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Âîðîáéîâ ß. À. Ùiëüíiñíà òåîðåìà äëÿ Ãåêå Z-ôóíêöi¨ ïîëÿ ãàóñîâèõ

÷èñåë. Â äàíié ðîáîòi íàìè âèâ÷åíî ðîçïîäiëåííÿ íóëiâ äçåòà-ôóíêöi¨ Ãåêå â êðèòè-

÷íié îáëàñòi íàä ïîëåì ãàóñîâèõ ÷èñåë Q(i). Ìè îòðèìó¹ìî íåòðèâiàëüíó îöiíêó äëÿ

çåòà-ñóìè ðiâíîìiðíî äëÿm i Im(s). Òàêà îöiíêà ¹ àíàëîãîì îöiíêè çåòà-ñóìè äëÿ äçåòà-

ôóíêöi¨ Ðèìàíà. Òàêà îöiíêà ãðà¹ âàæëèâó ðîëü â ïîáóäîâi àñèìïòîòè÷íî¨ îöiíêè äëÿ

÷èñëà íóëiâ äçåòà-ôóíêöi¨ Ãåêå. Âèêîðèñòîâóþ÷è ìîäèôiêîâàíó ëåìó Õàëà i ìåòîä Õèç-

Áðàóíà, ìè âèâîäèìî àíàëîã ùiëüíiñíî¨ òåîðåìè äëÿ Zm(s) òðåòüîãî ñòåïåíÿ ïðè óìîâi

m 6= 0.

Êëþ÷îâi ñëîâà: äçåòà-ôóíêöiÿ, ÷èñëî íóëiâ, ïîëiíîì Äèðèõëå.

Âîðîáüåâ ß. À. Ïëîòíîñòíàÿ òåîðåìà äëÿ Z-ôóíêöèè Ãåêêå ïîëÿ ãàóñ-

ñîâûõ ÷èñåë. Â äàííîé ðàáîòå èçó÷åíî ðàñïðåäåëåíèå íóëåé äçåòà-ôóíêöèè Ãåêêå

â êðèòè÷åñêîé îáëàñòè íàä ïîëåì ãàóññîâûõ ÷èñåë Q(i). Ìû ïîëó÷àåì íåòðèâèàëüíóþ

îöåíêó äëÿ çåòà-ñóììû ðàâíîìåðíî äëÿ m è Im(s). Äàííàÿ îöåíêà ÿâëÿåòñÿ àíàëîãîì

îöåíêè çåòà-ñóììû äëÿ äçåòà-ôóíêöèè Ðèìàíà. Òàêàÿ îöåíêà èãðàåò âàæíóþ ðîëü â

ïîñòðîåíèè àñèìïòîòè÷åñêîé îöåíêè äëÿ ÷èñëà íóëåé äçåòà-ôóíêöèè Ãåêêå. Èñïîëüçóÿ

ìîäèôèöèðîâàííóþ ëåììó Õàëà è ìåòîä Õèç-Áðàóíà, ìû âûâîäèì àíàëîã ïëîòíîñòíîé

òåîðåìû äëÿ Zm(s) â òðåòüåé ñòåïåíè ïðè óñëîâèè m 6= 0.

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ, ÷èñëî íóëåé, ïîëèíîì Äèðèõëå.

Vorobyov Y. A. Dense theorem for Hecke Z-function over the field of Gaus-

sian numbers. In this work the distribution of zeros in critical strip of the Hecke zeta-

function over the Gaussian field Q(i) is studied. We obtain a non-trivial estimation for

zeta-sum of Zm(s) uniformly in m and Im(s), which is analogue of the estimation of zeta-

sum for the Riemann zeta-function. Such estimations play a critical role in construction of

the asymptotic estimation for the number of zeros of the Hecke zeta-function. Using the

modificated Halas lemma and the method of Heath-Brown we deduce an analogue of the

density theorem for Zm(s) with an exponent three if m is not equal to 0.

Key words: zeta-function, number of zeros, Dirichlet polynomial.

