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Êðèâèé Î. Ô. Òóíåëüíå âêëþ÷åííÿ ïðè çìiøàíèõ óìîâàõ âçà¹ìîäi¨ iç

êóñêîâî-îäíîðiäíèì àíiçîòðîïíèì ïðîñòîðîì. Ðîçãëÿíóòî çàäà÷ó ïðî òóíåëü-

íå æîðñòêå âêëþ÷åííÿ, ùî âèõîäèòü îäíèì êiíöåì â ïëîùèíó ç'¹äíàííÿ äâîõ ðiçíèõ

àíiçîòðîïíèõ ïiâïðîñòîðiâ, ÿêi çíàõîäÿòüñÿ â óìîâàõ óçàãàëüíåíî¨ ïëîñêî¨ äåôîðìàöi¨.

Íà âêëþ÷åííi ðåàëiçîâàíi çìiøàíi óìîâè êîíòàêòíî¨ âçà¹ìîäi¨: ç÷åïëåíå îäíi¹þ ãðàííþ

iç ñåðåäîâèùåì i çíàõîäèòüñÿ â óìîâàõ ãëàäêîãî êîíòàêòó íà iíøié ãðàíi. Çà äîïîìî-

ãîþ ïîáóäîâàíîãî ðîçðèâíîãî ðîçâ'ÿçêó çàäà÷ó çâåäåíî äî ñèñòåìè ï'ÿòè ñèíãóëÿðíèõ

iíòåãðàëüíèõ ðiâíÿíü ç íåðóõîìîþ îñîáëèâiñòþ. Âñòàíîâëåíi óìîâè iñíóâàííÿ i àñèì-

ïòîòèêè ðîçâ'ÿçêiâ âêàçàíî¨ ñèñòåìè. Îòðèìàíi çàëåæíîñòi ïîêàçíèêiâ îñîáëèâîñòåé

íàïðóæåíü â âåðøèíi âêëþ÷åííÿ âiä éîãî ðîçòàøóâàííÿ i àíiçîòðîïíèõ âëàñòèâîñòåé

ïiâïðîñòîðiâ.

Êëþ÷îâi ñëîâà: êóñêîâî-îäíîðiäíèé àíiçîòðîïíèé ïðîñòið, âêëþ÷åííÿ, ðîçðèâíèé

ðîçâ'ÿçîê, ñèíãóëÿðíi iíòåãðàëüíi ðiâíÿííÿ, íåðóõîìà îñîáëèâiñòü.

Êðèâîé À. Ô. Òóííåëüíîå âêëþ÷åíèå ïðè ñìåøàííûõ óñëîâèÿõ âçàèìî-

äåéñòâèÿ ñ êóñî÷íî-îäíîðîäíûì àíèçîòðîïíûì ïðîñòðàíñòâîì. Ðàññìîòðåíà

çàäà÷à î òóííåëüíîì âêëþ÷åíèè, âûõîäÿùåì îäíèì êîíöîì â ïëîñêîñòü ñîåäèíåíèÿ

äâóõ ðàçëè÷íûõ àíèçîòðîïíûõ ïîëóïðîñòðàíñòâ, íàõîäÿùèõñÿ â óñëîâèÿõ îáîáùåííîé

ïëîñêîé äåôîðìàöèè. Íà âêëþ÷åíèè ðåàëèçîâàíû ñìåøàííûå óñëîâèÿ êîíòàêòíîãî

âçàèìîäåéñòâèÿ: ñöåïëåíèå îäíîé èç ãðàíåé ñî ñðåäîé è ãëàäêèé êîíòàêò äðóãîé. Ñ ïî-

ìîùüþ ïîñòðîåííîãî ðàçðûâíîãî ðåøåíèÿ çàäà÷è ñâåäåíû ê ñèñòåìå ïÿòè ñèíãóëÿðíûõ

èíòåãðàëüíûõ óðàâíåíèé ñ íåïîäâèæíîé îñîáåííîñòüþ. Óñòàíîâëåíû óñëîâèÿ ðàçðåøè-

ìîñòè è àñèìïòîòèêà ðåøåíèé óêàçàííîé ñèñòåìû. Ïîëó÷åíû çàâèñèìîñòè ïîêàçàòåëåé

íàïðÿæåíèé â âåðøèíå âêëþ÷åíèÿ îò åãî ïîëîæåíèÿ è àíèçîòðîïíûõ ñâîéñòâ ïîëóïðî-

ñòðàíñòâ.

Êëþ÷åâûå ñëîâà: êóñî÷íî-îäíîðîäíîå àíèçîòðîïíîå ïðîñòðàíñòâî, âêëþ÷åíèå, ðàç-

ðûâíîå ðåøåíèå, ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ, íåïîäâèæíàÿ îñîáåííîñòü.

Kryvyy O. F. Tunnel inclusion in mixed conditions of interaction with piece-

wise homogeneous anisotropic space. The problem of the tunnel inclusion that goes

on one end to the splice plane of the of two different anisotropic half spaces in situations

of generalized plane strain. Implemented to enable mixed conditions of contact interaction:

cohesion one of the faces with the medium and sleek contact with the other. With the

constructed of discontinuous solution problems are reduced to a system of a system of five

singular integral equations with fixed singularity. Establishes the conditions the solvability

and the asymptotic behavior of solutions of this system. The dependencies of stress exponent
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at the apex of inclusion of its provisions and the anisotropic properties of half-spaces.

Key words: inhomogeneous anisotropic spaces, crack, inclusion, discontinuous solution,

singularity equations, fixed singularity cohesion.

