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Î ×ÈÑËÅ ÐÅØÅÍÈÉ ÎÄÍÎÃÎ ÑÐÀÂÍÅÍÈß Â ÊÎËÜÖÅ Z[i]

Á¹ëîçüîðîâ Ã. Ñ. Ïðî êiëüêiñòü ðîçâ'ÿçêiâ îäíi¹¨ åêâiâàëåíöi¨ â êiëüöi Z[i].

Ðîçãëÿäà¹òüñÿ çàäà÷à ïîáóäóâàííÿ òî÷íî¨ ôîðìóëè äëÿ êiëüêîñòi ðiøåíü ρ(α, β, γ) åêâi-

âàëåíöi¨ α(x2 + y2) ≡ β (mod γ) â êiëüöi öiëèõ ãàóñîâèõ ÷èñåë Z[i]. Êîðèñòóþ÷èñü

ìóëüòiïëèêàòèâíiñòþ ôóíêöi¨ ρ(α, β, γ) ïî γ, äîñòàòíüî ïðîðàõóâàòè ρ(α, β, ℘n), äå ℘ �

ïðîñòèé åëåìåíò â Z[i]. Ïðè öüîìó çàäà÷à ïåðåôîðìóëþ¹òüñÿ äî ïðîáëåìè îá÷èñëåííÿ

ñïåöiàëüíèõ òðèãîíîìåòðè÷íèõ ñóì, çîêðåìà, ñóì Ãàóñà. Ïîäiáíi ðåçóëüòàòè ìîæóòü

áóòè âèêîðèñòàíi â àíàëiòè÷íié òåîði¨ ÷èñåë òàì, äå äîñëiäæóþòüñÿ àäèòèâíi çàäà÷i ç

ñóìàìè êâàäðàòiâ öiëèõ ÷èñåë.

Êëþ÷îâi ñëîâà: åêâiâàëåíöiÿ, êiëüöå öiëèõ ãàóñîâèõ ÷èñåë, ñóìà Ãàóñà, ñêií÷åíå ïîëå.

Áåëîçåðîâ Ã. Ñ. Î ÷èñëå ðåøåíèé îäíîãî ñðàâíåíèÿ â êîëüöå Z[i]. Ðàñ-

ñìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ òî÷íîé ôîðìóëû äëÿ ÷èñëà ðåøåíèé ρ(α, β, γ) ñðàâ-

íåíèÿ α(x2 + y2) ≡ β (mod γ) â êîëüöå öåëûõ ãàóññîâûõ ÷èñåë Z [i]. Ïîëüçóÿñü ìóëü-

òèïëèêàòèâíîñòüþ ôóíêöèè ρ(α, β, γ) ïî γ, äîñòàòî÷íî âû÷èñëèòü ρ(α, β, ℘n), ãäå ℘ �

ïðîñòîé ýëåìåíò â Z[i]. Ïðè ýòîì çàäà÷à ïåðåôîðìóëèðóåòñÿ â ïðîáëåìó âû÷èñëåíèÿ

ñïåöèàëüíûõ òðèãîíîìåòðè÷åñêèõ ñóìì, â ÷àñòíîñòè, ñóìì Ãàóññà. Ðåçóëüòàòû ïîäîá-

íîãî ðîäà âîñòðåáîâàíû â àíàëèòè÷åñêîé òåîðèè ÷èñåë â òîé ÷àñòè, ãäå èññëåäóþòñÿ

àääèòèâíûå çàäà÷è ñ ñóììàìè êâàäðàòîâ öåëûõ ÷èñåë.

Êëþ÷åâûå ñëîâà: ñðàâíåíèå, êîëüöî öåëûõ ãàóññîâûõ ÷èñåë, ñóììà Ãàóññà, êîíå÷íîå

ïîëå.

Belozerov G. S. About number of solutions of one congruence on ring Z[i].

The task of building the exact formula for the number of solutions ρ(α, β, γ) of the congru-

ence α(x2 + y2) ≡ β (mod γ) over the ring of Gaussian integer Z [i] is investigated. Using

the multiplicative function ρ(α, β, γ) on γ is sufficient to calculate ρ(α, β, ℘n), where ℘ –

prime element in Z[i]. Here the problem is reformulated into a problem of computing of

special exponential sums, in particular, Gauss sums. The results of this kind of demand in

analytic number theory, in the part where the investigated additive problems with the sums

of the squares of integers.