Ââåäåíèå. Çíàìåíèòàÿ ôîðìóëà Ðèìàíà-Ìîíãîëüäòà î ÷èñëå íåòðèâèàëü-
íûõ íóëåé äçåòà-ôóíêöèè Ðèìàíà ζ(s) ïðèâîäèò ê ïëîòíîñòíîé ãèïîòåçå

N(σ, T )� T 2(1−σ)+ε, (1)

ãäå N(σ, T ) îçíà÷àåò ÷èñëî íóëåé ζ(s) â ïðÿìîóãîëüíèêå

1

2
≤ σ ≤ <s ≤ 1, |=s| (2)

ε > 0 � ïðîèçâîëüíî ìàëîå ÷èñëî, à ïîñòîÿííàÿ â ñèìâîëå ��� çàâèñèò òîëüêî
îò ε.

c©Âîðîáüåâ ß. À., 2013
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Ýòà ãèïîòåçà åù¼ íå äîêàçàíà, íî íàèëó÷øèì ïðèáëèæåíèåì ê íåé åñòü ðå-
çóëüòàò M. Huxley[3]:

N(σ, T )� T
12
5 (1−σ) log9 T. (3)

Àíàëîãè÷íóþ ïëîòíîñòíóþ ãèïîòåçó ìîæíî ðàññìàòðèâàòü è äëÿ äðóãèõ äçåòà-
ïîäîáíûõ ôóíêöèé â êîíå÷íûõ ðàñøèðåíèÿõ ïîëÿ ðàöèîíàëüíûõ ÷èñåë Q.

Òàê, èç ðàáîòû D. R. Heath-Brown [2] ñëåäóåò ñóùåñòâîâàíèå àáñîëþòíîé ïî-
ñòîÿííîé C, çàâèñÿùåé îò äèñêðèìèíàíòà êâàäðàòè÷íîãî ïîëÿ Q(

√
d), d � áåñ-

êâàäðàòíîå öåëîå ÷èñëî, òàêîå, ÷òî äëÿ ëþáîãî ε > 0 ñïðàâåäëèâà îöåíêà

NQ(
√
d)(σ, T )� T ( 8

3 +ε)(1−σ) (log T )
C
. (4)

Â íàñòîÿùåé ðàáîòå ìû ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ êîëè÷åñòâà
íóëåé Nm(σ, T ) â ïðÿìîóãîëüíèêå (2) äçåòà-ôóíêöèè Ãåêêå Zm(s), îïðåäåëÿåìîé
äëÿ <s > 1 ðàâåíñòâîì

Zm(s) :=
∑
ω

e4mi argωN(ω)−s.

Äëÿ ôóíêöèè Zm(s) ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

π−sΓ (2|m|+ s)Zm(s) = π−(1−s)Γ (2|m|+ 1− s)Zm(1− s).

Â îñíîâå íàøèõ ðàññìîòðåíèé ëåæàò àíàëîãè ðåçóëüòàòîâ H. Montgomery,
M. Jutila, D. R. Heath-Brown è äð. ïî èçó÷åíèþ ôóíêöèè N(σ, T ) äëÿ äçåòà-
ôóíêöèè Ðèìàíà.

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ:
s = σ + it êîìïëåêñíîå ÷èñëî, <s = σ, =s = t;
Z[i] êîëüöî öåëûõ ãàóññîâûõ ÷èñåë a+ bi, a, b ∈ Z, i2 = −1;
Q(i) ïîëå ãàóññîâûõ ÷èñåë a+ bi, a, b ∈ Q;
N(ω) íîðìà ãàóññîâîãî ÷èñëà ω, N(ω) = a2 + b2;
argω àðãóìåíò ãàóññîâîãî ÷èñëà ω;
exp (z) = ez;
���, �O� ñèìâîë Âèíîãðàäîâà ��� è ñèìâîë Ëàíäàó �O� ýêâèâàëåíòíû;∑
ω

îçíà÷àåò, ÷òî ñóììèðîâàíèå èäåò ïî öåëûì

ãàóññîâûì ω, îòëè÷íûì îò íóëÿ;
Γ(z) îáîçíà÷àåò Γ-ôóíêöèþ Ýéëåðà.

