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T'. C. BeaosepoB
Opecckuit nHanmonaabHbI yuuBepcurer umenu 1. 1. MeanukoBa

O YUCJIE PEIIIEHUIN OTHOT'O CPABHEHUS B KOJIBIIE Z|i]

sos .

Begossopos I'. C. IIpo KiabKicTh po3B’sa3KiB o/Hi€T eKBiBaseHnil B Kiibii Z[i].
Posrnapaerbes 3amaga nobyaysants ToaHOI bopMym i KiabKocTi pimens p(ay, 3, 7) exsi-
panennii a(x?® + y?) = B (mod v) B Kimpmi minmx raycosux umcen Z[i]. Kopucryoauncs
MynbTimmkaTuBHICTIO DyHKIGT p(a, 8, ) mo v, mocratHko mpopaxysatu p(a, B, ©"), me o —
mpocTuii esement B Z[i]. Ilpu npomy 3amada nepedopMyIoeThest 10 IpobaeMu 00UnCIeHHs
CIIeIiaJIbHIX TPUTOHOMETPUYHUX CyM, 30Kpema, cyM layca. IlomibGmi pe3yapraru MOXYTh
OyTH BUKODHCTAaHI B aHAJITHUYHIA TeOPil dmces TaM, e JOCIKYOThCS QIUTHUBHI 33134l 3
CyMaMu KBaJPAaTiB ILIMX THCEII.

KurrouoBi ciioBa: eKBIBAJIEHITi S, KibIIE ILINX FayCOBUX Ynces, cyma ['ayca, CKiHueHe ToJie.

Benoszepos I'. C. O uncine pemennii ogHoro cpasHeHusi B Koable Z[i]. Pac-
CMaTPHUBAETCA 337129 MMOCTPOEHUST TOIHON GopMynsl fyis wmuciaa pemenwii p(a, 8,7) cpas-
werusa a(z? + y?) = B (mod 7) B KosbIe mesbix rayccoperx wmcen Z [i]. Tlomb3ysack myimn-
TANMKATHBHOCTHIO byHKImu p(a, B,7) mo 7, mocraroano seraucauthb p(a, 3, 0"), Tae © —
npocroii snement B Z[i]. Ilpum sTrom 3amaga nepedopmynmupyercsa B mpobieMy BbIMUACICHHS
CITEIMAJILHBIX TPUTOHOMETPUYECKUX CyMM, B 9aCTHOCTH, cymMM laycca. Pesymbrarsr momo6-
HOTO POJIa BOCTPEOOBAHBI B AHAJUTUIECKON TEOPHUH HHCEJ B TOM YACTH, TIe MCCIELYIOTCS
aIIUTUBHBIE 33Q<U C CYMMaMU KBAIPATOB I[EJIBIX THCEJI.

KimroueBble cjioBa: CpaBHEHUE, KOJBIIO MEJIbIX TayCCOBBIX YUCe, cyMMa [aycca, KoHedHoe
oJie.

Belozerov G. S. About number of solutions of one congruence on ring Z[i].
The task of building the exact formula for the number of solutions p(«, 8,7) of the congru-
ence a(z® + y?) = B (mod ) over the ring of Gaussian integer Z [i] is investigated. Using
the multiplicative function p(a, 8,7) on v is sufficient to calculate p(a, 8, "), where p —
prime element in Z[i]. Here the problem is reformulated into a problem of computing of
special exponential sums, in particular, Gauss sums. The results of this kind of demand in
analytic number theory, in the part where the investigated additive problems with the sums
of the squares of integers.
Key words: congruence, ring of Gaussian integer, Gauss sums , finite field.

BBEOEHUE.

