííîю θ0, ÿêà ìîæå ìàòè бóäü-ÿêèé 
зíàê,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,              (4)

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  ,

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0P
+−
rij s,s,

max
λ







 + ∑∑

=

+

=

−
s

1r
r

m

1i
i ss      (5) 

0iiij

n

1j
j xsx =+ −

=
∑λ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0Q
+−
rij s,s,

max
λ 








+ ∑∑

=

+

=

− s

1r 0r

r
m

1i 0i

i

y
s

x
sδ  

=0R
+−
rij s,s,

max
λ 









+
+

+
∑∑
=

+

+

=

− s

1r r0r

r
m

1i 0i

i

sy
s

x
s

rs
1  

∑

∑

=

+
=

−

+

−
=

s

1r 0r

r

m

1i 0i

i

y
s

s
11

x
s

m
11

p  

=oR
rij ,,

min
ϕθλ

∑

∑

=

=
s

1r
r

m

1i
i

s
1
m
1

ϕ

θ
 

∑
=

≤
n

1j
0iiijj xx θλ , m,,1i =  

∑
=

≥
n

1j
0rrrjj yy ϕλ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , iθ , rϕ 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

,
0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0P
+−
rij s,s,

max
λ







 + ∑∑

=

+

=

−
s

1r
r

m

1i
i ss      (5) 

0iiij

n

1j
j xsx =+ −

=
∑λ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0Q
+−
rij s,s,

max
λ 








+ ∑∑

=

+

=

− s

1r 0r

r
m

1i 0i

i

y
s

x
sδ  

=0R
+−
rij s,s,

max
λ 









+
+

+
∑∑
=

+

+

=

− s

1r r0r

r
m

1i 0i

i

sy
s

x
s

rs
1  

∑

∑

=

+
=

−

+

−
=

s

1r 0r

r

m

1i 0i

i

y
s

s
11

x
s

m
11

p  

=oR
rij ,,

min
ϕθλ

∑

∑

=

=
s

1r
r

m

1i
i

s
1
m
1

ϕ

θ
 

∑
=

≤
n

1j
0iiijj xx θλ , m,,1i =  

∑
=

≥
n

1j
0rrrjj yy ϕλ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , iθ , rϕ 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

,

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0P
+−
rij s,s,

max
λ







 + ∑∑

=

+

=

−
s

1r
r

m

1i
i ss      (5) 

0iiij

n

1j
j xsx =+ −

=
∑λ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

=0Q
+−
rij s,s,

max
λ 








+ ∑∑

=

+

=

− s

1r 0r

r
m

1i 0i

i

y
s

x
sδ  

=0R
+−
rij s,s,

max
λ 









+
+

+
∑∑
=

+

+

=

− s

1r r0r

r
m

1i 0i

i

sy
s

x
s

rs
1  

∑

∑

=

+
=

−

+

−
=

s

1r 0r

r

m

1i 0i

i

y
s

s
11

x
s

m
11

p  

=oR
rij ,,

min
ϕθλ

∑

∑

=

=
s

1r
r

m

1i
i

s
1
m
1

ϕ

θ
 

∑
=

≤
n

1j
0iiijj xx θλ , m,,1i =  

∑
=

≥
n

1j
0rrrjj yy ϕλ , s,,1r =  

∑
=

=
n

1j
j 1λ  

jλ , iθ , rϕ 0≥  j∀ n,,1= , m,,1i = , s,,1r =  

.

Îñòàííÿ зàäà÷à â³äð³зíÿєòüñÿ â³ä зàäà÷³ (2) 

