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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

×ÈÑÅËÜÍÅ ÐÎÇÂ'ßÇÓÂÀÍÍß ÇÀÄÀ× ÒÅÎÐI� ÒÎÍÊÈÕ
ÎÁÎËÎÍÎÊ, ÏÎÄÀÒËÈÂÈÕ ÍÀ ÇÑÓÂ ÒÀ ÑÒÈÑÍÅÍÍß

Øîò I. ß. ×èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê, ïîäà-

òëèâèõ íà çñóâ òà ñòèñíåííÿ. Ó ìàòðè÷íîìó âèãëÿäi çàïèñàíî êëþ÷îâi ñïiââiäíî-

øåííÿ äëÿ âèçíà÷åííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêèõ îáîëîíîê, ïîäàòëèâèõ

íà çñóâ òà ñòèñíåííÿ, çíàõîäæåííÿ âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî

ïiñëÿêðèòè÷íîãî ñòàíó ðîçãëÿäóâàíèõ îáîëîíîê, ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Íàâå-

äåíî íèçêó ÷èñëîâèõ ïðèêëàäiâ.

Êëþ÷îâi ñëîâà: îáîëîíêà, êðàéîâà çàäà÷à, âàðiàöiéíà çàäà÷à, ìåòîä ñêií÷åííèõ åëå-

ìåíòiâ.

Øîò È. ß. ×èñëåííîå ðåøåíèå çàäà÷ òåîðèè òîíêèõ îáîëî÷åê, ïîäàòëè-

âûõ íà ñäâèã è ñæàòèå. Â ìàòðè÷íîì âèäå çàïèñàíû êëþ÷åâûå ñîîòíîøåíèÿ äëÿ

îïðåäåëåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ òîíêèõ îáîëî÷åê, ïîäàòëèâûõ

íà ñäâèã è ñæàòèå, íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò ñâîáîäíûõ êîëåáàíèé è íà÷àëüíîãî

ïîñëåêðèòè÷åñêîãî ñîñòîÿíèÿ ðàññìàòðèâàåìûõ îáîëî÷åê, ìåòîäîì êîíå÷íûõ ýëåìåí-

òîâ. Ïðèâåäåíû ÷èñëîâûå ïðèìåðû.

Êëþ÷åâûå ñëîâà: îáîëî÷êà, êðàåâàÿ çàäà÷à, âàðèàöèîííàÿ çàäà÷à, ìåòîä êîíå÷íûõ

ýëåìåíòîâ.

Shot I. Ya. Numerical solution of problems in the theory of thin shells com-

pliant to shear and compression. Written in matrix form key equations to determine

the stress-strain state of thin shells compliant to shear and compression, the natural frequen-

cies of free oscillations and the initial post-critical state shells by the finite element method.

There are a number of numerical examples.

Key words: shell, boundary value problem, variational problems, finite element method.

Âñòóï. Äîñëiäæåííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêèõ ãíó÷êèõ îáî-
ëîíîê, ùî âèìàãà¹ âèêîðèñòàííÿ íåëiíiéíî¨ òåîði¨ îáîëîíîê, à òàêîæ ðîçâèòîê
åôåêòèâíèõ ÷èñëîâèõ ìåòîäiâ ¨õ ðîçâ'ÿçàííÿ ìà¹ âàæëèâå çíà÷åííÿ, îñêiëüêè
äîçâîëèòü ïðîãíîçóâàòè i ïîêðàùóâàòè ìiöíiñíi òà åêñïëóàòàöiéíi âëàñòèâîñòi
ãíó÷êèõ êîíñòðóêöié.

Ïðè ðîçãëÿäi çàäà÷ ñó÷àñíî¨ íåëiíiéíî¨ òåîði¨ îáîëîíîê, ãîëîâíèì ÷èíîì, âè-
êîðèñòîâóþòü êëàñè÷íó ãiïîòåçó Êiðxãîôà�Ëÿâà òà ãiïîòåçó Òèìîøåíêà�Ìiíäëiíà
(òàê çâàíà ï'ÿòèìîäàëüíà òåîðiÿ) [8, 16]. Äîñëiäæåííþ íåëiíiéíî¨ òåîði¨ îáîëîíîê
òèïó Òèìîøåíêà, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ (øåñòèìîäàëüíèé âàðiàíò, ó
ÿêîìó ïîëå ïåðåìiùåíü õàðàêòåðèçó¹òüñÿ øiñòüìà ôóíêöiÿìè, ùî îïèñóþòü ïî-
âîðîò òà ñòèñíåííÿ íîðìàëi), ïðèñâÿ÷åíî ïðàöi [6, 11, 15].

Ó öié ñòàòòi çàïèñàíî êëþ÷îâi ñïiââiäíîøåííÿ äëÿ âèçíà÷åííÿ íàïðóæåíî-
äåôîðìîâàíîãî ñòàíó òîíêèõ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, çíàõî-
äæåííÿ âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî ïiñëÿêðèòè÷íîãî ñòàíó
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ðîçãëÿäóâàíèõ îáîëîíîê, ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Äëÿ çðó÷íîñòi çàñòîñó-
âàííÿ ÷èñëîâèõ ìåòîäiâ [1, 11, 13, 14] óñi ñïiââiäíîøåííÿ ïîäàíî â ìàòðè÷íîìó
âèãëÿäi.

Îñíîâíi ðåçóëüòàòè.