Âñïîìîãàòåëüíûå ëåììû è ïðåäâàðèòåëüíûå ðåçóëüòàòû.

Ñíà÷àëà ïðèâåä¼ì íåêîòîðûå ëåììû, èñïîëüçóåìûå â äàëüíåéøåì.

Ëåììà 1. Ïóñòü s = σ + it, −1 ≤ σ ≤ 2; m ∈ Z, m 6= 0. Òîãäà äëÿ
X = 1

2π

(
t2 + (4m+ σ)2

)
èìååì

Zm(s)�
∑
ω

N(ω)≤X

e4mi argωN(ω)−s +O
(
log
(
t2 +m2

))
.
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Ýòî óòâåðæäåíèÿ ñëåäóåò èç ïðèáëèæ¼ííîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ
äëÿ Zm(s) (íàïðèìåð, â ôîðìå Ëàâðèêà [9]).

Ðàññìîòðèì ïîëèíîì Äèðèõëå íàä Z[i]

Sm(s) =
∑
ω

N<N(ω)≤2N

a(ω)e4mi argω.

Ïóñòü J � êîíå÷íîå ìíîæåñòâî êîìïëåêñíûõ ÷èñåë s = σ + it, äëÿ êîòîðûõ
σ ≥ σ0, T0 ≤ t ≤ T + T0, ïðè÷¼ì, åñëè s, s′ � ðàçëè÷íûå ýëåìåíòû èç J, òî äëÿ
ñîîòâåòñòâóþùèõ çíà÷åíèé èõ ìíèìûõ ÷àñòåé èìååì |t − t′| ≥ 1. Òîãäà èç [10]
(òåîðåìà 7.5) íàõîäèì

min
s∈J
|S(s)|2 � J−1 (T +N)

 ∑
N<N(ω)≤2N

|a(ω)|2N(ω)−2σ0

 (logN + 1) .

Íàì íåîáõîäèìà òàêæå ñëåäóþùàÿ ëåììà.

Ëåììà 2. Ïóñòü µ è ν � ïîëîæèòåëüíûå ïîñòîÿííûå, òàêèå, ÷òî

|Zm(σ + it)| �
(
t2 +m2

)µ (
log
(
t2 +m2

))ν
ðàâíîìåðíî ïî σ ≥ θ ≥ 0. Òîãäà â ïðèíÿòûõ âûøå îáîçíà÷åíèÿõ èìååì

|J| � N

 ∑
ω

N<N(ω≤2N)

|a(ω)|2N(ω)−2σ0

 · (min
s∈J
|S(s)|2

)−1

+

+N
θ
µT

 ∑
N<N(ω)≤2N

|a(ω)|2N(ω)−2σ0

1+ 1
µ

×

×
(

min
s∈J
|S(s)|2

)−1− 1
µ (

log (T 2 +m2)
) ν
µ .

Ýòà ëåììà åñòü àíàëîã ìîäèôèöèðîâàííîé ëåììû Hal�asz-Montgomery, äîêà-
çàííîé Heath�Brown [2]. Å¼ äîêàçàòåëüñòâî ïðîõîäèò ïî ñõåìå äîêàçàòåëüñòâà
Heath�Brown.

Èç ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ Zm(s) è ïðèíöèïà Ôðàãìåíà�Ëèíäå-
ë¼ôà ñëåäóåò îöåíêà

Zm(s)� (t2 +m2)
1
2−σ log (t2 +m2), 0 ≤ σ ≤ 1, |=s| = |t| ≥ 2. (5)

Êðîìå òîãî, äëÿ σ ≥ 1
2 , |=s| ≥ 2, èìååì (ñì. Ð. Êàóôìàí [6])

Zm(s)� (t2 +m2)
1
6 (log (t2 +m2))4. (6)



Ïëîòíîñòíàÿ òåîðåìà äëÿ Z-ôóíêöèè Ãåêêå ïîëÿ ãàóññîâûõ ÷èñåë 29

Ïîýòîìó â ëåììå 2 ïðè θ = 0 ìîæíî ñ÷èòàòü µ = 1
2 , ν = 1, à ïðè θ = 1

2 èìååì
µ = 1

6 , ν = 4.