Âñòóï. Çàäà÷i ïðî ìiæôàçíi äåôåêòè â êóñêîâî-îäíîðiäíèõ àíiçîòðîïíèõ
ñåðåäîâèùàõ ðîçãëÿäàëè áàãàòî àâòîðiâ. Ïðè öüîìó äîñëiäæåííÿ, â îñíîâíîìó,
îáìåæóâàëèñü ïëîñêèìè âèïàäêàìè [1-6]. Â ðîáîòàõ [7-9] çà äîïîìîãîþ ïîáó-
äîâàíèõ iíòåãðàëüíèõ ñèíãóëÿðíèõ ñïiââiäíîøåíü äîñëiäæåíi ìiæôàçíi òóíåëüíi
äåôåêòè â êóñêîâî-îäíîðiäíîìó àíiçîòðîïíîìó ñåðåäîâèùi, ÿêå çíàõîäèòüñÿ â
äâîâèìiðíîìó ñòàíi (óçàãàëüíåíà ïëîñêà äåôîðìàöiÿ ([10]). Â öié ïðàöi âêàçàíèé
ìåòîä óçàãàëüíåíî íà âèïàäîê âíóòðiøíüîãî òóíåëüíîãî âêëþ÷åííÿ. Çîêðåìà
ïîáóäîâàíî ðîçðèâíèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòî-
ðó çà íàÿâíîñòi âíóòðiøíiõ äåôåêòiâ i iíòåãðàëüíi ñïiââiäíîøåííÿ, ùî çâ'ÿçóþòü
ñòðèáêè i ñóìè ïåðåìiùåíü òà íàïðóæåíü íà âêàçàíèõ äåôåêòàõ â ïðîñòîði óçà-
ãàëüíåíèõ ôóíêöié ïîâiëüíîãî çðîñòàííÿ. Â ðåçóëüòàòi çàäà÷à ïðî òóíåëüíå
âêëþ÷åííÿ, ÿêå âèõîäèòü ïiä äîâiëüíèì êóòîì â ïëîùèíó ç'¹äíàííÿ äâîõ ðiçíèõ
àíiçîòðîïíèõ ïiâïðîñòîðiâ i ïåðåáóâà¹ â óìîâàõ ïîâíîãî ç÷åïëåííÿ íà îäíié iç
ãðàíåé i óìîâàõ ãëàäêîãî êîíòàêòó íà iíøié, çâåäåíà äî ñèñòåìè ï'ÿòè ñèíãó-
ëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (ÑIÐ) ç íåðóõîìèìè îñîáëèâîñòÿìè. Îá ðóíòîâàíî
iñíóâàííÿ i âèÿâëåíà àñèìïòîòèêà ïîâåäiíêè ðîçâ'ÿçêiâ îòðèìàíèõ ñèñòåì ÑIÐ.
Îòðèìàíi çàëåæíîñòi ïîêàçíèêiâ îñîáëèâîñòåé íàïðóæåíü â âåðøèíàõ âêëþ÷åííÿ
âiä àíiçîòðîïíèõ âëàñòèâîñòåé ìàòåðiàëiâ i êóòà íàõèëó âêëþ÷åííÿ.

Îñíîâíi ðåçóëüòàòè.

1. Ïîáóäîâà ðîçðèâíîãî ðîçâ'ÿçêó äëÿ êóñêâî-îäíîðiäíîãî àíiçîòðî-
ïíîãî ñåðåäîâèùà. Íåõàé ïðîñòið, ÿêèé ñêëàäåíèé iç äâîõ ðiçíèõ àíiçîòðîïíèõ
ïiâïðîñòîðiâ, ç'¹äíàíèõ â ïëîùèíi x = 0, çíàõîäèòüñÿ â äâîâèìiðíîìó ñòàíi, áåç
íàÿâíîñòi ïëîùèí ïðóæíî¨ ñèìåòði¨, òîáòî â óìîâàõ óçàãàëüíåíî¨ ïëîñêî¨ äåôîð-
ìàöi¨ [10]. Â ïðîñòîði ìiñòÿòüñÿ äîâiëüíi êóñêîâî-íåïåðåðâíi öèëiíäðè÷íi ïîâåðõ-
íi, íàïðÿìíi ÿêèõ ïàðàëåëüíi îñi OZ, â ðåçóëüòàòi ïåðåòèíó îñòàííiõ ïëîùèíîþ
XOY óòâîðþ¹òüñÿ êóñêîâî-íåïåðåðâíèé êîíòóð `. Íà âêàçàíèõ ïîâåðõíÿõ ðîç-
òàøîâàíi íàñêðiçíi äåôåêòè çàãàëüíî¨ ïðèðîäè (òèïó òðiùèí, âiäøàðîâàíèõ i íå
âiäøàðîâàíèõ âêëþ÷åíü). Âèõîäÿ÷è iç ðiâíÿííÿ ðiâíîâàãè òà óçàãàëüíåíîãî çà-
êîíó Ãóêà, âiäíîñíî êîìïîíåíòè òåíçîðà íàïðóæåíü òà âåêòîðà ïåðåìiùåíü:

−→η = {ηk(x, y)}8k=1 = {σx, σy, τxy, τxz, τyz, u, v, w}, (1)

îòðèìà¹ìî íàñòóïíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

D[x, ∂1, ∂2]−→η = f, x 6= 0, (x, y) /∈ l, (2)

äå

D[x, ∂1, ∂2] =

∥∥∥∥ D∗ O3×3

−B(x) DT
∗

∥∥∥∥ , B(x) = {βkj(x)}5j,k=1, βkj(x) =

{
β+
kj , x > 0,

β−kj , x < 0.

D∗ =

∥∥∥∥∥∥
∂1 0 ∂2 0 0
0 ∂2 ∂1 0 0
0 ∂2 0 ∂1 ∂2

∥∥∥∥∥∥ , ∂1 ≡
∂

∂x
, ∂2 ≡

∂

∂y
,
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f = { − X0, −Y0, 0, 0, 0, 0, 0, 0}, β±kj � êîåôiöi¹íòè óçàãàëüíåíîãî çàêîíó Ãó-
êà âiäïîâiäíî äëÿ âåðõíüîãî òà íèæíüîãî ïiâïðîñòîðiâ, X0, Y0 ïðîåêöi¨ îá'¹ìíèõ
ñèë íà âiäïîâiäíi îñi. Íîðìàëüíi íàïðóæåííÿ σz ïðè öüîìó âèçíà÷èìî çà ôîð-
ìóëîþ σz = −β−1

66

∑5
j=1 β6jvj . Â ïëîùèííi x = 0 ââàæà¹ìî âèêîíàíèìè óìîâè

íåïåðåðâíîñòi:
χ− = 0, (3)

äå χ− =
{
χ−k (y)