OneHKY 9uC/Ia PEeHnii CPaBHEHUI WM TOYHBIE (POPMYJIbI, TPEACTABIISIONINE CO-
OTBETCTBYIOIIME KOJIMIeCTBA, OBIBAIOT YaCTO BOCTPEOOBAHBI BO MHOTHX 3a/Ia9aX aHa-
JATUYIECKON TEOPHUH YTHCEJI. 9TO KaCaeTCd He TOJIbKO KOJIblla PallUOHAJIbHBIX HEJIbIX,
HO U JPYruX KOJIel, LeJIbIX aJiredpandyecKux dmcesl. B JaHHOM ciydae pedb LOaer
o KonmuecTse pemennii cpaprenns a(z? + y?) = B (mod ), rae (a,y) = 1 B KomBIIE
IIEJIBIX TayCCOBBIX uncesl. Ecam 0603HaYNTh yKa3aHHOe KOJMYeCTBO 1uepes p(a, B3,7),
TO OyzZeM paccMaTpUBaTh CYMMY

(© Besozepos T. C., 2013
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= > 1. (1)

x,y€Z[i]
a(z?+y2)=5 (mod ~)
B cuny ussectHoit mynbrunyimkarusnoctu gyukuuu p(q, 5,7) M0 Y AOCTATOYHO BbI-
YUCIUTH PE3YJIBTAT IO MOJYJIIO O™, Tl © — IPOCTOe YucJio B Z[i], r.e. mbo p =p =3
(mod 4), mbo pp =p =1 (mod 4), mmbo p =1+ 1.

OCHOBHBIE PE3VJIbTATHI. Ilycrs cHaugasa paccmarpuBaercs ciy4dail @, rje
pp =p =1 (mod 4). O6o3maunm gepe3s Gy,n, n € N, HOIHYIO CHCTEMY BBIYETOB TIO
moztymmio " B Z[i], a uepe3 G},n — NPUBEJICHHYIO CHCTEMY BBITETOB B 9TOM KOJbIIE.

Jlemma 1. Hmeem mecmo coommowenue

Z J2miRe(22) _ {N(fy), ecau « =0 (mod 7), @)

vec, 0, ecru a# 0 (mod 7).

DTO 37IeMEHTAPHbIN PE3YJIbTaT U3 TEOPUN TPHUTOHOMETPHYECKUX cymMm, rae N ()
€cTb HOpMa Yucia . Toraa, moab3ysch dopMyinoit (1), nomydanm

Z _ e fir) = Z Z 62W1R8<<a<r +y?) - /3)Z) _

0 z,yeGpm (p 2€Gpn
= ! —27i Re( 22 27i Re % B
S i YD O ( )_
2€Ggn ) z,yEGn o
= N(@n) + ¥ 1 . Z Z 6—2771Re(%) Z 62771Re< - > _
(p ) 6=0 =€Gyn 2 yeGen
(zo™)=p%
S a@?+y?)z +y )z
= N(pn) + — 1 _ Z 727mRe ) Z 62MR6< ) _
(o™) =0 2€G* reGon
1o iR ,
= N(p") + N(p") N(pé) Z e i e( 6) (H(az o 6)) 7
=0 ZEG;n—(S

rae

H(a,p") = Z eQTriP“e(ial’€2>7 (a,p) = 1.

ey

Baitvemcsa cymmoit H (o, o).

JIemma 2. Hmeem mecmo coommnowenue das k > 2

=
)
>

, ecau k =2k, ki €N,

kY _ i Re au?
H(a,p") = N(pkl)z:e2 R<‘<”), ecau k= 2k; + 1.
ueGy,
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)

JokazareabcTso. Ilomoxum z = u + pF 1v, mne u € Gor-1,v € Gy,. Torna

i 2 y Uy
H(a, gk = Z esze(i,—‘;c) Z J2mi Re(2222)
UG n—1 vEG,,

60 ax? = au? + 20uvpF 1 + ap? 20 agna k> 2 2k —2>k, Te.
az? = au? + 20uvp* 1 + ap?*~20? (mod p").