1. Ãîëîâíi ïðèïóùåííÿ òà ñïiââiäíîøåííÿ òåîði¨ òîíêèõ îáîëîíîê,
ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ. Ðîçãëÿíåìî îáîëîíêó ÿê òðèâèìiðíå òiëî
ñòàëî¨ òîâùèíè h. Âiäíåñåìî ñåðåäèííó ïîâåðõíþ Ω îáîëîíêè äî êðèâîëiíiéíî¨
îðòîãîíàëüíî¨ ñèñòåìè êîîðäèíàò α = (α1, α2) i ââåäåìî îðòîãîíàëüíó äî íå¨
çìiííó α3 òàê, ùî |α3| ≤ h/2. Ââàæà¹ìî, ùî êîîðäèíàòíi ëiíi¨ ñåðåäèííî¨ ïîâåðõíi
çáiãàþòüñÿ iç ëiíiÿìè ãîëîâíèõ êðèâèí, à òîâùèíà îáîëîíêè ¹ iñòîòíî ìåíøîþ âiä
iíøèõ ¨¨ ðîçìiðiâ.

Âåêòîð ïåðåìiùåíü äîâiëüíî¨ òî÷êè îáîëîíêè, ïîäàòëèâî¨ íà çñóâ òà ñòèñíå-
ííÿ, ïîâíiñòþ âèçíà÷àþòü êîìïîíåíòè âåêòîðà ïåðåìiùåíü ui (α)

(
i = 1, 3

)
òà âå-

êòîðà êóòiâ ïîâîðîòó íîðìàëi äî ñåðåäèííî¨ ïîâåðõíi îáîëîíêè γi (α)
(
i = 1, 3

)
.

ßêùî ââåñòè:
u = (u1, u2, u3, γ1, γ2, γ3)

T � âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü òî÷îê ñåðå-
äèííî¨ ïîâåðõíi îáîëîíêè;

eL = (e11, e22, e33, e12, e13, e23, κ11, κ22, κ12, κ13, κ23)
T � âåêòîð êîìïîíåíò òåí-

çîðà ëiíiéíî¨ äåôîðìàöi¨;

ω =
(

0
ω 1,

0
ω 2,

0
ω 3,

1
ω 1,

1
ω 2,

1
ω 3

)T
� âåêòîð êîìïîíåíò òåíçîðà ïîâîðîòiâ;

ε = (ε11, ε22, ε33, ε12, ε13, ε23, χ11, χ22, χ12, χ13, χ23)
T � âåêòîð êîìïîíåíò

òåíçîðà äåôîðìàöié Ãðiíà, òî âèðàçè äëÿ âèçíà÷åííÿ êîìïîíåíò òåíçîðà ëiíiéíî¨
äåôîðìàöi¨ i òåíçîðà ïîâîðîòó â ìàòðè÷íié ôîðìi ç òî÷íiñòþ äî o (h) ïîäàìî ó
âèãëÿäi:

eL = CLu, (1)

ω = CΩu. (2)

Òîäi äåôîðìàöiéíi ñïiââiäíîøåííÿ äëÿ ãíó÷êèõ îáîëîíîê ç óðàõóâàííÿì ëiíiéíî¨
i íåëiíiéíî¨ ñêëàäîâèõ äåôîðìàöi¨ çàïèøåìî òàêèì ÷èíîì:

ε = eL + eN , (3)

äå

eN =
1

2
(CΩu)

T
11EΩ (CΩu) . (4)

Òóò CL òà CΩ � ìàòðèöi äèôåðåíöiàëüíèõ îïåðàòîðiâ ðîçìiðíîñòi 11×6 òà 6×6
âiäïîâiäíî:
ïîâíèé âèãëÿä CL íàâåäåíî ó [3], à

CΩ =
1

2



0 −k2
∂2

A2
0 −1 0

k1 0 − ∂1

A1
1 0 0

−∂2(A1·)
A1A2

∂1(A2·)
A1A2

0 0 0 0

0 0 0 0 −2k2
∂2

A2

0 0 0 2k1 0 − ∂1

A1

0 0 0 −∂2(A1·)
A1A2

∂1(A2·)
A1A2

0


;
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EΩ � ìàòðèöÿ âèãëÿäó EΩ = (E1, E2, ..., E11)
T , äå Ei � ìàòðèöi ðîçìiðíîñòi 6×6,

âiäìiííi âiä íóëÿ êîìïîíåíòè ÿêèõ âiäïîâiäíî ðiâíi

E22
1 = E33

1 = 1, E11
2 = E33

2 = 1, E21
4 = E12

4 = −1/2,
E31

5 = E13
5 = −1/2, E32

6 = E23
6 = −1/2, E22

7 = −k1,
E25

7 = E36
7 = E52

7 = E63
7 = 1, E33

7 = − (k1 + 2k2) ,
E41

8 = E14
8 = E36

8 = E63
8 = 1, E33

8 = − (2k1 + k2) ,
E11

8 = −k2, E51
9 = E42

9 = E24
9 = E15

9 = −1/2,
E31

10 = E13
10 = k2, E61

10 = E43
10 = E16

10 = E34
10 = −1/2,

E32
11 = E23

11 = k1, E62
11 = E53

11 = E26
11 = E35

11 = −1/2.

Òóò A1 = A1 (α), A2 = A2 (α) � êîåôiöi¹íòè ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè ñåðåäèí-
íî¨ ïîâåðõíi îáîëîíêè Ω; k1 = k1 (α), k2 = k2 (α) � ¨¨ ãîëîâíi êðèâèíè âiäïîâiäíî.

Çàóâàæèìî, ùî ñïiââiäíîøåííÿ (1) âèçíà÷àþòü ãåîìåòðè÷íi ñïiââiäíîøåííÿ
òåîði¨ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, â ëiíiéíié ïîñòàíîâöi, à ñïiââiä-
íîøåííÿ (3) ïîâ'ÿçóþòü êîìïîíåíòè òåíçîðà äåôîðìàöié Ãðiíà ç ïåðåìiùåííÿìè
â ãåîìåòðè÷íî íåëiíiéíié ïîñòàíîâöi äëÿ ðîçãëÿäóâàíèõ îáîëîíîê.