Ëåììà 3. Ñóùåñòâóåò àáñîëþòíàÿ ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ
2 ≤ N ≤ t2 +m2∣∣∣∣∣∣

∑
N(ω)≤N

e4mi argωN(ω)−it

∣∣∣∣∣∣� N exp

(
−C log3N

(log (t2 +m2))2

)
.

Äîêàçàòåëüñòâî. Ðàññìàòðèâàåìàÿ ñóììà åñòü àíàëîã äçåòîâîé ñóììû, êî-
òîðàÿ èãðàåò êëþ÷åâóþ ðîëü â ïîñòðîåíèè îöåíîê äçåòà-ôóíêöèè Ðèìàíà â êðè-
òè÷åñêîé ïîëîñå. (ñì. À. À. Êàðàöóáà [6], A. Ivi�c [4]). Ìû áóäåì ñëåäîâàòü ñõåìå
äîêàçàòåëüñòâà èç êíèãè [5]. Èç ðàâåíñòâà

logω = log |ω|+ i argω

âûâîäèì
e4mi argωN(ω)−it = exp (i(4m=logω − 2t<logω)).

Çàéìåìñÿ îöåíêîé ñóììû

S(N1) =
∑

N1<N(ω)≤2N1≤N
0≤argω≤π2

exp (i(4m=logω − 2t<logω)). (7)

ßñíî, ÷òî ∣∣∣∣∣∣
∑

N(ω)≤N

e4mi argωN(ω)−it

∣∣∣∣∣∣� max
2≤N1≤ 1

2N
|S(N1)| · logN. (8)

Â êîìïëåêñíîé ïëîñêîñòè ðàññìîòðèì ðåø¼òêó L ñ äëèíîé ôóíäàìåíòàëüíîé
îáëàñòè ` (` > 1, áîëåå òî÷íî, çíà÷åíèå ` îïðåäåëèì ïîçäíåå) òàê, ÷òî öåíòðû å¼
ÿ÷ååê ðàñïîëîæåíû â òî÷êàõ ñ öåëûìè êîîðäèíàòàìè, à îñè ïàðàëëåëüíû êîîð-
äèíàòíûì îñÿì. Ïóñòü L(N1) îáîçíà÷àåò íàèìåíüøóþ ÷àñòü ðåø¼òêè L, ñîäåð-
æàùóþ îáëàñòü

G(N1) :
{
N1 < N(ω) ≤ 2N1, 0 ≤ argω ≤ π

2

}
,

è ïóñòü C(N1) � ìíîæåñòâî öåíòðîâ ðåø¼òêè, ëåæàùèõ â G(N1). Îáîçíà÷èì
÷åðåç ∆ � ôóíäàìåíòàëüíóþ îáëàñòü ñ öåíòðîì â (0, 0).

Ìû èìååì

S(N1) =
∑

z∈C(N1)

∑
ω∈∆

exp (i(4m=log (z + ω)− 2t<log (z + ω)))+

+O
(
eN

1
2

1

)
.

(9)
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Ðàâåíñòâî (9) íå çàâèñèò îò âûáîðà ðàñïîëîæåíèÿ öåíòðîâ ðåø¼òêè L. Ðàç-
ëè÷íûõ ðàñïîëîæåíèé öåíòðîâ ðåø¼òêè ìîæåò áûòü íå áîëåå ([`])2. Ïðîâåä¼ì
óñðåäíåíèÿ ïî âñåì ïîëîæåíèÿì ðåø¼òêè L. Èìååì

S(N1)� 1

`2

∑
06=z∈C(N1)

∣∣∣∣∣∑
ω∈∆

exp
(
i
(

4m=log
(

1 +
ω

z

)
− 2t<

(
1 +

ω

z

)))∣∣∣∣∣+
+O

(
`N

1
2

1

)
.