(171,2
P

H(a, ¢*) = N() Z e2mRe(“p’7f) — N(p) Z e27riRe<@k_7
UGka—z

u€G
pk 1
u=0 (mod p)

1 nagnee,

U remepnb, MONB3ySCH CIYCKOM TIO k, UMeeM
N(pk), ecu k= 2ky, ki €N,
ky _ ; au?
H(a,p") = N(pM) Z eQMRe( ® )7 ecmm k= 2k; + 1.
ueGy,
Jlemma gokazaHa. O
. au2 . o¢33u2
Hnsi weaernoro k (k > 1) umeem Z eQMRe( 3 > = Z esze( P ), rae
ueGy, u€Gy,
P = pp-
Ecmu ap = a (mod p), roe a € Z,, 10 mociaenHsas CyMMa HOPEBPAIIACTICI B pa-
P - qz? p—1\2 a
IIMOHAJIBHYIO CyMMY Faycca Z 627”T = Z(PT) () pl/Q, a YYHUTBIBAd, 4TO p = 1
z=1

p 2
cax a
(mod 4), To Z 2™ = <) /2, re (5) — cumBoa Jlexxanmpa.
D p
r=1

[osTomy, Bo3Bpamasch K cymme H(a z, p"~%), momyTaem

ecau n — § 4eTHO,

n—34
5 N(p) =,
H(az, "7 °%) = n—s—
(az, ") N(p)== <C> p'/?, ecium n — § mewerno.
p
3mecy apz = ¢ (mod p), c¢ € Z,. U, naxoner,
N(p)nTﬂ;, ecau m — § 4erHo,
H(az, " %) = o 1/2
( ) N(p)"=" (c) , €CIH 1 — 0 HEeIETHO.
Jlemma 3. Hmeem mecmo coommouweHue
| p(h),  ecau Biph,
2mi Re( £& . .
e (%) - —p"t, ecau BipFT u BipF,

ZGG;k i
0, ecau BipF1,

2de pp = p.
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JloKaszaTeJabCcTBO. B cuity TOro, 4ro npuseenHas cucreMa soraeros 1o mod pF

COBIIAIAET C TIPUBEIEHHOM cucTeMol BhraeTos 1o mod p¥, nmenno G;k = Z;k., TTOJTy-

qaeMm
Z e2ﬂ'iRe(g—z> _ Z esze(Z—,j) _ Z esze(i—;) Z M(d):Z‘

ZGG;k zEZ;k zeZpk d\(pk,z) 1

Baecw p(d)— dynkuus Mebuyca. Hdasee,

Z Z u(d) Z ezmm(}%) _ Z eQ‘n’iRe(:—;) B Z e?ﬂ'iRe(s—z) _

1 d\p* €7 Kk 2E€Z 2€2 K
z=0 (mod d) z=0 (mod p)
. 8 . 8
_ Z e27rzRe(p—,:> _ Z 627”Re(pk51)7
ZGZpk ZGZpk,1
OTKYda, YIYUTbIBad (2), IIONIy4v9aeTCd pe3yjbTaT JI€eMMBbI. O

Bozspamiasce k cymme E , oIy 4yaeM
0

n—1
—omi Bz _ n—
E = N(pn) =+ N(;)T) E N(@§) E e 2 zl{e(wﬂs)]\[(p 5) _
=0

0 zeG*

on—"5
n—1
:N(Pn)+z Z 672wiRe(pfi5)'

6=0 zEG;n75

Ilycrs Temeps (3, p") = p!. Torma, ecm | = n, To

ot S i (1 L\
> _N(p)+§¢(p )—N(@><1 N(p)>5= N(p®)

0 0

= N(p")+ N(p") —1=2N(p") - 1.

3necy ¢ — byunxmusa Ditnepa B kosbie Z[i].
Ecmu | < n—1, To cormacHo jieMMe 3 BHyTPEHHAA CyMMa B Z JIOJI2KHA, PABHATHCS
0
@(N(p" ), eciul >n — 3, -N(p" 9 1), ecim | =n — 6 — 1 u Hy/IIO B OCTANBHbBIX
caygasax. Torma

Z :N(@n)‘i‘ z_: Z e—2ﬂiRe(%) _

0 s=n—l-12€G", _;
n—1
=N(p") = N()+ Y @(N(p") = N(p") - 1.
d=n—I1

Paccmorpum coyuaii p = p = 3 (mod 4). Kak u panee, umeem
1

N T e (s, on)?,

6=0 zEG;"ﬂ;
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; (12.772
oz = Y &m0,
:L’EGpn—é

u cryck mo p" % maer

] azu? ; azuv
H(O{Z,pn_é) = Z eQ‘MRe(p”*s) Z ezT”Re(z P ) =

u€G jn—s5-1 veEG)