Key words: congruence, ring of Gaussian integer, Gauss sums , finite field.

Ââåäåíèå.

Îöåíêè ÷èñëà ðåøåíèé ñðàâíåíèé èëè òî÷íûå ôîðìóëû, ïðåäñòàâëÿþùèå ñî-
îòâåòñòâóþùèå êîëè÷åñòâà, áûâàþò ÷àñòî âîñòðåáîâàíû âî ìíîãèõ çàäà÷àõ àíà-
ëèòè÷åñêîé òåîðèè ÷èñåë. Ýòî êàñàåòñÿ íå òîëüêî êîëüöà ðàöèîíàëüíûõ öåëûõ,
íî è äðóãèõ êîëåö öåëûõ àëãåáðàè÷åñêèõ ÷èñåë. Â äàííîì ñëó÷àå ðå÷ü ïîéäåò
î êîëè÷åñòâå ðåøåíèé ñðàâíåíèÿ α(x2 + y2) ≡ β (mod γ), ãäå (α, γ) = 1 â êîëüöå
öåëûõ ãàóññîâûõ ÷èñåë. Åñëè îáîçíà÷èòü óêàçàííîå êîëè÷åñòâî ÷åðåç ρ(α, β, γ),
òî áóäåì ðàññìàòðèâàòü ñóììó
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ρ(α, β, γ) =
∑

x,y∈Z[i]

α(x2+y2)≡β (mod γ)

1 . (1)

Â ñèëó èçâåñòíîé ìóëüòèïëèêàòèâíîñòè ôóíêöèè ρ(α, β, γ) ïî γ äîñòàòî÷íî âû-
÷èñëèòü ðåçóëüòàò ïî ìîäóëþ ℘n, ãäå ℘ � ïðîñòîå ÷èñëî â Z[i], ò.å. ëèáî ℘ = p ≡ 3
(mod 4), ëèáî ℘℘̄ = p ≡ 1 (mod 4), ëèáî ℘ = 1 + i.

Îñíîâíûå ðåçóëüòàòû. Ïóñòü ñíà÷àëà ðàññìàòðèâàåòñÿ ñëó÷àé ℘, ãäå
℘℘̄ = p ≡ 1 (mod 4). Îáîçíà÷èì ÷åðåç G℘n , n ∈ N , ïîëíóþ ñèñòåìó âû÷åòîâ ïî
ìîäóëþ ℘n â Z[i], à ÷åðåç G∗℘n � ïðèâåäåííóþ ñèñòåìó âû÷åòîâ â ýòîì êîëüöå.

Ëåììà 1. Èìååò ìåñòî ñîîòíîøåíèå

∑
x∈Gγ

e2πiRe(αxγ ) =

{
N(γ), åñëè α ≡ 0 (mod γ),

0, åñëè α 6≡ 0 (mod γ).
. (2)

Ýòî ýëåìåíòàðíûé ðåçóëüòàò èç òåîðèè òðèãîíîìåòðè÷åñêèõ ñóìì, ãäå N(γ)
åñòü íîðìà ÷èñëà γ. Òîãäà, ïîëüçóÿñü ôîðìóëîé (1), ïîëó÷èì

∑
0

= ρ(α, β, γ) =
∑

x,y∈G℘n

1

N(℘n)

∑
z∈G℘n

e
2πiRe

(
(α(x2+y2)−β)z

℘n

)
=

=
1

N(℘n)

∑
z∈G℘n

e−2πiRe( βz℘n )
∑

x,y∈G℘n
e

2πiRe

(
α(x2+y2)z

℘n

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

∑
z∈G℘n

(z℘n)=℘δ

e−2πiRe( βz℘n )
∑

x,y∈G℘n
e

2πiRe

(
α(x2+y2)z

℘n

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

) ∑
x,y∈G℘n

e
2πiRe

(
α(x2+y2)z

℘n−δ

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
·
(
H(αz, ℘n−δ)

)2
,

ãäå

H(α, ℘k) =
∑

x∈G℘k
e

2πiRe
(
αx2

℘k

)
, (α, ℘) = 1.

Çàéìåìñÿ ñóììîé H(α, ℘k).