(10)

Ïîëîæèì

` = 2
[
N

5
11

1

]
+

1

2
, r =

[
11 log (t2 +m2)

logN1

]
+ 1,

Fr(x+ iy) =

r∑
q=1

(−1)r−1

q

(
x+ iy

z

)q
, x, y ∈ R, z ∈ Q(i).

Òîãäà äëÿ ω = x+ iy, |x| ≤ `, |y| ≤ ` ìû èìååì

exp
(
i
(
4m=log

(
1 + ω

z

)
− 2t<log

(
1 + ω

z

)))
=

= exp (i (4m=Fr(x+ iy)− 2t<Fr(x+ iy))) +O

(
(t2 +m2)

1
2

(
`
|z|

)r+1
)
.

Òåïåðü äëÿ ÷¼òíîãî r ïðîñòûå âû÷èñëåíèÿ äàþò

4m=Fr(x+ iy)− 2t<Fr(x+ iy) =

= (−1)rt
r|z|r x

r +
(

(−1)r−12t
(r−1)|z|z−1 + (−1)r−14m

|z|r y
)
xr−1+

+
(

(−1)r−12t
3!(r−2)|z|r−2 + (−1)r−24m

|z|r−1 y + (−1)r−12t(r−1)
2!|z|r y2

)
xr−2 + · · ·

· · ·+
(
−2t
|z| −

4m
|z|2 y + · · ·+ (−1)r−14m

|z|r yr−1
)
x.

Äëÿ íå÷¼òíîãî r ñëåäóåò çàìåíèòü x íà y, t íà 2m.
Îáîçíà÷èì

W =
∑
|x|≤`

∑
|y|≤`

exp (i(4m=Fr(x+ iy)− 2t<Fr(x+ iy))).

È òåïåðü, ïîâòîðÿÿ ðàññóæäåíèÿ èç êíèãè À. À. Êàðàöóáû ([5], 58�59 è 66�
69), ìû ïîëó÷èì óòâåðæäåíèå ëåììû.

Ëåììà 4. Â îáëàñòè 1
2 ≤ <s ≤ 1, |t| ≥ 2 ñïðàâåäëèâà îöåíêà

Zm(s)� (t2 +m2)a(1−σ)
3/2

log4(t2 +m2), (11)

ãäå a > 1 � àáñîëþòíàÿ ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî. Ïóñòü m = 0. Â ñèëó ðàâåíñòâà

Z0(s) = 4ζ(s)L(s, χ4),

ãäå L(s, χ4) � L-ôóíêöèÿ Äèðèõëå ñ íåãëàâíûì õàðàêòåðîì ïî ìîäóëþ 4, óòâåð-
æäåíèå ëåììû ñëåäóåò èç àíàëîãè÷íûõ îöåíîê äëÿ ζ(s) è L(s, χ4) (ñì. [4], 160�
161).

Ïóñòü m 6= 0. Äëÿ N < X = 1
2π (t2 + (4m+ σ)2) log (t2 +m2), â ñèëó ëåììû 1,

ìîæåì çàïèñàòü

Zm(s) =
∑

N(ω)≤N

e4mi argωN−σ−it(ω)+

+
∑

N<N(ω)≤X

e4mi argωN−σ−it(ω) +O(1)� N1−σ
∑

N(ω)≤N

1

N(ω)
+

+
∑

N<N(ω)≤X

e4mi argω(N(ω))−σ−it +O(1) =

=
∑

N<N(ω)≤X

e4mi argω(N(ω))−σ−it +O
(
N1−σ logN

)
.

(12)

Ïîëîæèì N =
[
exp

(
(log (t2 +m2))

2/3

)]
.