Ñïiââiäíîøåííÿ ïðóæíîñòi, ùî ïîâ'ÿçóþòü äåôîðìàöi¨ ç âíóòðiøíiìè çóñèë-
ëÿìè òà ìîìåíòàìè, ïîäàìî ó ìàòðè÷íîìó âèãëÿäi:

σ = Bε, (5)

äå σ = (N11, N22, N33, S,N13, N23,M11,M22, H,M13,M23)
T � âåêòîð âíóòðiøíiõ

çóñèëü-ìîìåíòiâ, B � ñèìåòðè÷íà ìàòðèöÿ ïðóæíèõ õàðàêòåðèñòèê ìàòåðiàëó
ðîçìiðíîñòi 11× 11 [3].

Äèôåðåíöiàëüíi ðiâíÿííÿ, ùî îïèñóþòü ðiâíîâàãó äåôîðìîâàíîãî òiëà, òà
ñòàòè÷íi êðàéîâi óìîâè íà ÷àñòèíi Γσ êîíòóðó ñåðåäèííî¨ ïîâåðõíi îáîëîíêè
Γ = Γu

⋃
Γσ îòðèìà¹ìî ç ïðèíöèïó ìîæëèâèõ ïåðåìiùåíü [9] òà çàïèøåìî ó

ìàòðè÷íîìó âèãëÿäi:
Cσσ

∗ + P = 0, (6)

Gσσ
∗|Γσ = σg. (7)

Äëÿ âñòàíîâëåííÿ êiíåìàòè÷íî¨ âèçíà÷åíîñòi ñèñòåìè íåîáõiäíî äîäàòè òàêîæ
êðàéîâi óìîâè â çìiùåííÿõ [10]

Guu|Γu = ug, Γu = Γ\Γσ. (8)

Ó âèðàçàõ (6)�(8) ââåäåíî ïîçíà÷åííÿ:
P = (P1, P2, P3,m1,m2,m3)

T � âåêòîð çîâíiøíüîãî íàâàíòàæåííÿ,
σ = (N11, N22, N33, S,N13, N23,M11,M22, H,M13,M23)

T � âåêòîð ñèìåòðè÷íèõ çó-
ñèëü-ìîìåíòiâ,
σ∗ = (N∗11, N

∗
22, N

∗
33, N

∗
12, N

∗
21, N

∗
13, N

∗
31, N

∗
23, N

∗
32,M

∗
11,M

∗
22,M

∗
12,M

∗
21,M

∗
13,M

∗
23)

T �
âåêòîð íîâîââåäåíèõ çóñèëü-ìîìåíòiâ,
σg = (Nt, Ns, Nn,Mt,Ms,Mn)

T � âåêòîð êðàéîâèõ çóñèëü-ìîìåíòiâ,
ug = (ubt , u

b
s, u

b
n, γ

b
t , γ

b
s, γ

b
n)T � âåêòîð êðàéîâèõ çìiùåíü,

Cσ � ìàòðèöÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ ðîçìiðíîñòi 6×15, âiäìiííi âiä íóëÿ
êîìïîíåíòè ÿêî¨ ðiâíi

C1,1
σ =

∂1 (A2·)
A1A2

, C1,2
σ = − ∂1A2

A1A2
, C1,4

σ =
∂2 (A1·)
A1A2

,
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C1,5
σ =

∂2A1

A1A2
, C1,6

σ = k1, C1,12
σ = C1,13

σ =
(∂2 (A1k1·) + k2∂2A1)

2A1A2
,

C2,1
σ = − ∂2A1

A1A2
, C2,2

σ =
∂2 (A1·)
A1A2

, C2,4
σ =

∂1A2

A1A2
,

C2,5
σ =

∂1 (A2·)
A1A2

, C2,8
σ = k2, C2,12

σ = C2,13
σ =

(∂1 (A2k2·) + k1∂1A2)

2A1A2
,

C3,1
σ = −k1, C3,2

σ = −k2, C3,6
σ =

∂1 (A2·)
A1A2

, C3,8
σ =

∂2 (A1·)
A1A2

,

C4,7
σ = −1, C4,10

σ =
∂1 (A2·)
A1A2

, C4,11
σ = − ∂1A2

A1A2
, C4,12

σ =
∂2A1

A1A2
+
∂2

A2
,

C4,13
σ =

∂2A1

A1A2
, C5,9

σ = −1, C5,10
σ = − ∂2A1

A1A2
, C5,11

σ =
∂2 (A1·)
A1A2

,

C5,12
σ =

∂1A2

A1A2
, C5,13

σ =
∂1A2

A1A2
+
∂1

A1
, C6,3

σ = −1, C6,10
σ = −k1,

C6,11
σ = −k2, C6,14

σ =
∂1 (A2·)
A1A2

, C6,15
σ =

∂2 (A1·)
A1A2

;

Gσ, Gu � ìàòðèöi ðîçìiðíîñòåé 6×15 òà 6×6 âiäïîâiäíî, íåíóëüîâi êîìïîíåíòè
ÿêèõ ðiâíi

G11
σ = G25

σ = G4,10
σ = G5,13

σ = cos2 (n, α1) ,

G12
σ = −G24

σ = G4,11
σ = −G5,12

σ = sin2 (n, α1) ,

G14
σ = G15

σ = −G21
σ = G22

σ = G4,12
σ = G4,13

σ = −G5,10
σ = G5,11

σ =
1

2
sin 2 (n, α1) ,

G1,12
σ = G1,13

σ =
1

4
(k1 + k2) sin 2 (n, α1) ,

G2,12
σ = G2,13

σ =
1

2

(
k2 cos2 (n, α1)− k1 sin2 (n, α1)

)
,

G3,6
σ = G6,14

σ = cos (n, α1) , G3,8
σ = G6,15

σ = sin (n, α1) ,

G11
u = G22

u = G44
u = G55

u = cos (n, α1) ,

G12
u = G45

u = −G21
u = −G54

u = sin (n, α1) , G33
u = −G66

u = −1.