Ëåììà 2. Èìååò ìåñòî ñîîòíîøåíèå äëÿ k ≥ 2

H(α, ℘k) =


N(℘k1), åñëè k = 2k1, k1 ∈ N,

N(℘k1)
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
, åñëè k = 2k1 + 1.
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Äîêàçàòåëüñòâî. Ïîëîæèì x = u+ ℘k−1v, ãäå u ∈ G℘k−1 , v ∈ G℘. Òîãäà

H(α, ℘k) =
∑

u∈G℘n−1

e
2πiRe

(
αu2

℘k

) ∑
v∈G℘

e2πiRe( 2αuv
℘ ),

èáî αx2 = αu2 + 2αuv℘k−1 + α℘2k−2v2, à äëÿ k ≥ 2 2k − 2 ≥ k, ò.å.

αx2 ≡ αu2 + 2αuv℘k−1 + α℘2k−2v2 (mod ℘k).

È äàëåå,

H(α, ℘k) = N(℘)
∑

u∈G
℘k−1

u≡0 (mod ℘)

e
2πiRe

(
αu2

℘k

)
= N(℘)

∑
u∈G

℘k−2

e
2πiRe

(
αu2

℘k−2

)
.

È òåïåðü, ïîëüçóÿñü ñïóñêîì ïî k, èìååì

H(α, ℘k) =


N(℘k1), åñëè k = 2k1, k1 ∈ N,

N(℘k1)
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
, åñëè k = 2k1 + 1.

Ëåììà äîêàçàíà.

Äëÿ íå÷åòíîãî k (k ≥ 1) èìååì
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
=

∑
u∈G℘

e
2πiRe

(
α℘̄u2

p

)
, ãäå

p = ℘℘̄.
Åñëè α℘̄ ≡ a (mod p), ãäå a ∈ Zp, òî ïîñëåäíÿÿ ñóììà ïðåâðàùàåòñÿ â ðà-

öèîíàëüíóþ ñóììó Ãàóññà
p∑
x=1

e2πi ax
2

p = i(
p−1

2 )
2
(
a

p

)
p1/2, à ó÷èòûâàÿ, ÷òî p ≡ 1

(mod 4), òî
p∑
x=1

e2πi ax
2

p =

(
a

p

)
p1/2, ãäå

(
a
p

)
� ñèìâîë Ëåæàíäðà.

Ïîýòîìó, âîçâðàùàÿñü ê ñóììå H(α z, ℘n−δ), ïîëó÷àåì

H(αz, ℘n−δ) =

N(℘)
n−δ

2 , åñëè n− δ ÷åòíî,

N(℘)
n−δ−1

2

(
c

p

)
p1/2, åñëè n− δ íå÷åòíî.

Çäåñü α℘̄z ≡ c (mod p), c ∈ Zp. È, íàêîíåö,

H(αz, ℘n−δ) =


N(℘)

n−δ
2 , åñëè n− δ ÷åòíî,

N(℘)
n−δ

2

(
c

p

)1/2

, åñëè n− δ íå÷åòíî.

Ëåììà 3. Èìååò ìåñòî ñîîòíîøåíèå

∑
z∈G∗

℘k

e
2πiRe

(
βz

℘k

)
=


ϕ(pk), åñëè β

...pk,

−pk−1, åñëè β
...pk−1 è β

...pk,

0, åñëè β
...pk−1,

ãäå ℘℘̄ = p.
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Äîêàçàòåëüñòâî. Â ñèëó òîãî, ÷òî ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî mod ℘k

ñîâïàäàåò ñ ïðèâåäåííîé ñèñòåìîé âû÷åòîâ ïî mod pk, èìåííî G∗℘k
∼= Z∗pk , ïîëó-

÷àåì∑
z∈G∗

℘k

e
2πiRe

(
βz

℘k

)
=
∑
z∈Z∗

pk

e
2πiRe

(
β z

pk

)
=
∑
z∈Z

pk

e
2πiRe

(
β z

pk

) ∑
d\(pk,z)

µ(d) =
∑

1

.

Çäåñü µ(d)� ôóíêöèÿ Ìåáèóñà. Äàëåå,∑
1

=
∑
d\pk

µ(d)
∑
z∈Z

pk

z≡0 (mod d)

e
2πiRe

(
βz

pk

)
=
∑
z∈Z

pk

e
2πiRe

(
βz

pk

)
−
∑
z∈Z

pk

z≡0 (mod p)

e
2πiRe

(
βz

pk

)
=

=
∑
z∈Z

pk

e
2πiRe

(
βz

pk

)
−
∑

z∈Z
pk−1

e
2πiRe

(
βz

pk−1

)
,

îòêóäà, ó÷èòûâàÿ (2), ïîëó÷àåòñÿ ðåçóëüòàò ëåììû.