äîäàòêîâèì îбìåæåííÿì ∑
=

=
n

1j
j 1λ , ÿêå ðàзîì з 0j ≥λ   

зàбåзïå÷óє îïóêë³ñòü îбîëîíîê. Яêщî â êîîðäè-
íàòàх Y ïî âåðòèêàë³ òà X ïî ãîðèзîíòàë³ (íåхàé 
X11<X12<X13) íàï³â³íòåðâàë ïðÿìîї ì³æ ñóñ³ä-
í³ìè DMUs 1 ³ 2 ìàє íàхèë б³ëüшå 45°, òî ñïî-
ñòåð³ãàєòüñÿ зб³ëüшóâàíà â³ääà÷à â³ä ìàñшòàбó 
(increasing returns to scale, IRS); ÿêщî íàï³â³íòåð-
âàë ïðÿìîї ì³æ ñóñ³äí³ìè DMUs 2 ³ 3 ìàє íàхèë 
ìåíшå 45°, òî ñïîñòåð³ãàєòüñÿ зб³ëüшóâàíà â³ääà÷à 
â³ä ìàñшòàбó (decreasing returns to scale, DRS); ó 
òî÷ö³ 2 ñïîñòåð³ãàєòüñÿ CRS. Àíàëîã³÷íî äî ìîäåë³ 
(2), щî âèÿâëÿє CRS, DMU 0 є BCC-åфåêòèâíèì 
(зà ïð³зâèщàìè Banker, Charnes, Cooper àâòî-
ð³â ðîбîòè [6]) òîä³, êîëè ³ñíóє ðîзâ’ÿзîê θ0

*=1 ó 
ìîäåë³ (4), щî âèÿâëÿє VRS, à âñ³ зì³íí³ íåâ’ÿзêè 
si
–*, sr

+*äîð³âíююòü íóëю. Î÷åâèäíî, ÿêщî DMU 
є CCR-åфåêòèâíèì, òî öåé DMU òàêîæ є BCC-
åфåêòèâíèì.

Бàãàòî àâòîð³â âèâ÷àëè êëàñèф³êàö³ю DMUs 
зà â³ääà÷åю â³ä ìàñшòàбó (returns to scale, RTS): 
ðîбîòà [5] âèêîðèñòîâóє ïîíÿòòÿ ðîзì³ðó íàéïðî-
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Цÿ зàäà÷à ЛП ìàêñèì³зàö³ї åêâ³âàëåíòà äâîїñ-
ò³é зàäà÷³ ЛП ì³í³ì³зàö³ї

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

               (2)

бåз îбìåæåíü äëÿ θ0 òà зà îбìåæåíü 

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

,

∑ ∑
=

−

=






s

1r

1m

1i
ijirjr xvyu  

ri u,v0 maxe = ∑ ∑
=

−

=






s

1r

1m

1i
0ii0rr xvyu  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xvyu  j∀ n,,0 =  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

rr ut=µ , ii vt=ν , де 
1m

1i
0iixvt

−

=






= ∑  

ir ,0 maxe
νµ

= ∑
=

s

1r
0rr yµ       (1) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤
s

1r

m

1i
ijirjr xy νµ  j∀ n,,0 =  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ      (2) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

0rrrj

n

1j
j ysy =− +

=
∑λ , s,,1r =  

jλ , −
is , +

rs 0≥  j∀ n,,1= , m,,1i = , s,,1r =  









≥≤≥= ∑ ∑
= =

n

1j

n

1j
jjjjj 0;YY;XX:)Y,X(T λλλ  

2
E2

2
E1

2
B2

2
B1

E
)X()X(

)X()X(

+

+
=θ =

+

+
=

22

22

846
705 83.3% 

ir0 v,u,u

*
0 maxe =

1m

1i
0ii

s

1r
00rr xvuyu

−

==













 − ∑∑  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xvuyu  j∀ n,,1=  

ru  iv≤≥ ε  ∀ s,,1r = , ∀  m,,1i =  

ir0 ,,

*
0 maxe

νµµ
= 






 −∑

=

s

1r
00rr y µµ     (3) 

∑
=

=
m

1i
0ii 1xν  

∑ ∑
= =

≤−
s

1r

m

1i
iji0rjr xy νµµ  j∀ n,,1=  

rµ  iνε ≤≥  ∀ s,,1r = , ∀  m,,1i =  

+−
rij s,s,

min
λ







 +− ∑∑

=

+

=

−
s

1r
r

m

1i
i0 ssεθ     (4) 

0i0iij

n

1j
j xsx θλ =+ −

=
∑ , m,,1i =  

.