}6
= {〈η1〉−, 〈η3〉−, 〈η4〉−, 〈η6〉−, 〈η7〉−, 〈η8〉−} , 〈ηk〉− � ñòðèáêè

ôóíêöié ηk ïðè ïåðåõîäi ïëîùèíè x = 0. Äëÿ ïîäàííÿ óìîâ íà ëiíi¨ `, äå ìî-
æëèâi ðîçðèâè âñiõ êîìïîíåíò âåêòîðà ~η, ââåäåìî â êîæíié òî÷öi ëiíi¨ ` ëîêàëüíó
ñèñòåìó êîîðäèíàò (N,S, Z). Íàïðÿìîê îñi S ñïiâïàäà¹ ç íàïðÿìêîì äîòè÷íî-
ãî âåêòîðà s äî ëiíi¨ ` â äàíié òî÷öi, íàïðÿìîê îñi N ñïiâïàäà¹ ç íàïðÿìêîì
íîðìàëüíîãî âåêòîðà n, ÿêèé âèáèðà¹òüñÿ çëiâà âiä äîòè÷íîãî âåêòîðà, âiñü Z çà-
ëèøà¹òüñÿ íåçìiííîþ. Êóò ìiæ îñÿìè X i N ïîçíà÷èìî φ = φ(x, y), (x, y) ∈ `. Â
íîâié ñèñòåìi êîîðäèíàò êîìïîíåíòè òåíçîðà íàïðóæåíü òà âåêòîðà ïåðåìiùåíü
ïîçíà÷èìî òàê:

−→η ` = {η̃k(x, y)}8k=1 = {σN, σS, τNS, τNZ, τSZ, uN, vS, wZ}. (4)

Â çàëåæíîñòi âiä âèäó êîíòàêòíî¨ âçà¹ìîäi¨ äåôåêòiâ iç ïðîñòîðîì íà ëiíi¨ ` áó-
äóòü âiäîìi øiñòü iç íàñòóïíèõ âåëè÷èí: χ̃± = {χ̃±k }6k=1, äå χ̃

±
k = 〈χ̃k (x, y)〉±` �

âiäïîâiäíî ñòðèáêè i ñóìè ôóíêöié (4). Äëÿ âèçíà÷åíîñòi áóäåìî ââàæàòè âiäî-
ìèìè íà ëiíi¨ ` ñòðèáêè:

〈ṽk〉−` = χ̃−k (x, y), k = 1, 8, k 6= 2, 5, (x, y) ∈ `. (5)

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (2), (3), (5), ïðè âèêîíàíi óìîâ X0, Y0 ∈ C1
0,`(R2)∩

∩L1(R2), χ̃±k (x, y) ∈ C∗(`) ∩ L1 (`) , χ±k0(y) ∈ C∗(R) ∩ L1 (R) , ñëiä ðîçøóêóâàòè â
êëàñi C1

0,`(R2) ∩ L1(R2), äå Cm0,` � ïðîñòið ôóíêöié, íåïåðåðâíèõ ðàçîì çi âñiìà
ïîõiäíèìè äî m-ïîðÿäêó â R2, çà âèêëþ÷åííÿì ïðÿìî¨ x = 0 i ëiíi¨ `, L1(R2) �
ïðîñòið iíòåãðîâàíèõ â R2 ôóíêöié, C∗ (`) , L1 (`) � ïðîñòîðè âiäïîâiäíî êóñêîâî-
íåïåðåðâíèõ òà iíòåãðîâàíèõ íà ` ôóíêöié.

Ïðîäîâæèìî ñèñòåìó (2) íà âåñü ïðîñòið, äëÿ öüîãî ïåðåéäåìî äî ïðîñòîðó
óçàãàëüíåíèõ ôóíêöié ïîâiëüíîãî çðîñòàííÿ =′(R2) i âðàõó¹ìî çâ'ÿçîê ìiæ óçà-
ãàëüíåíèìè i çâè÷àéíèìè ïîõiäíèìè ∂kηj = ∂̃kηj − χ−j (x, y)(−1)k+1κkδ(`), äå δ(`)
� ôóíêöiÿ Äiðàêà çîñåðåäæåíà íà êîíòóði `, χ−j � ñòðèáêè ôóíêöié ηj íà êîíòóði
`, à òàêîæ ôîðìóëè çâ'ÿçêó ìiæ êîìïîíåíòàìè âåêòîðiâ ~η i ~η` [11]. Â ðåçóëüòàòi
âiäíîñíî âåêòîðó ~η â ïðîñòîði =′(R2) îòðèìà¹ìî êðàéîâó çàäà÷ó(

D[x, ∂̃1, ∂̃2]~η, q
)

= (f∗, q) , (x, y) ∈ R2, q ∈ =(R2), (6)

η+
k = η−k , k = 1, 3, 4, 6, 7, 8, (7)

äå
v±k ∈ =

′
±(R2), f∗ = {fj∗}8, f1∗ =

(
χ̃−1 κ1 + χ̃−2 κ2

)
δ(`)−X0,

f2∗ =
(
−χ̃−1 κ2 + χ̃−2 κ1

)
δ(`)− Y0, f3∗ = χ̃−3 δ(`), f8∗ = −χ̃−6 κ2δ(`),

f4∗ = (χ̃−4 κ1 + χ̃−5 κ2)κ1δ(`), f5∗ = (χ̃−4 κ2 − χ̃−5 κ1)κ2δ(`), κ1 = cosφ,
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f6∗ = (χ̃−5 (κ2
1 − κ2

2)− 2κ1κ2χ̃
−
4 )δ(`), f7∗ = χ̃−6 κ1δ(`), κ2 = sinφ,

=′±(R2) = {f± ∈ =′(R2) |supp f± = R± × R}.