Òîãäà

N1−σ ≤ e(1−σ) logN ≤ e2(q−σ)(log (t2+m2))
2/3
,

åñëè (1− σ)(log (t2 +m2))
2/3 ≤ 1.

Åñëè æå (1− σ)(log (t2 +m2))
2/3 > 1, òî

(1− σ)(log (t2 +m2))2 ≤
(

(1− σ)(log(t2 +m2))
2/3

)3/2

=

= (1− σ)
3/2 log (t2 +m2),

à ïîòîìó

N1−σ ≤ (t2 +m2)a(1−σ)
3/2
, ñ íåêîòîðîé ïîñòîÿííîé a ≥ 2. (13)

Äàëåå, äëÿ âûáðàííîãî çíà÷åíèÿ N ïðèìåíåíèå ÷àñòè÷íîãî ñóììèðîâàíèÿ
äà¼ò äëÿ íåêîòîðîãî δ0 > 0

∑
N<N(ω)≤X

e4mi argω(N(ω))−σ−it � X−σ

∣∣∣∣∣∣
∑

N<N(ω)≤X

e4mi argω(N(ω))−it

∣∣∣∣∣∣+

+

X∫
N

u−σ−1

∣∣∣∣∣∣
∑

N<N(ω)≤u

e4mi argωN(ω)−it

∣∣∣∣∣∣ du.
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Â ñèëó ëåììû 4 ïîëó÷àåì∑
N<N(ω)≤X

e4mi argωN(ω)−it �

� N exp
(
−C log3 N

(log (t2+m2))2 +X exp
(
−C log3 X

(log (t2+m2))2

))
.

À ïîòîìó íàéä¼òñÿ σ0 > 0 òàêîå, ÷òî∑
N<N(ω)≤X

e4mi argωN(ω)−it � (t2 +m2)1−σ0 � X1−σ0 .

Ïîýòîìó, ñíîâà èñïîëüçóÿ ëåììó 4, ïîëó÷àåì ñ íåêîòîðûì 0 < C1 ≤ C∑
N<N(ω)≤X

e4mi argωN(ω)−σ−it �

� X1−σ−σ0 +
X∫
N

u−σ exp
(
−C1

log3 u
(log (t2+m2))2

)
du�

� (t2 +m2)(1−σ)
3/2

+
logX∫
logN

exp
(
v(1− σ)− C1

v3

(log (t2+m2))2

)
dv,

åñëè 1− σ1 ≤ σ ≤ 1 äëÿ íåêîòîðîãî ìàëîãî ôèêñèðîâàííîãî σ1 > 0.
Èç âûðàæåíèÿ ïîäûíòåãðàëüíîé ôóíêöèè ïîñëåäíåãî èíòåãðàëà âèäíî, ÷òî

íàéä¼òñÿ 0 < ε < C1 òàêîå, ÷òî

logX∫
logN

exp
(
v(1− σ)− C1

v3

(log (t2+m2))2

)
dv ≤

≤ max
logN<v≤logX

{
exp

(
v(1− σ)− (C1 − ε) v3

(log (t2+m2))2

)
×

×
logX∫
logN

exp
(
− εv3

(log (t2+m2))2

)
dv

}
.

Â èíòåãðàëå ñäåëàåì çàìåíó v3 = u(log (t2 +m2))2, ÷òî äà¼ò

logX∫
logN

�

log3 X

(log (t2+m2))2∫
log3 N

(log (t2+m2))2

e−uu−
2/3(log (t2 +m2))

2/3du�

� (log (t2 +m2))
2/3

∞∫
0

e−uu−
2/3du� (log (t2 +m2))

2/3 .