~ N(p) z 2 Rc(pgjg; )

uEGpnﬂsfz

W, nakowner,
N(p"T_S), ecau n — ¢ 4eTHO,
n—~0y __ s . azu?
Hoz,p"™") = N(p 3 1) > eQMRe( P >, ecau 1 — 0 HEeYETHO. (3)
ueGy
Bsuay roro, uro (G, : Zp] = 2, MOXKHO CYHTATh, ITO BHYTPEHHSS cymMMa B (3)

paccmarpuBaercsa B nose Fy, rie ¢ = p?. 371echb yMECTHO IPHBECTH PE3Y/IbTAThI U3
[1]. Umenno, nycrs cymma Laycca B nose Fy oupenensercs BbIpazkeHueM

G.x) = Y d(e)x(e),

cEFq*

rie ¢ — MyJIbTHINIMKATHBHBIH, a X — &UIMTHBHBLL XapakTepbl noss Fy. Xapakrep
X HazblBaeTcss KaHoHuuecknM, ecm x(z) = e?™@/P pre p = Char(F,), a tr(x) -
abCOIOTHBIN Cj1e/1, 3J1eMEeHTa, X.

JIemma 4. ITycms p — npocmoe newemmoe wucao, s € N, Fy, — xoneunoe nose
nopsadka q¢ = p*. Ecau n — weadpamuunsiii Tapaxmep, a X — kanonuveckuti adou-
muenbll zapaxmep noas Fy, mo

(=1)*71¢"2,  ecaup=1 (mod 4),
(=1)*7ti*q"/2,  ecau p =3 (mod 4).

G(n,x) = {

HokasaresbcrBo. B [1].

Jlemma 5. ITycmo x— nempusuasvroil addumusnud capaxmep noas Fy, 2de q
— newemmno, u nycmo f(x) = asx® + a1x + ag € Fylz]. Toeda

> x(f(0) = x(ao — ai(4as) )n(az) - G(n, x),

cely
2de 1 — xeadpamuunuili Tapaxmep noas Fy.

HoxkaszaresbcrBo. B [1].
Temnepp nosrygaem

Z 627TiRe(azp“2) _ Z e27ritr(azp”2> _ n(aZ)G(’I’},GZﬂitr(z)/p)7

ueGp uEF,
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ubo ag =a; =0, ap = az. 3Haqur,
n—a
N(p—=2), ecau n — § YeTHO,
H(oz,p" %) = (pn—s—)l 2ritr(z)/ :
N(p~ = n(az)G(n, e ™ *)/P)  ecau n — d HEIETHO.
YuaursBas temMmmy 4, nmeem
n—=a
N(p = eciau n — § YeTHO
H(az,p" %) = (pn_g_)i Jm HOHIO,
N(p~—= )n(az), ecmu n— §HEUETHO.
1 rorna nia Z MOJTy 4aeM
0
1 s 5 —27riRe< Bz ) n—=o
2 =N+ N0 D e N =
0 p 6=0 z€G*
n—1 5z
_ N(pn) + Z Z 727r7,Re< n_5)
0=02€G*, _;
P
[ycts croBa (3,p") = p'. Torma, Kak u panee, 114 | = n uMeeM
Y =2N0") -
0
Ecm i <n-—1, 10
—27r'LRe —27i Re %%
)SERUIED WD DI ISMDIP ),
0 6=0 zeG*, _, 6=0 26G*, _,
p" p"
rae (f1,p) = 1. Torma
. B 2z
OGRS VD DR Gt
0 0<é<n— leG*" 5
—2mRe n7 — _
ty el
n—1<i<n— 1z€G;"75
o By =
MY NG Y e 2mi Re( 257 )
0<o<n—1 ZGG;n_5 f
+ Z N(pl) Z 6727T1Re< LE l> _
n—I<é<n—1 ZEG;"_S_I
S
2 3
JIemma 6 (oGoGuiennas nemma Pamanymxkana). B ycaosusx Z[i] u (B,p) =1

UMeem

Z eQmﬁRe(%) :{ 0, ecau k>1,

-1, ecau k=1.
2€G*,
p
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Joka3aTesqbcTBO. AHAJOrUYHO jieMme 3.