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (6), (7), ñëiäóþ÷è ðîáîòàì [12, 7�9], áóäåìî íàçè-
âàòè ðîçðèâíèì ðîçâ'ÿçêîì äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ñåðåäîâèùà â
ïðîñòîði =′(R2). Îñòàííié îòðèìà¹ìî, ñïèðàþ÷èñü íà ôóíäàìåíòàëüíèé ðîçðèâ-
íèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòîðó, òîáòî íà ñèñòåìó
âåêòîðiâ wj = {wkj(x, y, x0, y0)}k=1,8, wkj ∈ =′(R2), j = 1, 8, ÿêà çàäîâîëüíÿ¹ íà-
ñòóïíié ñèñòåìi êðàéîâèõ çàäà÷:

D[x, ∂̃1, ∂̃2]wj = f0j , j = 1, 8 (x, y) ∈ R2, (8)

w+
kj = w−kj , k = 1, 8, k 6= 2, k 6= 5, (9)

äå w±kj ∈ =′±(R2),f0j = {f0
kj}8 = {δkj}8δ(x − x0, y − y0), · · · (x0, y0) 6= 0, δnj �

ñèìâîë Êðîíåêåðà.
Êîìïîíåíòè âåêòîðiâ wj íàëåæàòü ïiäïðîñòîðó [6] =′0(R2), îòæå, çàñòîñóâàâ-

øè äî (8) äâîâèìiðíå ïåðåòâîðåííÿ Ôóð'¹ i ñêîðèñòàâøèñü ðåçóëüòàòàìè ðîáiò

[7�9], âiäíîñíî W±kj (α1, α2) = F2

[
w±kj

]
∈ Ω′±,−1(R2), îòðèìà¹ìî çà çìiííîþ α1

ìàòðè÷íó êðàéîâó çàäà÷ó Ðiìàíà â ïðîñòîði =′(R2) :

M+ (−iα1,−iα2)W+
j = M− (−iα1,−iα2)W+

j + f∗j , j = 1, 8, (10)

äå M± = ±D [±0,−iα1,−iα2] ,W±j =
{

W±kj

}8

, f∗j = {δkje∗0}
8
, e∗0 = eiα1x0+iα2y0 .

Âðàõîâóþ÷è ïîëiíîìiàëüíèé âèä êîåôiöi¹íòiâ çàäà÷i (10), çàñòîñó¹ìî äî ¨¨
ðîçâ'ÿçóâàííÿ ìåòîä, ïîäàíèé â ðîáîòàõ [6�7], â ðåçóëüòàòi îòðèìà¹ìî

Wkj = W+
kj +W−kj , k = 1, 8, j = 1, 8, (11)

äå (W±kj = (−iα2)W±kj , k = 6, 7, 8),W±kj(α1, α2) = 1
P±6 (α1,α2)

∑8
p=1 i

θ1r±kpt
±
pj ,

P±6 (α1, α2) = P±4 P±2 −
(
P±3
)2
, P±2 = β±44α

2
2 − 2β±45α1α2 + β±55α

2
1,

P±3 = β±14α
3
2 − (β±15 + β±34)α1α

2
2 + (β±24 + β±35)α2

1α2 − β±25α
3
1,

P±4 = β±11α
4
2 − 2β±13α1α

3
2 + (β±33 + 2β±12)α2

1α
2
2 − 2β±23α

3
1α2 + β±22α

4
1,

r±kp = h±k λ
±
p,l, k = 1, 5, p = 1, 8, l =

{
1, k = 1, 2, 3
2, k = 4, 5,

, θ1 =

{
1, p = 1, 3
0, p = 4, 8

,

λ±1l = α−1
1 (g±j P±l+2 − `

±
j P±l+1), λ±jl = α−1

2 (g±5 P±l+2 − `
±
5 P±l+1),j = 1, 3,

λ±5l = − α2
2P±l+1, λ

±
6l = −α1α2P±l+1, λ

±
7l = α2P±l+2, λ

±
8l = −α1P±l+2, l = 1, 2,

r±6j = α−1
1 α2(λ±j1`

±
1 − λ

±
j2g
±
1 ), r±7j = λ±j1`

±
2 − λ

±
j2g
±
2 , r

±
8j = λ±j1`

±
5 − λ

±
j2g
±
5 ,

h±1 = α2
2, h

±
2 = α2

1, h
±
3 = −α1α2, h

±
4 = −α2, h

±
5 = α1, λ

±
4l = α2

2P±l+1,

`±k = β±1kα
2
2 − β±3kα1α2 + β±2kα

2
1, g

±
k = β±4kα2 − β±5kα1, k = 1, 5.
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{t±kj}k=1,8 = θ(±x0)e∗0{δkj}k=1,8 ∓
1

2
f∗0 , j = 1, 8,

f∗0 = {χ10(α2), χ30(α2), χ40(α2), χ60(α2), 0, χ70(α2), χ80(α2), 0}.

Äëÿ âèçíà÷åííÿ íåâiäîìèõ ôóíêöié χk0(α2) ñêîðèñòà¹ìîñÿ óìîâàìè (9). Ïi-
ñëÿ îáåðíåííÿ (11), âèðàçè êîìïîíåíò ôóíäàìåíòàëüíèõ ðîçðèâíèõ ðîçâ'ÿçêiâ
äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòîðó ïîäàìî òàê:

wkj(x, y, x0, y0) = θ(x)w+
kj + θ(−x)w−kj , k = 1, 8, j = 1, 8, (12)

äå

w+
kj = 2

π Im
∑3
n=1{θ(x0)R̄+

kjnKkj [ξ̄
+
n − ξ̄+

n0] +
∑3
m=1[θ(x0)β++

kjnmKkj [ξ̄
+
n − ξ+

m0]+

+θ(−x0)β+−
kjnmKkj [ξ̄

+
n − ξ̄±m0]]},

w−kj = 2
π Im

∑3
n=1{θ(−x0)R̄−kjnKkj [ξ̄

−
n − ξ̄−n0] +

∑3
m=1[θ(x0)β−+

kjnmKkj [ξ
−
n − ξ+

m0]+

+θ(−x0)β−−kjnmKkj [ξ
−
n − ξ̄−m0]]},

Kkj [f ] = f−1, (k = 1, 5; j = 1, 3)
⋃

(k = 6, 8; j = 4, 8), ξ±m = z±mx+ y,

Kkj [f ] = −f−2, (k = 1, 5; j = 4, 8),Kkj [f ] = ln f, (k = 6, 8; j = 1, 3),

α+
pjn =

6∑
k=1

a∗kpR
0,+
kjn, α

−
pjn =

6∑
k=1

a∗kpR̄
0,−
kjn, β

+±
kjmn =

6∑
p=1

α±pjmN̄+
kpn, R±kp =

3∑
n=1

R±kpn,

β−±kjnm =

6∑
p=1

α±pjnN−kpm, ξ
±
m0 = z±mx0 + y0,

{
R0,±
kjm

}
k=1,6

=
{
R±kjm

}
k=1,3,4,6,7,8

,

R±kpn =
r±kp(z

±
n , 1)

β±0 q
±
n (z±n )q̄±n (z±n )

, q±n (z±n ) =

3∏
l=1, l 6=n

(z±n − z±l ) , q̄±n (z±n ) =

3∏
l=1

(z±n − z̄±l ),

P±6 (z±n , 1) ≡ 0, β±0 = β±22β
±
55 − (β±25)

2
,

N± =

{
3∑

n=1

N±kpn

}6

=

{
3∑

n=1

R±kpn

}p=1,2,3,4,6,7

k=1,3,4,6,7,8

.