Çàäà÷à (2) íàзèâàєòüñÿ ïðÿìîю зàäà÷åю îхî-
ïëåííÿ, à зàäà÷à (1) – äâîїñòîю. 

Пðîñò³ð îбìåæåíü ïðÿìîї зàäà÷³ âèзíà÷àє ìíî-
æèíó âèðîбíè÷èх ìîæëèâîñòåé
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Пðèêëàä 1. Íåхàé n=7, m=1, s=1:

DMU 1 2 3 4 5 6 7

X 2 3 6 9 5 4 10

Y 2 5 7 8 3 1 7

Сåðåä öèх DMUs íàéåфåêòèâí³шèì є DMU 
j=2, зâ³äêè äëÿ ìîäåë³ CRS ìåæà åфåêòèâíîñò³ 
є ïðÿìîю ó êîîðäèíàòàх Y ïî âåðòèêàë³ ³ X ïî 
ãîðèзîíòàë³, щî ïðîхîäèòü ÷åðåз òî÷êó O ïî÷àòêó 
êîîðäèíàò (0, 0) ³ òî÷êó (X12,Y12)=(3, 5), òîбòî ïðÿ-

ìîю X
3
5Y = . Òîä³ äëÿ j=3 ³íòóїòèâíà ì³ðà åфåêòèâ-

íîñò³ âèзíà÷àєòüñÿ â³äíîшåííÿì äî X13=6 â³äð³зêà 
ïðÿìîї ì³æ òî÷êàìè (0,Y13)=(0,7) ³ (X13,Y13)=(6, 
7), òîбòî ïðÿìîї Y=7, зà ìåæåю åфåêòèâíîñò³. 
Îñê³ëüêè äîâæèíà öüîãî â³äð³зêà ñòàíîâèòü 

2.4
5

73Y
5
3X =

×
== , òî åфåêòèâí³ñòü äëÿ j=3 äîð³â-

íює === 7.0
3
1.2

6
2.4

70%. Òîìó â зàäà÷³ (2) îхî-

ïëåíå îïòèìàëüíå зíà÷åííÿ θ3 ñòàíîâèòü θ3
*=0,7. 

Сë³ä ñêàзàòè, щî ï³ä ÷àñ âèзíà÷åííÿ ðåзóëüòàòó 

ÿê îбåðíåíîãî â³äíîшåííÿ âхîä³â äî âèхîä³â íàé-

êðàщèé DMU ìàòèìå â³äíîшåííÿ 67.1
3
5
=1,67, à â³ä-

íîшåííÿ äëÿ j=3 ñòàíîâèòèìå 43.1
7
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43.1
7
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21
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7
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3
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===×  

7.0
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7

43.1
1

==  , ÿêèé äîð³âíює åфåê-

òèâíîñò³. Âèх³ä-îð³єíòîâàíà ìîäåëü âèêîðèñòîâóє 
DEA-ïðîåêö³ю òî÷êè, щî â³äïîâ³äàє DMU, íà âåð-
òèêàëüíó â³ñü, ÿêà âèì³ðює âèх³ä.

Пðèêëàä 2. Íåхàé n=7, m=2, s=1 (DMUs ìàюòü 
єäèíèé ñï³ëüíèé âèх³ä):

DMU A B C D E F G

X1 3 5 8 12 6 8 10

X2 90 70 55 50 84 80 60

Î÷åâèäíî, щî òî÷êà C åфåêòèâí³шà, í³æ F. 
Ðîзâ’ÿзàííÿ зàäà÷³ (2) äàє 1DCBA ==== θθθθ  
(òî÷êè A, B, C, D (ñèëüíî) DEA-åфåêòèâíèìè). 
Îñê³ëüêè B є DEA-ïðîåêö³єю (ðàä³àëüíîю ïðî-
åêö³єю) E íà ìåæó åфåêòèâíîñò³ (B є îð³єíòèðîì 
(benchmark) äëÿ E), òî åфåêòèâí³ñòü E âèì³ðю-
єòüñÿ â³äíîшåííÿì â³äñòàí³ ì³æ òî÷êîю B ³ òî÷-
êîю O ïî÷àòêó êîîðäèíàò äî â³äñòàí³ EO:



Â³ñíèê ÎÍÓ ³ìåí³ ². ². Ìå÷íèêîâà. 2017. Ò. 22. Âèï. 2(55)

180

äóêòèâí³шîãî ìàñшòàбó, äå RTS âèзíà÷àєòüñÿ 

∑
=

=
n

1j
j 1λ ; ðîбîòà [6] âèêîðèñòîâóє â³ëüíó зì³ííó μ0 

ó ìîäåë³ (3); ðîбîòà [18] зàñòîñîâóє ñâ³é ìåòîä 
³íäåêñó åфåêòèâíîñò³ ìàñшòàбó. Пðîбëåìà êëàñè-
ф³êàö³ї RTS ïîëÿãàє â ³ñíóâàíí³ ìíîæèííèх îïòè-
ìóì³â, à òîìó êëàñèф³êàö³ÿ ìîæå бóòè фóíêö³єю 
êîíêðåòíîãî ðîзâ’ÿзêó, зàëåæíîãî â³ä ïðîãðàìíîãî 
зàбåзïå÷åííÿ îïòèì³зàö³ї. Щîб òî÷í³шå âèзíà÷àòè 
êëàñèф³êàö³ю RTS äëÿ äàíîãî DMU, ðîзðîбëÿëèñÿ 
³íòåðâàëè äëÿ ð³зíèх â³ëüíèх зì³ííèх, ÿê³ â³äïî-
â³äàюòü ð³зíèì îïòèìóìàì: ïðîïîíóєòüñÿ ìåòîä 
âèзíà÷åííÿ RTS äëÿ ìîäåë³ зà ìíîæèííèх îïòè-
ìóì³â [29]; ñåðåä ð³зíèх ìåòîä³â âèзíà÷åííÿ RTS 
îбèðàюòüñÿ îб÷èñëюâàëüíî ïðîñò³ ìåòîäè хàðàê-
òåðèзàö³ї RTS, щîб óíèêàòè ïîòðåбè äîñë³äæåííÿ 
âñ³х ìîæëèâèх îïòèìàëüíèх ðîзâ’ÿзê³â [26].

Âèщåзàзíà÷åí³ ìîäåë³ âèì³ðююòü åфåêòèâí³ñòü 
÷åðåз ðàä³àëüíó ïðîåêö³ю: ó âх³ä-îð³єíòîâàí³é 
ìîäåë³ âхîäè зìåíшóюòüñÿ ïðîïîðö³éíî зà ф³ê-
ñîâàíèх âèхîä³â, à ó âèх³ä-îð³єíòîâàí³é ìîäåë³ 
âèхîäè зб³ëüшóюòüñÿ ïðîïîðö³éíî зà ф³êñîâàíèх 
âхîä³â. Пðîïîíóєòüñÿ àäèòèâíà ìîäåëü (Пàðåòî–
Êóïìàíñà), ÿêà äî ïåâíîї ì³ðè ïîєäíóє âх³ä-
îð³єíòîâàíó òà âèх³ä-îð³єíòîâàíó ìîäåë³ [9].

Бàзîâèé âàð³àíò àäèòèâíîї ìîäåë³ зàäàєòüñÿ 
зàäà÷åю ЛП
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Уìîâà ∑
=

=
n

1j
j 1λ  îïóêëîñò³ âêàзóє íà òåхíîëî-

ã³ю, щî âèÿâëÿє VRS. Îñê³ëüêè ìåæà åфåêòèâ-
íîñò³, ãåíåðîâàíà ìîäåëëю (5), òàêà ñàìà, ÿê ìåæà 
åфåêòèâíîñò³, ãåíåðîâàíà ìîäåëëю (4), òî DMU є 
àäèòèâíî-åфåêòèâíèì зà Пàðåòî-Êóïìàíñîì (äëÿ 
ÿêîãî âñ³ íåâ’ÿзêè äîð³âíююòü íóëю â îïòèìóì³ 
зàäà÷³ (5)) òîä³ é ò³ëüêè òîä³, êîëè öåé DMU є 
ðîзâ’ÿзêîì зàäà÷³ (4). Î÷åâèäíî, щî òàêèé DMU 
òàêîæ є ðîзâ’ÿзêîì ìîäåë³ (2), щî âèÿâëÿє CRS: 
ó ïðèêëàä³ 1 òî÷êà (6, 7) ìîæå ïðîåêòóâàòèñÿ íå 
ëèшå âзäîâæ ïðÿìîї Y=7, àëå é óзäîâæ бóäü-ÿêîãî 
ïðîìåíÿ ïðÿìîãî êóòà ì³æ Y=7 òà X=6.