Âîçâðàùàÿñü ê ñóììå
∑

0

, ïîëó÷àåì

∑
0

= N(℘n) + 1
N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
N(℘n−δ) =

= N(℘n) +

n−1∑
δ=0

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
.

Ïóñòü òåïåðü (β, ℘n) = ℘l. Òîãäà, åñëè l = n, òî∑
0

= N(℘n) +

n−1∑
δ=0

ϕ̄(℘n−δ) = N(℘n)

(
1− 1

N(℘)

) n−1∑
δ=0

1

N(℘δ)
=

= N(℘n) +N(℘n)− 1 = 2N(℘n)− 1.

Çäåñü ϕ̄ � ôóíêöèÿ Ýéëåðà â êîëüöå Z[i].

Åñëè l ≤ n−1, òî ñîãëàñíî ëåììå 3 âíóòðåííÿÿ ñóììà â
∑

0

äîëæíà ðàâíÿòüñÿ

ϕ̄(N(℘n−δ)), åñëè l ≥ n − δ, �N(℘n−δ−1), åñëè l = n − δ − 1 è íóëþ â îñòàëüíûõ
ñëó÷àÿõ. Òîãäà

∑
0

= N(℘n) +

n−1∑
δ=n−l−1

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
=

= N(℘n)−N(℘l) +

n−1∑
δ=n−l

ϕ̄(N(℘n−δ)) = N(℘n)− 1.

Ðàññìîòðèì ñëó÷àé ℘ = p ≡ 3 (mod 4). Êàê è ðàíåå, èìååì∑
0

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
·
(
H(αz, ℘n−δ)

)2
,
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H(αz, pn−δ) =
∑

x∈G
pn−δ

e
2πiRe

(
αzx2

pn−δ

)
,

è ñïóñê ïî pn−δ äàåò

H(α z, pn−δ) =
∑

u∈G
pn−δ−1

e
2πiRe

(
αzu2

pn−δ

) ∑
v∈Gp

e2πiRe( 2αzuv
p ) =

= N(p)
∑

u∈G
pn−δ−2

e
2πiRe

(
αzu2

pn−δ−2

)
.

È, íàêîíåö,

H(αz, pn−δ) =


N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )
∑
u∈Gp

e
2πiRe

(
αzu2

p

)
, åñëè n− δ íå÷åòíî. (3)

Ââèäó òîãî, ÷òî [Gp : Zp] = 2, ìîæíî ñ÷èòàòü, ÷òî âíóòðåííÿÿ ñóììà â (3)
ðàññìàòðèâàåòñÿ â ïîëå Fq, ãäå q = p2. Çäåñü óìåñòíî ïðèâåñòè ðåçóëüòàòû èç
[1]. Èìåííî, ïóñòü ñóììà Ãàóññà â ïîëå Fq îïðåäåëÿåòñÿ âûðàæåíèåì

G(ψ, χ) =
∑
c∈F∗q

ψ(c)χ(c),

ãäå ψ � ìóëüòèïëèêàòèâíûé, à χ � àääèòèâíûé õàðàêòåðû ïîëÿ Fq. Õàðàêòåð
χ íàçûâàåòñÿ êàíîíè÷åñêèì, åñëè χ(x) = e2πitr(x)/p, ãäå p = Char(Fq), à tr(x) �
àáñîëþòíûé ñëåä ýëåìåíòà x.

Ëåììà 4. Ïóñòü p � ïðîñòîå íå÷åòíîå ÷èñëî, s ∈ N , Fq � êîíå÷íîå ïîëå
ïîðÿäêà q = p2. Åñëè η � êâàäðàòè÷íûé õàðàêòåð, à χ � êàíîíè÷åñêèé àääè-
òèâíûé õàðàêòåð ïîëÿ Fq, òî

G(η, χ) =

{
(−1)s−1q1/2, åñëè p ≡ 1 (mod 4),

(−1)s−1isq1/2, åñëè p ≡ 3 (mod 4).

Äîêàçàòåëüñòâî. Â [1].