Çíàéäåíi âèðàçè (12) äàþòü çìîãó, ñêîðèñòàâøèñü òåîðåìîþ ïðî çãîðòêó,
îòðèìàòè ðîçðèâíèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ñåðåäî-
âèùà:

ηk =

8∑
j=1

wkj ∗ fj∗ =

8∑
j=1

∫∫
R2

wkj(x, y, x0, y0)fj∗(x0, y0)dx0dy0. (13)

Ïîäàííÿ (13) ìiñòèòü øiñòü ñòðèáêiâ χ̃−k , k = 1, 6 êîìïîíåíò òåíçîðà íàïðó-
æåíü òà âåêòîðà ïåðåìiùåíü, çîñåðåäæåíèõ íà êîíòóði `. ×àñòèíà iç ÿêèõ, â
çàëåæíîñòi âiä òèïó äåôåêòó, âèÿâëÿþòüñÿ íåâiäîìèìè ôóíêöiÿìè. Äëÿ ¨õ âè-
çíà÷åííÿ, ñêîðèñòàâøèñü ôîðìóëàìè Ñîõîòñüêîãî, îòðèìà¹ìî iíòåãðàëüíi ñïiâ-
âiäíîøåííÿ, ùî çâ'ÿçóþòü ñòðèáêè òà ñóìè χ̃± = {χ̃±k }6k=1 íà êîíòóði `. Çîêðåìà,
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ÿêùî êîíòóð ` ¹ îá'¹äíàííÿì âiäðiçêiâ, ðîçòàøîâàíèõ âçäîâæ ïðÿìî¨, ÿêà ïðî-
õîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò ïiä êóòîì φ äî îñi OX: ` =

⋃r
j=1(aj ; bj), òîáòî:

x = t cosφ, x0 = τ cosφ, y = t sinφ, y0 = τ sinφ, χ̃±k (x, y) = χ̃±k (t), (k = 1, 6),
χ̃±k (t) = (χ̃±k (t))′, (k = 4, 6), âêàçàíi ñïiââiäíîøåííÿ ïîäàìî òàê:

χ̃+
k (t) =

1

π

6∑
j=1

∫
`

χ̃−j (τ)

[
Υkj(t)

t− τ
+ Im

3∑
n,m=1

Bkjnm
temn − τ

]
dτ, t ∈ `, k = 1, 6, (14)

äå

Υ±kj = 4Im

3∑
n=1

H±jkn(
β̄±n
)δ∗ , B±+

kjmn =
b±+
kjnm(
β̄±n
)δ∗ , B±−kjmn =

b±−kjnm(
β̄±n
)δ∗ , δ∗ =

{
1, j = 1, 3
2, j = 4, 6

,

B±+
kjnm =

b±+
kjnm(
β̄±n
)δ∗ , B±−kjnm =

b±−kjnm(
β̄±n
)δ∗ ,{e++

nm, e
+−
nm , e

−+
nm , e

−−
nm

}
=

{
β̄+
n

β+
m
,
β̄+
n

β̄−m
,
β−n
β+
m
,
β−n
β̄−m

}
,

β±n = z±n cosφ+ sinφ,Υkj =
∑
±
θ(±t)Υ±kj ,Bkjnm =

∑
±(±)

θ(±t)θ((±)τ)B
±(±)
kjnm,

enm =
∑
±(±)

θ(±t)θ((±)τ)e±(±)
nm .

Ñïiââiäíîøåííÿ (14) óçàãàëüíþþòü ñïiââiäíîøåííÿ äëÿ êóñêîâî-îäíîðiäíî¨
àíiçîòðîïíî¨ ïëîùèíè [6] i äîçâîëÿþòü çàäà÷i ïðî âíóòðiøíi òóíåëüíi äåôåêòè â
êóñêîâî-îäíîðiäíîìó àíiçîòðîïíîìó ñåðåäîâèùi çâîäèòè áåçïîñåðåäíüî äî ñèñòåì
ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (ÑIÐ).

2. Ïîñòàíîâêà i çâåäåííÿ äî ñèñòåìè ÑIÐ çàäà÷ ïðî òóíåëüíå âêëþ-
÷åííÿ. Íåõàé â ðåçóëüòàòi ïåðåòèíó òóíåëüíîãî âêëþ÷åííÿ ïëîùèíîþ Õ0Ó óòâî-
ðèòüñÿ âiäðiçîê ` = (0; a) (Ðèñ. 1).