Teneps B COOTBETCTBHM C JIeMMO 6 Z:—N(pl), a Z = N - g(pn07h.
2 3

ITosTomy

> =Ne") -1

0
Paccmorpum mocnenuwmii cay4dait p = 1 + i. CranmapTHas BBIKJIAIKA OMSTH J1aeT

Z — N(p") + #HX_:N(Q‘S) Z e—27riRe(;‘fj§) (H(, p"_‘s))Q.
0 N(pn) 6=0 zeG

"
on—3

U3menenue B cymmupoBanuu 10 6 cBs3ano ¢ rem, uro H(z,p) = 0, u aa = 1
(mod ™). A ana H(z,p?) HeTpyAHO MOMYUHTH 3HaUeHWe, eClH ODO3HAUUTH 2 =

wy + tws. Ilpm 3TOM, yuHWTBIBas, UTO (z, p) = 1, 3amMeTuM, YTO Wi U Wy UMEIOT
pasuyio dyeTHOCTE. [loaToMmy

H(z, p2) _ 0, ecsm w; YE€THO,
4, ecyin wi HEYETHO

U, cnenosaresibHO, B 3TOM Citydae

; = N(pQ) + N(;Q) ’ N(p) z; e—2wiRe(i)ﬁ;) N (94) =

Re(z)=1 (mod 2)

_ N(pz) +N(p2) . efiwlm(aﬂ).

Jns porancienns saadenns H(z, %) MOXKHO BOCHOMb30BATLCA TIOTHOM CHCTEMOM BbI-
gerop suga {0, =1, +i, 1 +£4, 2}. U Torma nomyanm, aro H(z, %) = 0. ITosromy
mpu n = 3

1 —2miRe
2 =N+ wm V) D e Re(

2€G*,
©
Re(z)=1 (mod 2)

[}

Bz
02

) (H(z 0%))? =

—_ N(p?’) + N(pz) . efiwlm(&ﬂ).

Crosa paccmorpuM cymmy H(z, oF), k > 4. Jlerko Buzers, uro npu k = 2k,
T =u-+ pklv, rae u,v € kal, BbIBOIUM 115t H

Hiph) = 3 @mRe(r) 3o mme(a)

’U,Ekal ’UEkal
271i R ( 2) QﬂiRe(ZU%)
i Re( £%— - -
=N(ph) Y e )= N(ph) Y e "=
wE€G iy u1 €EGp2
2u | k1

2
zuy
4

)

_ N(pM) Z eQ‘n’iRe(

uy €Gp?
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Eciu BHOBBb 0003HA4UTh 2 = W1 + tWsg, TO MPOCTDIE BHIYUCICHHAS TAIOT

2, ec/iu w1 — HEeYeTHO,
H(z,0") = N(p"){2, ecmmw; =0 (mod 4),

-2, ecimw; =2 (mod 4).

Opu k =2k +1, k>4, uzx=u+p" v, roeue Gorr+1, v € Gy mOMydaEM

Hogh = 3 () s g _

uEGng1+1 Uerkl
2 . 2
= N(ph) Z e27riRe<szk) _ N(pkl) Z e—2w1Re<?>.
UEG phat u1€G 3
Quspkl

Borunciias HEenmoCpeICTBEHHO MOCIEIHIO CYMMY, HAXOAUM, 9TO
Hs pk) _ N(pk'l) 2V2 ec wy + we = 1 wim 7 (mod 8),
—2v/2, ecimw; + wo = 3 wn 5 (mod 8).
Tenepn, Kak u panee, monoxum (3, p") = p'°. Torma

Y= 3 ) (w o)

4 zEG;nﬂS

_ Z 6727”;]26(@71,—5_"0) (H(z,pn_é))27

zeG*

on—35

e B =B, (Bi,9) =1 Ecmly>n—6, 10

—( n— n— 2

D> =" %) (H(z,0"%) "