Ëåììà 5. Ïóñòü χ� íåòðèâèàëüíûé àääèòèâíûé õàðàêòåð ïîëÿ Fq, ãäå q
� íå÷åòíî, è ïóñòü f(x) = a2x

2 + a1x+ a0 ∈ Fq[x]. Òîãäà∑
c∈Fq

χ(f(c)) = χ(a0 − a2
1(4a2)−1)η(a2) · G(η, χ),

ãäå η � êâàäðàòè÷íûé õàðàêòåð ïîëÿ Fq.

Äîêàçàòåëüñòâî. Â [1].
Òåïåðü ïîëó÷àåì∑

u∈Gp

e
2πiRe

(
αzu2

p

)
=
∑
u∈Fq

e
2πitr

(
αzu2

p

)
= η(αz)G(η, e2πitr(x)/p),
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èáî a0 = a1 = 0, a2 = α z. Çíà÷èò,

H(α z, pn−δ) =

{
N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )η(α z)G(η, e2πitr(x)/p), åñëè n− δ íå÷åòíî.
.

Ó÷èòûâàÿ ëåììó 4, èìååì

H(α z, pn−δ) =

{
N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )η(α z), åñëè n− δ íå÷åòíî.
.

È òîãäà äëÿ
∑

0

ïîëó÷àåì

∑
0

= N(pn) +
1

N(pn)

n−1∑
δ=0

N(pδ)
∑

z∈G∗
pn−δ

e
−2πiRe

(
β z

pn−δ

)
·N(pn−δ) =

= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β z

pn−δ

)
.

Ïóñòü ñíîâà (β, pn) = pl. Òîãäà, êàê è ðàíåå, äëÿ l = n èìååì∑
0

= 2N(pn)− 1.

Åñëè l ≤ n− 1, òî

∑
0

= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β z

pn−δ

)
= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
,

ãäå (β1, p) = 1. Òîãäà∑
0

= N(pn) +
∑

0≤δ<n−l

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
+

+
∑

n−l≤δ≤n−1

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
=

= N(pn) +
∑

0≤δ<n−l

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(
β1 z

pn−δ−l

)

+
∑

n−l≤δ≤n−1

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(
β1 z

pn−δ−l

)
=

= N(pn) +
∑

2

+
∑

3

.

Ëåììà 6 (îáîáùåííàÿ ëåììà Ðàìàíóäæàíà). Â óñëîâèÿõ Z[i] è (β, p) = 1
èìååì ∑

z∈G∗
pk

e
2πiRe

(
β z

pk

)
=

{
0, åñëè k > 1,
−1, åñëè k = 1.
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Äîêàçàòåëüñòâî. Àíàëîãè÷íî ëåììå 3.

Òåïåðü â ñîîòâåòñòâèè ñ ëåììîé 6
∑

2

=−N(pl), à
∑

3

= N(pl) · ϕ̄(pn−δ−l).

Ïîýòîìó ∑
0

= N(pn)− 1.

Ðàññìîòðèì ïîñëåäíèé ñëó÷àé ℘ = 1 + i. Ñòàíäàðòíàÿ âûêëàäêà îïÿòü äàåò∑
0

= N(℘n) +
1

N(℘n)

n−2∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
ᾱβ z

℘n−δ

)
·
(
H(z , ℘n−δ)

)2
.

Èçìåíåíèå â ñóììèðîâàíèè ïî δ ñâÿçàíî ñ òåì, ÷òî H( z, ℘) = 0, è αᾱ ≡ 1
(mod ℘n). À äëÿ H(z, ℘2) íåòðóäíî ïîëó÷èòü çíà÷åíèå, åñëè îáîçíà÷èòü z =
w1 + iw2. Ïðè ýòîì, ó÷èòûâàÿ, ÷òî (z, ℘) = 1, çàìåòèì, ÷òî w1 è w2 èìåþò
ðàçíóþ ÷åòíîñòü. Ïîýòîìó

H(z, ℘2) =

{
0, åñëè w1 ÷åòíî,

4, åñëè w1 íå÷åòíî

È, ñëåäîâàòåëüíî, â ýòîì ñëó÷àå∑
0

= N(℘2) +
1

N(℘2)
·N(℘)

∑
z∈G∗

℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(
ᾱβz

℘2

)
·N
(
℘4
)

=

= N(℘2) +N(℘2) · e−iπ Im(ᾱβ).