Ðèñ. 1

Äî âêëþ÷åííÿ ïðèêëàäåíå äîâiëüíå íàâàíòàæåííÿ ç ðiâíîäiéíîþ P =(P1, P2, 0)
i öåíòðàëüíèì ìîìåíòîì M, ÿêi çàáåçïå÷óþòü äâîâèìiðíèé ñòàí. Ðîçìiùåííÿ
ãðàíåé âêëþ÷åíü ïiñëÿ äåôîðìàöi¨ îïèñó¹òüñÿ ôóíêöiÿìè

w̃±(t) = ε + δ∗t+ w̃±∗ (t), t ∈ `, (15)
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äå ôóíêöi¨ w̃±∗ (t) îïèñóþòü ôîðìó ãðàíåé âêëþ÷åííÿ. Ãðàíi âêëþ÷åíü, ùî çíàõî-
äÿòüñÿ ç áîêó íîðìàëi, ç÷åïëåííi ç ñåðåäîâèùåì, à ïðîòèëåæíi ãðàíi çíàõîäÿòüñÿ
â óìîâàõ ãëàäêîãî êîíòàêòó. Âðàõîâóþ÷è ïîäàííÿ χ̃+

4 (t) = (w̃+(t))′+
+(w̃−(t))′, χ̃−4 (t) = (w̃+(t))′ − (w̃−(t))′, t ∈ `, ðiâíîñòi χ̃−j (t) = 0, t /∈ `, j = 1, 6, i
óìîâè

ζ−j (t) = ζ+
j+3(t) = 0, j = 2, 3; t ∈ `, {ζ±k }

6
=

1

2
{χ̃+

k ± χ̃
−
k }

6,

ÿêi âiäîáðàæàþòü âêàçàíèé òèï êîíòàêòíî¨ âçà¹ìîäi¨, çà äîïîìîãîþ îñòàííiõ
ï'ÿòè ðiâíîñòåé iç ñïiââiäíîøåíü (14), îòðèìà¹ìî âiäíîñíî âåêòîðà h = {hj(t)}5 =

= {χ̃−1 (t), ζ̃+
2 (t), ζ̃+

3 (t),−ζ̃−5 (t),−ζ̃−6 (t)}, ñèñòåìó ï'ÿòè ÑIÐ

M0h(t) +
1

π
MS

∫ a

0

h(τ)

t− τ
dτ +

4

π
Im

3∑
n,m=1

Bnm

∫ a

0

h(τ)dτ

e++
nmt− τ

= q(t), t ∈ `, (16)

äå

MS =
{

Υ+
kj

}
k=2,6;j=1,6,j 6=4

, Mnm =
{

B++
kjnm

}
k=2,6;j=1,6,j 6=4

,

q(t) =

{
χ̃+

4 (t)δk,4 −
Υ+
k,4

π

∫
`

χ̃−4 (τ)

t− τ
dτ − Im

3∑
n,m=1

B++
k,4,nm

π

∫
`

χ̃−4 (τ)

tenm(t, τ)− τ
dτ

}
k=2,6

,

M0 = diag{0,−1,−1, 1, 1} � äiàãîíàëüíà ìàòðèöÿ ï'ÿòîãî ïîðÿäêó. Âêàçàíó ñè-
ñòåìó ñëiä äîïîâíèòè óìîâàìè ðiâíîâàãè i çàìêíóòîñòi∫

`

χ̃−k (τ)dτ = Pk, (P3 = P4 = P5 = P6 = 0), k = 1, 6, k 6= 4, (17)

i óìîâàìè ìîìåíòíî¨ ðiâíîâàãè∫
`

τχ−1 (τ)dτ = M0. (18)

3. Óìîâè iñíóâàííÿ i àñèìïòîòèêè ïîâåäiíêè ðîçâ'ÿçêiâ ñèñòåìè
ÑIÐ iç íåðóõîìîþ îñîáëèâiñòþ. ßäðà ñèñòåìè (16), êðiì ñèíãóëÿðíîñòi òèïó
Êîøi, ìiñòÿòü òàêîæ íåðóõîìi îñîáëèâîñòi, ùî îáóìîâëþ¹ íåîáõiäíiñòü äîâåäåííÿ
iñíóâàííÿ i âèçíà÷åííÿ àñèìïòîòèêè ¨¨ ðîçâ'ÿçêiâ. Ïîçíà÷èìî ÷åðåç L2

q(`0, ω(t))

(ω(t) = tγ(a − t)β , q − 1 < Reγ < −1 + qReγ, q − 1 < Reβ < −1 + qReβ,

1 < q < ∞) ïðîñòið Áàíàõà ôóíêöié ç íîðìîþ [13] ‖f‖q,ω = q

√∫
`
ω(t) |f(t)|q dt.

Hγ,β
µ (`) (−1 < Reγ,Reβ ≤ 0) êëàñ ôóíêöié f(t) (t ∈ `) ÿêi äîïóñêàþòü ðîçâèíåííÿ

f = tγ(1−t)βf∗(t),f∗(t) ∈ Hµ(`), Hµ(`) � êëàñ Ãåëüäåðîâèõ ôóíêöié. Ïåðåäñèìâîë
[13] ñèñòåìè (16) ïîäàìî òàê:

G0(η) = G(η)
sinπη =

{
gkj(η)
sinπη

}5

= {M0 − ctgπηMs−
− i

2 sinπη

∑3
m,n=1(Bnm(−e++

nm)−1−η − B̄nm(−ē++
nm)−1−η))}.

(19)
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Òåîðåìà 1. ßêùî iñíó¹ òàêå ÷èñëî γ, Reγ ∈ (−1; 0], ÿêå ¹ (κ+1) � êðàòíèì
êîðåíåì ðiâíÿííÿ

∆(η) = 0,∆(η) =

{
det G(η), ïðè gkj 6= 0 (k = j),
trG(η), ïðè gkj = 0 (k 6= j),

(20)

trG (η) � ñëiä ìàòðèöi G (η), òî ñèñòåìà (16) ðîçâ'ÿçíà â L2
q (`, ω (t)), ¨¨ iíäåêñ

äîðiâíþ¹ îäèíèöi, i ïðè óìîâàõ (17) òà ïðè qk(t) ∈ Hα+ε,β+ε
µ (`) ìà¹ ¹äèíèé

ðîçâ'ÿçîê â L2
q (`, ω(t))∩Hα,β

µ (`), (0 ≤ α, β < 1), ÿêèé ìà¹ àñèìïòîòè÷íå ðîçâè-
íåííÿ

hj(t) ' h∗j tγPκj(ln t), t→ 0, h∗j 6= 0, j = 1, 5, (21)

äå Pκj(z) � ìíîãî÷ëåíè k-òîãî ñòóïåíÿ.