Îñê³ëüêè ð³зí³ âхîäè ³ âèхîäè ìîæóòü âèì³-
ðюâàòèñÿ ó íåñï³ââèì³ðíèх îäèíèöÿх [25], òî íå 
зàâæäè ïðàêòè÷íî âèêîðèñòîâóâàòè ñóìó íåâ’ÿзîê 
ó ö³ëüîâ³é фóíêö³ї зàäà÷³ (2), (4) àбî (5). Îñê³ëüêè 
ìîäåëü (5) íà â³äì³íó ìîäåëåé BCC òà CCR íå äàє 
фàêòè÷íîї ì³ðè íååфåêòèâíîñò³, òî зàì³ñòü êðèòå-
ð³ю P0 ïðîïîíóєòüñÿ êðèòåð³é
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äå 1)sm( −+=δ  [9]. Д³ëåííÿ íåâ’ÿзîê si
– òà 

sr
+ íà xi0 òà yr0 â³äïîâ³äíî äàє зìîãó зâîäèòè ö³ 

íåâ’ÿзêè äî ³íâàð³àíòíèх (ñï³ââèì³ðíèх) îäèíèöü, 

à ìíîæåííÿ íà δ äàє зìîãó íîðìóâàòè зàãàëüíèé 
ìàñшòàб. Дëÿ ï³äòðèìêè ñóì³ñíîñò³ з ì³ðàìè 
åфåêòèâíîñò³ â ñåíñ³ ìîäåëåé CCR òà BCC ïðîïî-
íóєòüñÿ ì³ðà (1–Q0) [27], зíà÷åííÿ ÿêîї ìîæå бóòè 
â³ä’єìíèì [7]. 

Уðàхîâóю÷è âèщåзãàäàí³ íåäîë³êè àäèòèâíîї 
ìîäåë³ (5), зàì³ñòü êðèòåð³ÿ Q0 ïðîïîíóєòüñÿ êðè-
òåð³é íåâ’ÿзîê [21]
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Íåзâàæàю÷è íà îб÷èñëюâàëüíó ñêëàäí³ñòü 
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Ìîäåëü [16], ïîä³бíà äî àäèòèâíîї ìîäåë³, 

âèêîðèñòîâóє íåðàä³àëüí³ ïðîåêö³ї äëÿ ïîбóäîâè 
íàñòðîєíîї äî ä³àïàзîíó ì³ðè, зíà÷åííÿ ÿêîї íàëå-
æàòü â³äð³зêó [0,1]. Íåðàä³àëüí³ ïðîåêö³ї òåæ 
âèêîðèñòîâóюòüñÿ íà äðóãîìó åòàï³ àíàë³зó åфåê-
òèâíîñò³ ï³ñëÿ âèзíà÷åííÿ òî÷êè ïðîåêö³ї äëÿ 
äàíîãî DMU [15; 23; 24; 28].