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ H(z, ℘3) ìîæíî âîñïîëüçîâàòüñÿ ïîëíîé ñèñòåìîé âû-
÷åòîâ âèäà {0, ±1, ±i, 1± i, 2}. È òîãäà ïîëó÷èì, ÷òî H(z, ℘3) = 0. Ïîýòîìó
ïðè n = 3∑

0

= N(℘3) +
1

N(℘3)
·N(℘)

∑
z∈G∗

℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(
ᾱβz

℘2

)
· (H(z, ℘2))2 =

= N(℘3) +N(℘2) · e−iπ Im(ᾱβ).

Ñíîâà ðàññìîòðèì ñóììó H(z, ℘k), k ≥ 4. Ëåãêî âèäåòü, ÷òî ïðè k = 2k1 è
x = u+ ℘k1v, ãäå u, v ∈ G℘k1 , âûâîäèì äëÿ H

H(z, ℘k) =
∑

u∈G
℘k1

e
2πiRe

(
zu2

pk

)∑
v∈G

℘k1

e
2πiRe

(
2z uv

℘k1

)
=

= N(℘k1)
∑

u∈G
℘k1

2u

...℘k1

e
2πiRe

(
zu2

℘k

)
= N(℘k1)

∑
u1∈G℘2

e
−2πiRe

(
zu2

1
℘4

)
=

= N(℘k1)
∑

u1∈G℘2

e
2πiRe

(
zu2

1
4

)
.
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Åñëè âíîâü îáîçíà÷èòü z = w1 + iw2, òî ïðîñòûå âû÷èñëåíèÿ äàþò

H(z, ℘k) = N(℘k1)


2 , åñëè w1 � íå÷åòíî,

2 , åñëè w1 ≡ 0 (mod 4),

−2 , åñëè w1 ≡ 2 (mod 4).

Ïðè k = 2k1 + 1, k ≥ 4, è x = u+ ℘k1+1v, ãäå u ∈ G℘k1+1 , v ∈ G℘k1 ïîëó÷àåì

H(z, ℘k) =
∑

u∈G
℘k1+1

e
2πiRe

(
zu2

pk

) ∑
v∈G

℘k1

e
2πiRe

(
2z uv

℘k1

)
=

= N(℘k1)
∑

u∈G
℘k1+1

2u

...℘k1

e
2πiRe

(
zu2

℘k

)
= N(℘k1)

∑
u1∈G℘3

e
−2πiRe

(
zu2

1
℘5

)
.

Âû÷èñëÿÿ íåïîñðåäñòâåííî ïîñëåäíþþ ñóììó, íàõîäèì, ÷òî

H(z, ℘k) = N(℘k1)

{
2
√

2 , åñëè w1 + w2 ≡ 1 èëè 7 (mod 8),

−2
√

2 , åñëè w1 + w2 ≡ 3 èëè 5 (mod 8).

Òåïåðü, êàê è ðàíåå, ïîëîæèì (β, ℘n) = ℘l0 . Òîãäà

∑
4

=
∑

z∈G∗
℘n−δ

e
−2πiRe

(
ᾱβz

℘n−δ

) (
H(z, ℘n−δ)

)2
=

∑
z∈G∗

℘n−δ

e
−2πiRe

(
ᾱβ1z

℘n−δ−l0

) (
H(z, ℘n−δ)

)2
,

ãäå β = ℘l0β1, (β1, ℘) = 1. Åñëè l0 ≥ n− δ, òî∑
4

= ϕ̄(℘n−δ) ·
(
H(z, ℘n−δ)

)2
.

À åñëè l0 < n− δ, òî ïðè t = n− δ − l0∑
4

= N(℘l0)
∑
z∈G∗

℘t

e
−2πiRe

(
ᾱβ1z

℘t

) (
H(z, ℘n−δ)

)2
=

=
(
H(z, ℘n−δ)

)2{ −N(℘l0), åñëè t = 1,
0, åñëè t > 1,

ïî ëåììå 6. Òåïåðü äëÿ n ≥ 4

∑
0

= N(℘n) +
1

N(℘n)

(
n−4∑
δ=0

N(℘δ)
∑

4

+

n−2∑
δ=n−3

N(℘δ)
∑

4

)
= N(℘n) +

∑
5

+
∑

6

.
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∑
5

=
1

N(℘n)

n−4∑
δ=0

N(℘δ)
∑

4

=
1

N(℘n)

n−4∑
δ=n−l0

N(℘δ) · ϕ̄(℘n−δ)
(
H(z, ℘n−δ)

)2−
− 1

N(℘)

(
H(z, ℘l0+1)

)2
.