4
Aecmilg<n—90,romput=n—29—I

S =Nl 3 e TR (2, o) =
4

2€G*,
©

n—6y\\2 _N(plo)v ecmu  t = 1;
(H(z,p )) { 0, eciim t > 1,

o gemme 6. Teneps misa n > 4

n—2

6=n—3

ZZN(W”HN(;”) (iN(p‘S)ZJF > N(@5)Z> =NE )+ +> .
0 6=0 4 4 5 6
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_ 1 5 ot 2
N )
Y = S N =N 3 ) (o)
6 5=n—3 4 2€G7,
N Z e—27riRe( 21z (H(z,pz))zz
zEG;z
— N _Q”iRC(%—lfo)(H(z,pz)) - (4)
z€G*,

N(p?), ecau lg>2,
~N(p?), ecmm lgp=1,
N(p?), ecmm ly=0, Im(aB;) =0 (mod 2),
—N(p?), ecmm lp=0, Im(aB;) =1 (mod 2).

Haxkomner, cymmupys mo § B g , B UTOTe TOJIydaeM

N(p), ecim n =1,

2N (p?), ecmn n =2, Im(aB) = 0(mod2),

0, ecim n =2, Im(af) = 1 (mod2),

N(p3) + N(p?), eciiu n = 3, Im(apB) = 0 (mod2),
ecin n =3, Im(apf) =1 (mod2),

=[]
Il
=
9
NI
I
=
9
Nb

N(p") + N(*)(N(p) = 1)+ ), ecm n=4,
6
N(p") + N(p°)(N(p'o~%) — 1)—

—N(plot2) + Z , eciw n > 5,
6

e E onpenensercs dhopmyioit (4).
Cobupast Bce BMeCTe, HOJIydaeM OCHOBHOH De3ysbTar.

Teopema. s wucaa pewenuti cpasrenus, onpedeasemozo gopmyaot (1), cnpa-
6€0AUB0 PABEHCTNGO

P(aaﬁﬁ) = E(Oé,ﬁ,’y) : H (E(ﬁ)N(pn) - 1);
©™ 1y

pAL+i

2de p— mpocmuie anemenmor u3 Zli], a

_ 27 ecay @n|5,
E(ﬂ) a {17 ecau pn +6>



O wucae pewenutdl 001020 cpasHerus 6 Kosvuye Z|i] 25

N(p), ecau n=1,

2N (p?), ecau n =2, Im(af) =0 (mod 2),

0, ecau n =2, Im(af) =1 (mod 2),

N(p3) + N(p?), ecau n =3, Im(af) =0 (mod 2),
Bl 8,7) = N(g3) — N(p?), ecau n =3, Im(af) =1 (mod 2),

N(h)+ N+ Y. ecaun = 4

6
N(@n)_N(@5)+Z7 ecaun > 5.
6
3decv p =141 u "||y.

3AKJIIOYEHHUE. Hamu paccMoTpena 3a1a4a OCTPOSHUST TOUHO#H (hOPMYIIBI 1115t
uucsia pemennit p(a, 3,7) cpasuenus a(x? +y%) = 4 (mod 7) B KoIblle TEIbIX rayc-
coBbix uncesn Z [i|. Ilonb3ysch MynbTHINIMKATHBHOCTHIO byHKImEH p(a, 8,7) 1m0 7,
3amada nepedopMyIupyeTcd B IpodaeMy BbIUUCICHUS CHENUATbHBIX TPUTOHOMETPH-
9eCKHX CyMM, B 9aCTHOCTH, cyMM L'aycca. Pe3ymbrars! 1om00HOT0 poga BocTpeboBaHbI
B AHAJIMTHYECKON TEOPMU YMCEJ [IPH MCCACIOBAHMM I JUTUBHBIX 3334 ¢ CyMMaMK
KBAIPATOB IEJIbIX YHCeII.

1.  JInga P. Kowneunse mona / Jlman P., Huneppaiirep I. — M. : Mup, 1988. — 428 c.