Âисновки. Яêщî åêîíîì³÷íå ïëàíóâàííÿ ñòî-
ñóєòüñÿ êîíêðåòíèх ãàëóзåé, òî âàæëèâî зíàòè 
ñïîä³âàíå зðîñòàííÿ âèïóñêó (âèхîäó) äàíîї ãàëóз³ 
зà ðàхóíîê ï³äâèщåííÿ її åфåêòèâíîñò³ ³ бåз зàëó-
÷åííÿ äîäàòêîâèх ìàòåð³àëüíèх ðåñóðñ³â. Пåð-
ñïåêòèâí³ íàïðÿìè ðîзâèòêó DEA – зàñòîñóâàííÿ 
ö³ëî÷èñåëüíèх зì³ííèх, ïèòàííÿ ïåðåíàâàíòà-
æåííÿ, ³äåíòèф³êàö³ÿ ïðîïóщåíèх äàíèх, ðîз-
ì³щåííÿ ф³êñîâàíèх îбñÿã³â âхîä³â ñåðåä DMUs, 
DEA зà îбìåæåíèх ðåñóðñ³â, àíàë³з ñêëàäíèх 
DMUs, зâ’ÿзîê ì³æ DEA ³ бàãàòîêðèòåð³àëüíèì 
ïðèéíÿòòÿì ð³шåíü.
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Иíñòèòóò êèбåðíåòèêè èìåíè Â. Ì. Гëóшêîâà 
Íàöèîíàëüíîé àêàäåìèè íàóê Уêðàèíы

ÎÑÍÎÂЫ ÀÍÀËÈЗÀ ÎХÂÀÒÀ ÄÀÍÍЫХ

Ðезюме
Изìåðåíèå эффåêòèâíîñòè ñòàëî ïðåäìåòîì ÷ðåзâы÷àéíîãî èíòåðåñà, êîãäà îðãàíèзàöèè ñòàëè óäåëÿòü 
âíèìàíèå ïîâышåíèю ïðîäóêòèâíîñòè ñâîåé äåÿòåëüíîñòè è ñâîåé êîíêóðåíòîñïîñîбíîñòè. Пðîбëåìà 
èзìåðåíèÿ ïðîäóêòèâíîé эффåêòèâíîñòè îòðàñëè âàæíà êàê òåîðåòè÷åñêè, òàê è ïðàêòè÷åñêè äëÿ ëèöà, 
ïðèíèìàющåãî эêîíîìè÷åñêèå ðåшåíèÿ. Âàæíî эìïèðè÷åñêè ïðîâåðÿòü òåîðåòè÷åñêèå âыâîäы îб îòíî-
ñèòåëüíîé эффåêòèâíîñòè ðàзíых эêîíîìè÷åñêèх ñèñòåì, à òàêæå óìåòü ïðîâîäèòü íåêîòîðыå фàêòè÷åñ-
êèå èзìåðåíèÿ эффåêòèâíîñòè. 
Êлючевые слова: ìåðы эффåêòèâíîñòè, àíàëèз äàííых, ëèíåéíîå ïðîãðàììèðîâàíèå.
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Summary
Efficiency measurement is becoming the subject of tremendous interest when organizations are paying 
attention to better productivity of their activity and their competitiveness. The problem of productive 
efficiency measurement is important both theoretically and practically for a person making economic 
decisions. It is essential to examine theoretical inferences on relative efficiency of various economic systems 
as well as to be able to carry some actual efficiency measurements.
Key words: efficiency measures, data analysis, linear programming.
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У ñòàòò³ ñфîðìóëüîâàíî êîíöåïòè åêîíîì³êî-ìàòåìàòè÷íîãî ìîäåëюâàííÿ äèíàì³÷íîї òðàєêòîð³ї ðîз-
âèòêó ðåã³îíó. Çàïðîïîíîâàíî åêñïåðòíó ñèñòåìó з àïàðàòîì ïðåäñòàâëåííÿ ³ âèêîðèñòàííÿ зíàíü зà 
äîïîìîãîю ìåòîä³â òåîð³ї íå÷³òêèх ìíîæèí äëÿ óзàãàëüíåííÿ фàêòîð³â ð³зíîї ïðèðîäè äî óïðàâëÿю÷èх 
ïàðàìåòð³â äèíàì³÷íîї ìîäåë³ фóíêö³îíóâàííÿ ³ ðîзâèòêó ðåã³îíó òà їхíüîї ³íòåðïðåòàö³ї зà ðåзóëüòàòàìè 
ìîäåëюâàííÿ é îòðèìàííÿ фàзîâèх ïîðòðåò³â, щî â³äîбðàæàюòü åâîëюö³ю ïîä³é ³з ïëèíîì ÷àñó.
Êлючові слова: åêîíîì³êà ðåã³îíó, íåë³í³éíà äèíàì³êà, ìàòåìàòè÷í³ ìîäåë³, îб÷èñëюâàëüíèé åêñïåðè-
ìåíò â åêîíîì³ö³, ñòðàòåã³ÿ, åêñïåðòíà ñèñòåìà, òåîð³ÿ íå÷³òêèх ìíîæèí.
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Постановка проблеми. Çà äîïîìîãîю 
êîìï’юòåðíèх òåхíîëîã³é ïðîâåñòè ÿê³ñíå ³ ê³ëü-
ê³ñíå äîñë³äæåííÿ ðîзãëÿíóòèх ó ñòàòò³ ìàòåìàòè÷-
íèх ìîäåëåé òà їх ÷èñëîâèх ïàðàìåòð³â, зì³íюю÷è 
ñòàðòîâ³ óìîâè. Íà бàз³ êîìï’юòåðíîãî ìîäåëюâàííÿ 
â³äшóêàòè зàêîíîì³ðíîñò³ фóíêö³îíóâàííÿ ðåã³îíó 
ÿê åêîíîì³÷íîãî îб’єêòà â ðèíêîâ³é åêîíîì³ö³.