Òóò ÷åðåç n ïîçíà÷åíî íîðìàëü äî ìåæi ñåðåäèííî¨ ïîâåðõíi îáîëîíêè.
Çâ'ÿçîê ìiæ ñèìåòðè÷íèìè çóñèëëÿìè-ìîìåíòàìè òà ¨õ íîâîââåäåíèìè õàðàêòå-
ðèñòèêàìè ïîäàìî ó ìàòðè÷íîìó âèãëÿäi:

σ∗ = Fσ, (9)

äå F � ìàòðèöÿ ðîçìiðíîñòi 15×11 ç âiäìiííèìè âiä íóëÿ êîåôiöi¹íòàìè

F 11 = F 22 = F 33 = F 44 = F 54 = F 65 = F 75 = F 86 = F 96 = F 10,7 =
= F 11,8 = F 12,9 = F 13,9 = F 14,10 = F 15,11 = 1,
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F 45 = −F 55 = F 64 = −F 74 = F 82 = −F 92 = F 12,10 = −F 13,10 =

= F 14,9 = F 15,8 = 1
2

0
ω 1,

F 46 = −F 56 = −F 61 = F 71 = −F 84 = F 94 = F 12,11 =

= −F 13,11 = −F 14,7 = −F 15,9 = 1
2

0
ω 2,

F 41 = F 42 = F 51 = F 52 = −F 66 = F 76 = F 85 = F 12,7 = F 12,8 =

= −F 13,7 = −F 13,8 = −F 14,11 = F 15,10 = − 1
2

0
ω 3,

F 69 =
1

2

1
ω 1, F

89 = −1

2

1
ω 2, F

7,11 = −F 9,10 = −1

2

1
ω 3,

F 4,7 = −F 5,7 =
1

2

(
(k1 + 2k2)

0
ω 3 −

1
ω 3

)
,

F 4,8 = −F 5,8 =
1

2

(
(2k1 + k2)

0
ω 3 −

1
ω 3

)
,

F 4,10 = −F 5,10 =
1

2

1
ω 1 − k2

0
ω 1, F 4,11 = −F 5,11 =

1

2

1
ω 2 − k1

0
ω 2,

F 67 =
1

2

(
k1

0
ω 2 −

1
ω 2

)
, F 6,11 =

1

2

1
ω 3 − k1

0
ω 3,

F 77 =
1

2

(
k1

0
ω 2 +

1
ω 2

)
, F 79 = −k1

0
ω 1 −

1
ω 1,

F 88 =
1

2

(
−k2

0
ω 1 +

1
ω 1

)
, F 8,10 = −1

2

1
ω 3 + k2

0
ω 3, F 98 = −1

2

(
k2

0
ω 1 +

1
ω 1

)
.

Ëiíiéíå ôîðìóëþâàííÿ ðiâíÿíü ðiâíîâàãè é âiäïîâiäíèõ êðàéîâèõ óìîâ òåîði¨
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, ïîäàíî ó [3].

ßêùî êîìïîíåíòè çîâíiøíüîãî íàâàíòàæåííÿ, ùî äi¹ íà îáîëîíêó, çìiíþþ-
òüñÿ â ÷àñi, òî âèêëèêàíi íèìè ïåðåìiùåííÿ, äåôîðìàöi¨ òà íàïðóæåííÿ òåæ ¹
ôóíêöiÿìè ÷àñó t. Ðiâíÿííÿ ðóõó îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ,
ÿêi îòðèìà¹ìî ç âàðiàöiéíîãî ïðèíöèïó Îñòðîãðàäñüêîãî�Ãàìiëüòîíà [4, 6], ìà-
þòü âèãëÿä:

Cσσ
∗ + P −m∂ 2u

∂ t2
= 0, (10)

äå m � äiàãîíàëüíà ìàòðèöÿ ðîçìiðíîñòi 6×6, íåíóëüîâi êîìïîíåíòè ÿêî¨

m11 = m22 = m33 = ρh,

m44 = m55 = m66 = ρ
h3

12
,

ρ � ãóñòèíà ìàòåðiàëó îáîëîíêè.
Äëÿ îäíîçíà÷íîãî iíòåãðóâàííÿ ñèñòåìè ðiâíÿíü (10), îêðiì ñòàòè÷íèõ (7) òà

ãåîìåòðè÷íèõ (8) êðàéîâèõ óìîâ, íåîáõiäíî çàäàòè ùå ïî÷àòêîâi óìîâè

u(α, 0) = u0(α), u̇(α, 0) = u1(α). (11)

Ðîçâ'ÿçîê ñèñòåìè (10) ç êðàéîâèìè òà ïî÷àòêîâèìè óìîâàìè âèçíà÷à¹ ðåà-
êöiþ îáîëîíêè íà äiþ çìiííîãî â ÷àñi çîâíiøíüîãî íàâàíòàæåííÿ.
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2. Âàðiàöiéíi ôîðìóëþâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê, ïîäà-
òëèâèõ íà çñóâ òà ñòèñíåííÿ. Ðîçâ'ÿçóâàííÿ çàäà÷ ìåõàíiêè äåôîðìóâàí-
íÿ ãíó÷êèõ îáîëîíîê ó äàíié ðîáîòi çäiéñíþ¹òüñÿ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ
[11, 13, 14], ÿêèé áàçó¹òüñÿ íà âàðiàöiéíèõ ïðèíöèïàõ. Íà îñíîâi ïðèíöèïó âiðòó-
àëüíèõ ðîáiò ñôîðìóëþ¹ìî âàðiàöiéíi ïîñòàíîâêè çàäà÷ ñòàòèêè i äèíàìiêè òåîði¨
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ. Äëÿ öüîãî ââåäåìî ôóíêöiîíàëüíi
ïðîñòîðè