Äîâåäåííÿ. Ïðè âèêîíàííi óìîâ òåîðåìè áóäåìî ìàòè: det G0(η) 6= 0 ÿêùî
−1 < Reη < Reγ. Îòæå çãiäíî [13], ñèñòåìà íåòåðîâà â ïðîñòîði L2

q(`, ω(t)), à ¨¨
iíäåêñ âèçíà÷à¹òüñÿ ôîðìóëîþ Ind A = −ind(Aξ(τ)), Aξ(τ) = detG0(η), η = ξ+
+iτ . Íåâàæêî âñòàíîâèòè, ùî ind(Aξ(τ)) = m0 − 1, äå m0 = ind(A0

ξ(τ)),A0
ξ(τ) =

= tg5 η
2 Aξ(τ). ßêùî τ çìiíþ¹òüñÿ âiä −∞ äî ∞ ôóíêöiÿ A0

ξ(τ) ïðè ξ ∈ (Reγ, 1)
îïèøå çàìêíóòèé êîíòóð, ÿêèé ðîçòàøîâàíèé ñèìåòðè÷íî âiäíîñíî äiéñíî¨ îñi i
íå îõîïëþ¹ ïî÷àòîê êîîðäèíàò. Òàêà ïîâåäiíêà ìà¹ ìiñöå äëÿ ïîñòàâëåíèõ çàäà÷ i
äëÿ êîìáiíàöié âiäîìèõ ìàòåðiàëiâ (16) äîðiâíþ¹ îäèíèöi i ïðè óìîâàõ (17) iñíó¹
¹äèíèé ðîçâ'ÿçîê â ïðîñòîði L2

q(`, ω(t)), ÿêèé ìà¹ iíòåãðîâàíó îñîáëèâiñòü ïðè
t→ 0. Òîáòî ìà¹ ìiñöå ïîäàííÿ hj(t) ' tγPrj(ln t)h∗j , t→ 0 , h∗j ∈ Hµ(`), j = 1, r.
Ñêîðèñòàâøèñü àñèìïòîòè÷íèìè âëàñòèâîñòÿìè îïåðàòîðiâ iç íåðóõîìèìè îñî-
áëèâîñòÿìè [2], äëÿ îïåðàòîðà

Njk[f ] = m0
jkf(t) +

ms
jk

π

∫ a

0

f(τ)

t− τ
dτ +

4

π
Im

3∑
n,m=1

blmjk

∫ a

0

f(τ)dτ

enmt− τ
,

îòðèìà¹ìî íàñòóïíå ðîçâèíåííÿ (ε > 0):

Njk[tγPκk(ln t)h∗k] =

= tγh∗k(0)

κ∑
m=0

g
(m)
jk (γ)

(−1)m+1

m!
P

(m)
κk (ln t) + Ω∗jk(t),

∣∣Ω∗jk∣∣ < Cjkt
Reγ+ε.

(22)

Ñêîðèñòàâøèñü ïîäàííÿì (22) iç ñèñòåìè (16), îòðèìà¹ìî ñïiââiäíîøåííÿ

tγ
5∑
k=1

hk∗(0)

κ∑
m=0

g
(m)
jk (γ)

(−1)m+1

m!
P

(m)
κj (ln t) + Ω0

j (t) = 0, j = 1, 5. (23)

Ôóíêöiÿ Ω0
j (t) çàäîâîëüíÿ¹ îöiíöi

∣∣Ω0
j (t)

∣∣ < CtReγ+ε, ε > 0. Çãiäíî îñòàííié,
ðiâíîñòi (23) ìîæëèâi ïðè t→ 0 ëèøå ïðè âèêîíàííÿ ñïiââiäíîøåíü

κ∑
l=0

lnl t ·Nκ−l = 0, (24)
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Nm =

m∑
p=0

(−1)m−p+1

(
κ

m− p

)
Qm−pXκ−p, Xp = {hj∗(0)apj}51,

Qm−p = {g(m−p)
jk (γ)}5,

aκj � êîåôiöi¹íòè ìíîãî÷ëåíiâ Pκj(z). Ðiâíiñòü (24) ìîæëèâà, ÿêùî âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

m∑
p=0

(−1)m−p+1

(
r

m− p

)
Qm−pXκ−p = 0, m = 0, κ. (25)

Òàê ÿê âåêòîðè Xp 6= 0, p = 0, r ëiíiéíî íå çàëåæíi, òî îñòàííi ðiâíîñòi ìîæëèâi
òîäi i òiëüêè òîäi, êîëè âèçíà÷íèê ñèñòåìè (25), ÿêèé äîðiâíþ¹ ∆(r)(γ), îáåðòà-
¹òüñÿ â íóëü. Îòæå, ÿêùî ìà¹ ìiñöå ïîäàííÿ (22), òî γ ¹ (κ + 1) � êðàòíèì
êîðåíåì òðàíñöåíäåíòíîãî ðiâíÿííÿ (21). Ïîâåäiíêà ïðè t → a − 0 ðîçâ'ÿçêiâ
ñèñòåìè (16) âèçíà÷à¹òüñÿ õàðàêòåðèñòè÷íîþ ÷àñòèíîþ i ñïiâïàäà¹ ç ïîâåäiíêîþ
ðîçâ'ÿçêiâ äëÿ âiäïîâiäíèõ çàäà÷, ïðî âêëþ÷åííÿ â îäíîðiäíîìó ïðîñòîði [7]. Òå-
îðåìó äîâåäåíî.

Íàñëiäîê 1. ßêùî γ ¹ ïðîñòèì êîðåíåì òðàíñöåíäåíòíîãî ðiâíÿííÿ (20) ç
íàéáiëüøîþ äiéñíîþ ÷àñòèíîþ iç ñìóãè Reγ ∈ [0; 1), òî ðîçâ'ÿçêè ñèñòåìè (16)
äîïóñêàþòü àñèìïòîòè÷íå ïîäàííÿ

hj(t) ' tγh∗j , t→ 0 , Reγ ∈ (−1, 0], j = 1, 5. (26)

Íàñëiäîê 2. Òðàíñöåíäåíòíå ðiâíÿííÿ (20) äîçâîëÿ¹ âèÿâèòè íàñòóïíi çà
ãîëîâíîþ äîäàíêè äî áóäü ÿêîãî ïîðÿäêó K â àñèìïòîòè÷íîìó ðîçâèíåííi ðîçâ'ÿç-
êiâ ñèñòåìè (16)

hj(t) '
K∑
k=0

h∗jkt
γk , t→ 0 , j = 1, 5,

−1 < Reγ0 < Reγ1 < . . . < ReγK, ∆(γj) = 0, h∗jk 6= 0.