Àналіз останніõ досліджень і публікацій. 
Îбґðóíòîâàí³ñòü ñòðàòåã³ї åêîíîì³÷íîãî ðîзâèòêó 
ðåã³îíó ïîâí³ñòю зàëåæèòü â³ä òî÷íîñò³ ³íфîðìà-
ö³éíîãî â³äîбðàæåííÿ ñîö³àëüíî-åêîíîì³÷íèх ïðî-
öåñ³â. Åêîíîì³êà ðåã³îíó, ÿê ³ бóäü-ÿêà ñêëàäíà 
äèíàì³÷íà ñèñòåìà, ðîзâèâàєòüñÿ ³ фóíêö³îíóє â 
óìîâàх íåâèзíà÷åíîñò³ [2, ñ. 44], ÿêà зóìîâëåíà 
ÿê âïëèâîì зàíàäòî âåëèêîї ê³ëüêîñò³ ð³зíîìà-
í³òíèх фàêòîð³â ó бóäü-ÿêèé ìîìåíò ÷àñó, òàê ³ 
íåòî÷í³ñòю ³íфîðìàö³ї щîäî ïàðàìåòð³â ðåã³î-
íàëüíèх ïðîöåñ³â. У ðåзóëüòàò³ òðàíñфîðìàö³éíèх 
ïðîöåñ³â â³äбóâàєòüñÿ ïåðåх³ä åêîíîì³êè ðåã³îíó 
з îäíîãî íåð³âíîâàæíîãî ñòàíó â ³íшèé, щî щå 
б³ëüшå ïîñèëює íåâèзíà÷åí³ñòü ïðîãíîзóâàííÿ 
ïîâåä³íêè ñèñòåìè òà зîâí³шíüîãî ñåðåäîâèщà ï³ä 
÷àñ ïðèéíÿòòÿ óïðàâë³íñüêèх ð³шåíü. Ц³ îбñòà-
âèíè âèзíà÷àюòü àêòóàëüí³ñòü äàíîãî íàïðÿìó 
äîñë³äæåíü òà íåîбх³äí³ñòü ðîзðîбëåííÿ íîâîãî ³ 
âäîñêîíàëåííÿ íàÿâíîãî ³íñòðóìåíòàð³ю ñèñòåì-
íîãî àíàë³зó ñòàíó ³ äèíàì³êè ðîзâèòêó ðåã³îí³â.

Íà æàëü, ïðîбëåìè íàëåæíîãî фóíêö³îíó-
âàííÿ ðåã³îíó ÿê äèíàì³÷íîї åêîíîì³÷íîї ñèñòåìè 
äîñë³äæóюòüñÿ íå â бàãàòüîх ïðàöÿх. У ïðàöÿх, 
ÿê³ ìîæíà ïîâ’ÿзàòè з åêîíîì³êîю ðåã³îíó, ðîз-
ãëÿíóòî ïåðåâàæíî ф³ðìè [1; 3; 4; 6; 10], òîìó 
àêòóàëüíèì є âèâ÷åííÿ ïðîöåñ³â ðîзâèòêó ðåã³îíó 
ÿê åêîíîì³÷íîãî îб’єêòà (ÅÎ).