V =
{
v = (v1, v2, v3, ξ1, ξ2, ξ3) ∈

[
W 1

2 (Ω)
] 6 | v = 0 íà Γ\Γσ

}
òà

G =
{
v = (v1, v2, v3, ξ1, ξ2, ξ3) ∈

[
L2(Ω)

] 6}
.

Òîäi íàâåäåìî âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i ñòàòèêè íåëiíiéíî¨ òåîði¨ îáî-
ëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ:
çàäàíî l ∈ V ′,
çíàéòè âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü u ∈ V òàêèé, ùî

aN (u, v) =< l, v >, ∀v ∈ V, (12)

äå ôîðìà aN (u, v) òà ôóíêöiîíàë < l, v > ìàþòü âèãëÿä:

aN (u, v) =

∫∫
Ω

(
Clv + (CΩu)

T
11EΩCΩv

)T
E0B

(
Clu+

1

2
(CΩu)

T
11EΩCΩu

)
dΩ ,

(13)

< l, v >=
∑3
i=1

∫∫
Ω

(Pivi +miξi)A1A2dα1dα2+

+
∫

Γσ

(Ntvt +Nsvs +Nnvn +Mtξt +Msξs +Mnξn) dΓ.
(14)

Ó ðiâíîñòi (13) E0 � äiàãîíàëüíà ìàòðèöÿ ðîçìiðó 11×11 ç âiäìiííèìè âiä íóëÿ
åëåìåíòàìè:

E11
0 = E22

0 = E33
0 = E77

0 = E88
0 = 1,

E44
0 = E55

0 = E66
0 = E99

0 = E10,10
0 = E11,11

0 = 2.

Çàóâàæèìî, ùî âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i ñòàòèêè ëiíiéíî¨ òåîði¨ îáî-
ëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, òåæ ìà¹ âèãëÿä (12), àëå âèðàç äëÿ
ôîðìè aN (u, v) çàìiíþ¹ìî íà òàêèé:

a (u, v) =

∫∫
Ω

(Clv)
T
E0BCludΩ. (15)

Ñôîðìóëþ¹ìî òåïåð âàðiàöiéíó çàäà÷ó äèíàìiêè íåëiíiéíî¨ òåîði¨ çñóâíèõ
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ:
çàäàíî l ∈ L2 (0, T ;V ′), u0 ∈ V , u1 ∈ G;
çíàéòè âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü u ∈ L2 (0, T ;V ) òàêèé, ùî

µ (u′′ (t) , v) + aN (u (t) , v) =< l (t) , v >, ∀t ∈ (0, T ] , (16)
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µ
(
u′ (0)− u1, v

)
= 0,

a
(
u (0)− u0, v

)
= 0, ∀v ∈ V.

Òóò ôîðìà aN (u, v) òà ëiíiéíèé ôóíêöiîíàë < l, v > ñïiâïàäàþòü ç âiäïîâiäíèìè
ôîðìîþ (13) òà ôóíêöiîíàëîì (14) íåëiíiéíî¨ çàäà÷i ñòàòèêè, à áiëiíiéíà ôîðìà
µ (u, v) ìà¹ âèãëÿä:

µ (u, v) =

∫∫
Ω

ρh

3∑
i=1

(
uivi +

h2

12
γiξi

)
A1A2dα1dα2. (17)

Çàçíà÷èìî, ùî âàðiàöiéíå ôîðìóëþâàííÿ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ëiíiéíî¨
òåîði¨ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, òåæ ìà¹ âèãëÿä (16), àëå âèðàç
äëÿ ôîðìè aN (u, v) çàìiíþ¹ìî íà áiëiíiéíó ôîðìó a (u, v) (15).

3. Îá÷èñëþâàëüíi àñïåêòè ìåòîäó ñêií÷åííèõ åëåìåíòiâ. Ðîçâ'ÿçóâàí-
íÿ çàäà÷ çäiéñíþ¹òüñÿ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ [11, 13, 14] ç âèêîðèñòàííÿì
áiêâàäðàòè÷íèõ içîïàðàìåòðè÷íèõ àïðîêñèìàöié ñåðåíäèïîâîãî òèïó.

Âåêòîð ïåðåìiùåíü u = (u1, u2, u3, γ1, γ2, γ3)
T , ùî âõîäèòü ó âàðiàöiéíó ðiâ-

íiñòü (12), ïîäàìî íà åëåìåíòi Ω∗ (Ω∗ = {(ξ1, ξ2) : −1 ≤ ξ1, ξ2 ≤ 1}) ó âèãëÿäi

u = Nk (ξ1, ξ2) qk, (ξ1, ξ2) ∈ Ω∗, (18)

äå qk =
(
u1

1, u
1
2, u

1
3, γ

1
1 , γ

1
2 , γ

1
3 , ..., γ

8
3

)T
� âåêòîð íåâiäîìèõ âóçëîâèõ ïåðåìiùåíü òà

ïîâîðîòiâ íà k-ìó åëåìåíòi,

Nk (ξ1, ξ2) = (N1, N2, N3, N4, N5, N6, N7, N8) ,

Ni (ξ1, ξ2) =


ϕi

ϕi
ϕi

ϕi
ϕi

ϕi

 ,

ϕi � áàçèñíi ôóíêöi¨.
Âiäïîâiäíî âåêòîð øóêàíèõ ïåðåìiùåíü u (α, t), ùî âõîäèòü ó âàðiàöiéíó ðiâ-