Äîñëiäæåííÿ ïîêàçàëè, ùî äëÿ ïîñòàâëåíî¨ çàäà÷i, äëÿ âiäîìèõ êîìáiíàöié
àíiçîòðîïíèõ ìàòåðiàëiâ [10, 14] ðiâíÿííÿ (20) ìà¹ ïðèíàéìi îäèí êîðiíü â ñìóçi
Reγ ∈ (−1; 0], îòæå ñïðàâåäëèâå òâåðäæåííÿ

Íàñëiäîê 3. Ñèñòåìà (16) ïðè äîäàòêîâèõ óìîâàõ (17) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê â ïðîñòîði L2

q (`, ω (t)), ÿêèé äîïóñêà¹ àñèìïòîòè÷íå ïîäàííÿ (26).

4.×èñëîâi ðåçóëüòàòè i ¨õ àíàëiç. Íà ðèñóíêàõ 2, 3 íàâåäåíi çàëåæíî-
ñòi íàéáiëüøèõ ïîêàçíèêiâ îñîáëèâîñòåé äëÿ äåÿêèõ êîìáiíàöié ìàòåðiàëiâ ïðè
ïîâîðîòi îñåé àíiçîòðîïi¨ íàâêîëî îñi Z i ïðè çìiíi êóòà φ íàõèëó äåôåêòó, âiä-
ïîâiäíî äëÿ êîìáiíàöié ìàòåðiàëiâ [10] m1−m2 i m3−m4 (ìàòåðiàë m1 � ñêëî-
ïëàñòèê îäíîíàïðàâëåíèé, ìàòåðiàë m2 � ñêëîïëàñòèê îðòîãîíàëüíî-àðìîâàíèé
(2:1), m3 � ñêëîïëàñòèê ÑÒÅÒ, m4 � ñêëîïëàñòèê ÀÑÒÒ(á)), íàâåäåíi çàëåæíî-
ñòi α0 = −Reγ0, äå γ0 êîðiíü ðiâíÿííÿ (21) ç íàéìåíøîþ äiéñíîþ ÷àñòèíîþ iç
ñìóãè Reγ ∈ (−1; 0], âiä êóòà ϕ îðòîãîíàëüíîãî ïåðåòâîðåííÿ îñåé àíiçîòðîïi¨
íàâêîëî îñi Z.
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Êðèâà 1 âiäïîâiäà¹ çíà÷åííþ êóòà íàõèëó äåôåêòó φ = 0, êðèâà 2 � φ = π
6 ,

êðèâà 3 � φ = π
4 , êðèâà 4 � φ = π

3 . Íà ðèñ. 4, 5, âiäïîâiäíî äëÿ êîìáiíàöié
ìàòåðiàëiâ m1−m2 i m3−m4, íàâåäåíi çàëåæíîñòi α0 âiä êóòà íàõèëó äåôåêòó
φ. Êðèâà 1 âiäïîâiäà¹ çíà÷åííþ êóòà ïîâîðîòó îñåé àíiçîòðîïi¨ ϕ = 0, íàâêîëî
îñi Z, êðèâà 2 � ϕ = π

6 , êðèâà 3 � ϕ = π
4 , êðèâà 4 � ϕ = π

3 .

Ðåçóëüòàòè îá÷èñëåíü ïîêàçóþòü, ùî êîíöåíòðàöiÿ íàïðóæåíü â îêîëi äåôå-
êòó, ÿêèé âèõîäèòü â ïëîùèíó ç'¹äíàííÿ ðiçíèõ ïiâïðîñòîðiâ ñóòò¹âî çàëåæèòü
âiä àíiçîòðîïíèõ âëàñòèâîñòåé ìàòåðiàëiâ i êóòà íàõèëó âêëþ÷åííÿ. Çîêðåìà,
âèÿâèâñÿ ñóòò¹âèì âïëèâ îði¹íòàöi¨ ãîëîâíèõ îñåé àíiçîòðîïi¨ ïiâïðîñòîðó, â ÿêî-
ìó ðîçòàøîâàíî âêëþ÷åííÿ. Ñëiä òàêîæ âiäìiòèòè, ùî ïðè íàáëèæåííi êóòà φ
äî π

2 (âêëþ÷åííÿ íàáëèæà¹òüñÿ äî ïëîùèíè ç'¹äíàííÿ ïiâïðîñòîðiâ) ïîêàçíè-
êè îñîáëèâîñòi íàáëèæàþòüñÿ äî ïîêàçíèêiâ îñîáëèâîñòåé âiäïîâiäíèõ çàäà÷ ïðî
ìiæôàçíi äåôåêòè [7].

Âèñíîâêè. Îòæå, çàïðîïîíîâàíî ìåòîäèêó çâåäåííÿ çàäà÷ ïðî òóíåëüíi
âêëþ÷åííÿ, ÿêi âèõîäÿòü îäíèì êiíöåì â ïëîùèíó ç'¹äíàííÿ ðiçíèõ àíiçîòðî-
ïíèõ ïiâïðîñòîðiâ äî ñèñòåìè ÑIÐ ç íåðóõîìèìè îñîáëèâîñòÿìè. Äîñëiäæåíî ¨õ
ðîçâ'ÿçíiñòü i âèÿâëåíi àñèìïòîòèêè ïîâåäiíêè ðîçâ'ÿçêiâ â âåðøèíàõ âêëþ÷åíü,
ùî äà¹ ìîæëèâiñòü äî ¨õ ðîçâ'ÿçóâàííÿ çàñòîñóâàòè åôåêòèâíi ÷èñëîâî-àíàëiòè÷íi
ìåòîäè.

Àíàëîãi÷íî ìîæóòü áóòè ðîçãëÿíóòi çàäà÷i ïðî òóíåëüíi äåôåêòè iíøèõ òèïiâ
(òðiùèíè, âiäøàðîâàíi âêëþ÷åííÿ), ÿêi âèõîäÿòü â ïëîùèíó ç'¹äíàííÿ ðiçíèõ
àíiçîòðîïíèõ ïiâïðîñòîðiâ.
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