Îñíîâíèì åêîíîì³÷íèì òðàêòàòîì, äå ðîзãëÿ-
äàєòüñÿ б³ëüш³ñòü ³äåé щîäî ïðèðîäè ÅÎ, щî óâ³-
éшëè â îñíîâó òðàíñàêö³éíîї òåîð³ї âåðòèêàëüíîї 
³íòåãðàö³ї, є ïðàöÿ [9]. Âèêëàäåíèé ó ö³é ðîбîò³ 
ï³äх³ä, щî ðîзãëÿäàє ÅÎ (â àâòîðñüê³é ³íòåðïðåòà-
ö³ї – ф³ðìè) ÿê ñòðóêòóðó óïðàâë³ííÿ òà îð³єíòî-
âàíèé íà з’ÿñóâàííÿ ñóòíîñò³ åêîíîì³÷íèх âèòðàò, 
зðó÷íèé ³ êîðèñíèé ³з ïîãëÿäó íàóêîâîї àбñòðàê-
ö³ї. Àâòîð ïðèä³ëÿє îñîбëèâó óâàãó îðãàí³зàö³é-
íèì íîâîââåäåííÿì ³ äëÿ îö³íêè àëüòåðíàòèâíèх 
óïðàâë³íñüêèх ð³шåíü ïîêëàäàєòüñÿ íå íà ãðàíè÷-
íèé, à íà ïîð³âíÿëüíèé ³íñòèòóö³îíàëüíèé àíàë³з. 
Íà æàëü, öÿ òåîð³ÿ íå ï³äêð³ïëåíà æîäíîю ìàòå-
ìàòè÷íîю ìîäåëëю, ÿêà ìîãëà б äîâåñòè зàïðîïî-
íîâàí³ â ðîбîò³ âèñíîâêè ³ ïðîâåñòè їх åêîíîì³÷íó 
ïåðåâ³ðêó.

У ïðàö³ [6] îäíèì ³з íàéâàæëèâ³шèх ïðèêëàä-
íèх íàïðÿì³â äëÿ îïèñó äèíàì³êè ðîзâèòêó ÅÎ 
є ïîбóäîâà ìàòåìàòè÷íèх ìîäåëåé (ÌÌ) òà éîãî 
åêîíîì³êî-ìàòåìàòè÷íå ìîäåëюâàííÿ. У í³é ðîз-
ãëÿíóòî шèðîêèé ñïåêòð òàêèх ìîäåëåé, ïðè 
öüîìó îïèñ ìîäåëåé äîâåäåíî äî òàêîãî ð³âíÿ, щî 
äîñâ³ä÷åíèé ñïåö³àë³ñò ó ãàëóз³ åêîíîì³êî-ìàòåìà-
òè÷íîãî ìîäåëюâàííÿ зà íåîбх³äí³ñòю ìîæå ñàìî-
ñò³éíî ðîзðîбèòè êîíêðåòíó ÌÌ з óðàхóâàííÿì 
òîãî, щî åêîíîì³÷íà ä³ÿëüí³ñòü хàðàêòåðèзóєòüñÿ 
÷èñåëüíèìè ³, ÿê ïðàâèëî, протилежними ³нтер-
есами.

Òàêèì ÷èíîì, â àíàë³зîâàíèх ïðàöÿх ðîзãëÿ-
íóòî îñíîâí³ ìîìåíòè ðåãóëюâàííÿ ÅÎ, ïðîòå âñå 
öå ïîãàíî âåðбàë³зîâàíî, òîбòî â íèх äåòàëüíî íå 
îïèñàíî, ÿê³ ïðè öüîìó âèêîðèñòîâóюòüñÿ ìàòå-
ìàòè÷í³ ìîäåë³, ï³äòâåðäæåí³ â³äïîâ³äíèìè îб÷èñ-
ëюâàëüíèìè åêñïåðèìåíòàìè.