íiñòü (16), ïîäàìî íà åëåìåíòi Ω∗ ó âèãëÿäi

u = Nk (ξ1, ξ2) qk (t) , (ξ1, ξ2) ∈ Ω∗, (19)

äå qk (t) =
(
u1

1 (t) , u1
2 (t) , u1

3 (t) , γ1
1 (t) , γ1

2 (t) , γ1
3 (t) , ..., γ8

3 (t)
)T

� âåêòîð íåâiäîìèõ
âóçëîâèõ ïåðåìiùåíü òà ïîâîðîòiâ, ùî çàëåæèòü âiä ÷àñó t íà k-ìó åëåìåíòi.

Ïiñëÿ ðîçáèòòÿ îáëàñòi Ω íà ñêií÷åííi åëåìåíòè ñïiââiäíîøåííÿ (18) òà (19)
ñèìâîëi÷íî ìîæíà çàïèñàòè

u =
∑
k

Nk(ξ1(α1, α2), ξ2(α1, α2))qk = N(α1, α2)q, (20)

äå q � âåêòîð øóêàíèõ ïåðåìiùåíü òà ïîâîðîòiâ âñüîãî àíñàìáëþ ñêií÷åííèõ
åëåìåíòiâ.
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Ïiäñòàâèâøè (20) ó âàðiàöiéíi ôîðìóëþâàííÿ (12) òà (16), îòðèìà¹ìî âiäïî-
âiäíî çàäà÷i ñòàòè÷íîãî òà äèíàìi÷íîãî äåôîðìóâàííÿ:

KT (q) q = R, (21)

Mq′′ (t) +K (q (t)) q (t) = R (t) . (22)

Äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ ñèñòåìè çàñòîñîâó¹òüñÿ ìåòîä Íüþòîíà, ÿêèé
ïðèâîäèòü äî iòåðàöiéíî¨ ïðîöåäóðè

KT (qi) ∆q +K (qi) qi −R = 0, (23)

äå q0 � âåêòîð øóêàíèõ ïåðåìiùåíü ëiíiéíî¨ ñòàòè÷íî¨ çàäà÷i.
Ïðè çíàõîäæåííi ÷àñòîò ëiíiéíèõ âëàñíèõ êîëèâàíü ïîïåðåäíüî íàâàíòàæåíî¨

îáîëîíêè ïðèõîäèìî äî òàê çâàíî¨ óçàãàëüíåíî¨ çàäà÷i íà âëàñíi çíà÷åííÿ

KT (0) q̃ = ω2Mq̃, (24)

äå ω � êðóãîâà ÷àñòîòà âëàñíèõ êîëèâàíü, q̃ (t) = {q̃l (t)} � íåâiäîìi êîåôiöi¹íòè,
ÿêi ¹ ôóíêöiÿìè ÷àñó.

Ðiâíÿííÿ ñòiéêîñòi ðîçãëÿäóâàíî¨ òåîði¨ îáîëîíîê çàïèøåìî ó âèãëÿäi

KT (0) q̃ = λG (q) q̃. (25)

Íàéìåíøå âëàñíå çíà÷åííÿ ðiâíÿííÿ (25) âèçíà÷à¹ êðèòè÷íèé ïàðàìåòð íàâàí-
òàæåííÿ λ∗, ïðè ÿêîìó îáîëîíêà ç ïî÷àòêîâîãî ñòàíó ðiâíîâàãè ïåðåõîäèòü ó
ñóìiæíèé.

Ó ñïiââiäíîøåííÿõ (21)�(25) ââåäåíî íàñòóïíi ïîçíà÷åííÿ:

K
(
qi
)

=
∫∫
Ω

((
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
N
)T

E0B
(
Cl + 1

2

(
CΩNq

i
)T

11
EΩCΩ

)
NdΩ �

ìàòðèöÿ ñi÷íî¨ æîðñòêîñòi;
KT

(
qi
)

= Ku

(
qi
)

+G
(
qi
)
� ìàòðèöÿ òàíãåíöiàëüíî¨ æîðñòêîñòi, äå

Ku

(
qi
)

=

∫∫
Ω

((
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
N
)T

E0B
(
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
NdΩ,

G
(
qi
)

=

∫∫
Ω

11∑
j=1

bj
(
Nqi

)
(CΩN)

T
11EjCΩNdΩ,

b = (b1, . . . , b11)T = E0B

(
Cl +

1

2

(
CΩNq

i
)T

11
EΩCΩ

)
Nqi;

R =
∫∫
Ω

NTPdΩ+
∫

Γσ

(GuN)
T
σgdΓσ � âåêòîð çîâíiøíüîãî âóçëîâîãî íàâàíòàæåííÿ;

M =
∫∫
Ω

NTmNdΩ � ìàòðèöÿ ìàñ.