∑
6

=

n−2∑
δ=n−3

N(℘δ−n)
∑

4

= N(℘−3)
∑
z∈G∗

℘3

e
−2πiRe

(
ᾱβ1z

℘3−l0

) (
H(z, ℘3)

)2
+

+N(℘−2)
∑
z∈G∗

℘2

e
−2πiRe

(
ᾱβ1z

℘2−l0

) (
H(z, ℘2)

)2
=

= N(℘−2)
∑
z∈G∗

℘2

e
−2πiRe

(
ᾱβ1z

℘2−l0

) (
H(z, ℘2)

)2
=

=


N(℘2) , åñëè l0 ≥ 2,

−N(℘2) , åñëè l0 = 1,

N(℘2) , åñëè l0 = 0, Im(ᾱβ1) ≡ 0 (mod 2),

−N(℘2) , åñëè l0 = 0, Im(ᾱβ1) ≡ 1 (mod 2).

(4)

Íàêîíåö, ñóììèðóÿ ïî δ â
∑

5

, â èòîãå ïîëó÷àåì

∑
0

=



N(℘) , åñëè n = 1,

2N(℘2) , åñëè n = 2, Im(ᾱβ) ≡ 0 (mod2),

0 , åñëè n = 2, Im(ᾱβ) ≡ 1 (mod2),

N(℘3) +N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 0 (mod2),

N(℘3)−N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 1 (mod2),

N(℘4) +N(℘5)(N(℘)− 1) +
∑

6

, åñëè n = 4,

N(℘n) +N(℘5)(N(℘l0−3)− 1)−
−N(℘l0+2) +

∑
6

, åñëè n ≥ 5,

ãäå
∑

6

îïðåäåëÿåòñÿ ôîðìóëîé (4).

Ñîáèðàÿ âñå âìåñòå, ïîëó÷àåì îñíîâíîé ðåçóëüòàò.

Òåîðåìà. Äëÿ ÷èñëà ðåøåíèé ñðàâíåíèÿ, îïðåäåëÿåìîãî ôîðìóëîé (1), ñïðà-
âåäëèâî ðàâåíñòâî

ρ(α, β, γ) = E(α, β, γ) ·
∏
℘n||γ
℘ 6=1+i

(E(β)N(℘n)− 1) ,

ãäå ℘� ïðîñòûå ýëåìåíòû èç Z[i], à

E(β) =

{
2, åñëè ℘n|β,
1, åñëè ℘n - β,
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E(α, β, γ) =



N(℘) , åñëè n = 1,

2N(℘2) , åñëè n = 2, Im(ᾱβ) ≡ 0 (mod 2),

0 , åñëè n = 2, Im(ᾱβ) ≡ 1 (mod 2),

N(℘3) +N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 0 (mod 2),

N(℘3)−N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 1 (mod 2),

N(℘4) +N(℘5) +
∑

6

, åñëè n = 4,

N(℘n)−N(℘5) +
∑

6

, åñëè n ≥ 5.

Çäåñü ℘ = 1 + i è ℘n||γ.

Çàêëþ÷åíèå. Íàìè ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ òî÷íîé ôîðìóëû äëÿ
÷èñëà ðåøåíèé ρ(α, β, γ) ñðàâíåíèÿ α(x2 + y2) ≡ β (mod γ) â êîëüöå öåëûõ ãàóñ-
ñîâûõ ÷èñåë Z [i]. Ïîëüçóÿñü ìóëüòèïëèêàòèâíîñòüþ ôóíêöèè ρ(α, β, γ) ïî γ,
çàäà÷à ïåðåôîðìóëèðóåòñÿ â ïðîáëåìó âû÷èñëåíèÿ ñïåöèàëüíûõ òðèãîíîìåòðè-
÷åñêèõ ñóìì, â ÷àñòíîñòè, ñóìì Ãàóññà. Ðåçóëüòàòû ïîäîáíîãî ðîäà âîñòðåáîâàíû
â àíàëèòè÷åñêîé òåîðèè ÷èñåë ïðè èññëåäîâàíèè àääèòèâíûõ çàäà÷ ñ ñóììàìè
êâàäðàòîâ öåëûõ ÷èñåë.

1. Ëèäë Ð. Êîíå÷íûå ïîëÿ / Ëèäë Ð., Íèäåððàéòåð Ã. � Ì. : Ìèð, 1988. � 428 c.