4. ×èñëîâi ïðèêëàäè. Äîñëiäæåíî òà ðîçâ'ÿçàíî íèçêó ÷èñëîâèõ ïðèêëà-
äiâ âèçíà÷åííÿ ñòàòè÷íèõ òà äèíàìi÷íèõ õàðàêòåðèñòèê îáîëîíîê, çíàõîäæåííÿ
âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî ïiñëÿêðèòè÷íîãî ñòàíó ðîçãëÿ-
äóâàíèõ îáîëîíîê ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Çäiéñíåíî ïîðiâíÿëüíèé àíàëiç
îòðèìàíèõ ÷èñëîâèõ ðîçâ'ÿçêiâ ç ðîçâ'ÿçêàìè, íàâåäåíèìè â ëiòåðàòóði.
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Çîêðåìà ïðèêëàäè çàäà÷ ñòàòè÷íîãî äåôîðìóâàííÿ çàìêíóòî¨ öèëiíäðè÷íî¨
îáîëîíêè òà êàòåíî¨äà íàâåäåíî ó [2], ðåçóëüòàòè îòðèìàíèõ ÷èñëîâèõ ðîçâ'ÿçêiâ
ïîðiâíþþòüñÿ ç ðåçóëüòàòàìè, íàâåäåíèìè ó ïðàöi [13] (â ìåæàõ ï'ÿòèìîäàëüíî¨
òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà).

Ïðèêëàäè çàäà÷ ïðî âiëüíi êîëèâàííÿ öèëiíäðè÷íèõ îáîëîíîê ìîæíà çíàéòè
ó [3], äå ðåçóëüòàòè ðåàëiçîâàíî¨ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ ìîäåëi çñóâíèõ
îáîëîíîê, îïèñàíî¨ ó öüîìó äîñëiäæåííi, ïîðiâíþþòüñÿ ç ðåçóëüòàòàìè, ðîçãëÿ-
íóòèìè ó [7, 11, 12] (ó ìåæàõ ï'ÿòèìîäàëüíî¨ òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�
Ìiíäëiíà òà Êiðõãîôà�Ëÿâà). Ç àíàëiçó íàâåäåíèõ ðåçóëüòàòiâ âèäíî, ùî çíà-
÷åííÿ ÷àñòîò âëàñíèõ êîëèâàíü, çíàéäåíi çà øåñòèìîäàëüíîþ òåîði¹þ îáîëîíîê,
ïîäàòëèâèõ íà çñóâ i ñòèñíåííÿ, ¹ áiëüøèìè ïîðiâíÿíî ç îá÷èñëåíèìè çãiäíî ç
iíøèìè òåîðiÿìè îáîëîíîê. Âðàõóâàííÿ îáòèñêó ïîêàçó¹, ùî îáîëîíêà øâèäøå
ìîæå ïiääàòèñÿ ðåçîíàíñó, à îòæå é ðóéíóâàííþ.

Ïîðiâíÿííÿ ðåçóëüòàòiâ ÷èñëîâîãî ðîçðàõóíêó çàäà÷i ïðî çíàõîäæåííÿ êðè-
òè÷íîãî íàâàíòàæåííÿ çàòèñíóòî¨ ïî êîíòóðó êðóãëî¨ ïëàñòèíêè ç ðåçóëüòàòàìè,
ðîçãëÿíóòèìè ó [5], íàâåäåíî ó ïðàöi [15].

Òàêîæ ðîçãëÿíåìî çàäà÷ó ñòiéêîñòi äëÿ çðiçàíîãî êîíóñà, ùî çíàõîäèòüñÿ ïiä
äi¹þ çîâíiøíüîãî íàâàíòàæåííÿ P . Ðîçðàõóíîê ïðîâåäåíèé äëÿ çíà÷åíü: ðàäi-
óñ áiëüøî¨ îñíîâè R1 = 1 ì, ðàäióñ ìåíøî¨ îñíîâè R2 = 0, 5 ì, êóò ïðè îñíîâi
α = 600, òîâùèíà îáîëîíêè h = 0, 02 ì, äîâæèíà L = 1 ì. Ôiçèêî-ìåõàíi÷íi
ïàðàìåòðè ìàòåðiàëó âèáðàíî íàñòóïíèì ÷èíîì: êîåôiöi¹íò Ïóàññîíà ν = 0, 3,
ìîäóëü Þíãà E = 105 ÌÏà. Êðàéîâi óìîâè íàñòóïíi: æîðñòêå çàùåìëåííÿ ïðè
ìåíøié îñíîâi êîíóñà òà øàðíið ïðè áiëüøié éîãî îñíîâi. Ïðè âòðàòi ñòiéêîñòi
îáîëîíêè ó âèãëÿäi çðiçàíîãî êîíóñà ôîðìè îïóêëîñòi ¹ íåñèìåòðè÷íi âiäíîñíî
îñi i õàðàêòåðèçóþòüñÿ ÷èñëîì õâèëü n, òîìó ðîçðàõóíîê ìåòîäîì ñêií÷åííèõ
åëåìåíòiâ ïðîâîäèòüñÿ äëÿ ñåêòîðó π/n (ó äàíîìó âèïàäêó π/8). Íàâåäåìî ïî-
ðiâíÿííÿ ðåçóëüòàòiâ ÷èñëîâîãî ðîçðàõóíêó êðèòè÷íîãî íàâàíòàæåííÿ Pêð äëÿ
öi¹¨ çàäà÷i, ïðè ÿêîìó îáîëîíêà ó âèãëÿäi çðiçàíîãî êîíóñà ïåðåéäå çi ñòàíó ðiâ-
íîâàãè ó ñóìiæíèé ñòàí:

� ï'ÿòèìîäàëüíèé âàðiàíò òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà [11]

Pêð = 9, 57,

� øåñòèìîäàëüíèé âàðiàíò òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà

Pêð = 8, 67.

Âèñíîâêè. Ç àíàëiçó íàâåäåíèõ ðåçóëüòàòiâ áà÷èìî, ùî íàâàíòàæåííÿ,
çíàéäåíå çà øåñòèìîäàëüíîþ òåîði¹þ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåí-
íÿ, ¹ ìåíøèì ïîðiâíÿíî ç êðèòè÷íèì íàâàíòàæåííÿì, îá÷èñëåíèì çãiäíî ç iíøîþ
òåîði¹þ îáîëîíîê. Âðàõóâàííÿ îáòèñêó çìåíøó¹ æîðñòêiñòü îáîëîíêè, òîìó äëÿ
òîãî, ùîá îáîëîíêà âòðàòèëà ñòiéêiñòü, äîñòàòíüî ìåíøîãî íàâàíòàæåííÿ.

1. Áàòå Ê. ×èñëåííûå ìåòîäû àíàëèçà è ìåòîä êîíå÷íûõ ýëåìåíòîâ [òåêñò] / Áàòå Ê.,
Âèëñîí Å. � Ì.: Ñòðîéèçäàò, 1982. � 447 ñ.



Ïðî ðîçâ'ÿçóâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê 141

2. Âàãií Ï. Ï. Àíàëiç íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêèõ îáîëîíîê, ïîäàòëèâèõ
íà çñóâ òà ñòèñíåííÿ [òåêñò] / Âàãií Ï. Ï., Øîò I. ß. // Âiñíèê Ëüâiâ. óí-òó. Cåð.
ïðèêë. ìàò. òà iíôîðì. � 2006. � Âèï. 11. � Ñ. 135�147.

3. Âàãií Ï. Ï. Ïðî âiëüíi êîëèâàííÿ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ
[òåêñò] / Âàãií Ï. Ï., Øîò I. ß. // Ïðèêë. ïðîáëåìè ìåõ. i ìàò. � 2012. � Âèï. 10.
� Ñ. 177�184.

4. Âàñèäçó Ê. Âàðèàöèîííûå ìåòîäû â òåîðèè óïðóãîñòè è ïëàñòè÷íîñòè [òåêñò] /
Âàñèäçó Ê. � Ì.: Ìèð, 1987. � 542 ñ.

5. Âîëüìèð À. Ñ. Óñòîé÷èâîñòü äåôîðìèðóåìûõ ñèñòåì [òåêñò] / Âîëüìèð À. Ñ.
� Ì.: Íàóêà, 1967. � 984 ñ.

6. Ãàëèìîâ Ê. Ç. Òåîðèÿ îáîëî÷åê ñ ó÷åòîì ïîïåðå÷íîãî ñäâèãà [òåêñò] / Ê. Ç. Ãàëè-
ìîâ. � Êàçàíü: Èçä-âî Êàçàíñê. óí-òà, 1977. � 211 ñ.

7. Ãîëüäåíâåéçåð À. Ë. Ñâîáîäíûå êîëåáàíèÿ òîíêèõ óïðóãèõ îáîëî÷åê [òåêñò] /
Ãîëüäåíâåéçåð À. Ë., Ëèäñêèé Â. Á., Òîâñòèê Ï. Å. � Ì.: Íàóêà, 1979. � 384 ñ.

8. Ãðèãîðåíêî ß. Ì. ×èñëåííî-àíàëèòè÷åñêîå ðåøåíèå çàäà÷ ìåõàíèêè îáîëî÷åê íà
îñíîâå ðàçëè÷íûõ ìîäåëåé [òåêñò] / ß. Ì. Ãðèãîðåíêî, Ã. Ã. Âëàéêîâ, À. ß. Ãðèãî-
ðåíêî. � Ê.: Àêàäåìïåðèîäèêà, 2006. � 472 ñ.

9. Íîâîæèëîâ Â. Â. Îñíîâû íåëèíåéíîé òåîðèè óïðóãîñòè [òåêñò] / Â. Â. Íîâîæè-
ëîâ. � Ì.; Ë.: ÃÈÒÒË, 1948. � 211 ñ.

10. Ïåëåõ Á. Ë. Îáîáùåííàÿ òåîðèÿ îáîëî÷åê [òåêñò] / Ïåëåõ Á. Ë. � Ëüâîâ: Âèùà
øê., 1978. � 159 ñ.

11. Ðèêàðäñ Ð. Á. Ìåòîä êîíå÷íûõ ýëåìåíòîâ â òåîðèè îáîëî÷åê è ïëàñòèí [òåêñò] /
Ðèêàðäñ Ð. Á. � Ðèãà: Çèíàòíå, 1988. � 284 ñ.

12. Ñàâóëà ß. Ã. Ðàñ÷åò è îïòèìèçàöèÿ îáîëî÷åê ñ ðåçíûìè ñðåäèííûìè ïîâåðõíî-
ñòÿìè [òåêñò] / Ñàâóëà ß. Ã., Ôëåéøìàí Í. Ï. � Ëüâîâ: Âèùà øê., 1989. � 172 ñ.

13. Ñàâóëà ß. Ã. Íåêîòîðûå ïðèëîæåíèÿ ìåòîäà êîíå÷íûõ ýëåìåíòîâ [òåêñò] / Ñàâóëà
ß. Ã., Øèíêàðåíêî Ã. À., Âîâê Â. Ì. � Ëüâîâ: Èçä-âî Ëüâîâ. óí-òà, 1981. � 88 ñ.

14. Babuska I. Finite elements: an introduction to the method and error estimation [text]
/ Babuska I., Whiteman J. R., Strouboulis T. � Oxford: Oxford University Press, 2011.
� 352 p.

15. Bernakevych I. E. A study of the stable equilibrium of thin shells compliant to shear
and compression [text] / Bernakevych I. E., Vahin P. P., Shot I. Ya. // Journal of
Mathematical Sciences. � 2012. � 181, � 4. � P. 497�505.

16. Libai A. The nonlinear theory of elastic shells [text] / Libai A., Simmonds J. G. �
Cambridge: Cambridge Univ. Press, 1998. � 560 p.