Êðîìå òîãî, ôóíêöèÿ f(v) = v(1−σ)− (C1− ε) v3

(log (t2+m2))2 íå âîçðàñòàåò ïðè

v ≥
(

1−σ
C1−ε

) 1
2

log (t2 +m2). Ïîýòîìó ìû ïîëó÷àåì äëÿ logN ≥ (log (t2 +m2))
2/3
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ñëåäóþùóþ îöåíêó∑
N<N(ω)≤X

e4mi argωN(ω)−σ−it � (t2 +m2)a1(1−σ)
3/2

(log (t2 +m2))b1 , (14)

ãäå a1 > 0, 0 < b1 ≤ 4.
Òåïåðü èç (12)-(14) ñëåäóåò óòâåðæäåíèå ëåììû.

Îñíîâíûå ðåçóëüòàòû. Â ýòîé ñåêöèè ìû ïðèâîäèì íàøè îñíîâíûå ðåçóëü-

òàòû, ñâÿçàííûå ñ îöåíêîé ôóíêöèè

Nm(σ, T ) :=

{
ρ ∈ C : Zm(ρ) = 0, <ρ ≥ σ ≥ 1

2
, |=ρ| ≤ T

}
.

Ìû áóäåì ñóùåñòâåííî èñïîëüçîâàòü íåðàâåíñòâà (5) è (6) ïðåäûäóùåé ñåê-
öèè.

Ðàññìîòðèì ïàðó Ìåëëèíà e−x è Γ(z):

e−x =
1

2πi

2+i∞∫
2−i∞

Γ(z)x−zdz, (x > 0).

Òîãäà, ïîëàãàÿ x = N(ω)
Y , Y > 1, ïîëó÷èì

e−
N(ω)
Y =

1

2πi

2+i∞∫
2−i∞

Γ(z)Y zN(ω)−zdz. (15)

Ðàññìîòðèì ïîëèíîì Äèðèõëå

MX(s) =
∑

N(ω)≤X

a(ω)N(ω)−s,

ãäå s = σ + it, log2 T ≤ |t| ≤ T , 1 � X ≤ Y � TC (C > 4 � êîíñòàíòà),
à êîýôôèöèåíòû am(ω) ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ Z−1

m (s) â ðÿä
Äèðèõëå:

Zm(s) =
∑
ω

am(ω)

N(ω)s
, <s > 1.

Î÷åâèäíî, ÷òî

am(ω) =



1, åñëè N(ω) = 1;

(−1)ke4mi argω, åñëè ω = p1 · · · pk, pi � ðàçëè÷íûå íåàññîöèè-
ðîâàííûå ïðîñòûå ãàóññîâû ÷èñëà;

0, â îñòàëüíûõ ñëó÷àÿõ.
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Â äàëüíåéøåì X è Y ðàññìàòðèâàþòñÿ êàê ïàðàìåòðû, çàâèñÿùèå îò T , è
êàæäûé ðàç âûáèðàþòñÿ îòäåëüíî.

ßñíî, ÷òî Zm(s)MX(s)→ 1, êîãäà X →∞ ïðè σ > 1.
Ìû èìååì, â ñèëó (15),

Zm(s)MX(s) =
∑
ω

Cm(ω)e−
N(ω)
T N(ω)−s =

1

2πi

2+i∞∫
2−i∞

f(s, z)dz, (16)

ãäå f(s, z) = Zm(s+ z)MX(s+ z)Y zΓ(z).
Ó÷èòûâàÿ âûáîð MX(s), ìû ìîæåì çàïèñàòü ïðàâóþ ÷àñòü (16) â âèäå

4e−
1
Y +

∑
ω

N(ω)>X

Cm(ω)e−
N(ω)
T N(ω)−s.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà â (16) ïåðåíåñåì êîíòóð èíòåãðèðîâàíèÿ íà ïðÿ-
ìóþ <z = 1

2 − σ < 0, ïðè ýòîì ìû ïðîéäåì ÷åðåç äâà ïîëþñà ïîäûíòåãðàëüíîé
ôóíêöèè â òî÷êàõ z = 1− s è z = 0, åñëè m = 0, è åäèíñòâåííûé ïðîñòîé ïîëþñ
â òî÷êå z = 0, åñëè m 6= 0.

Ìû ìîæåì ñ÷èòàòü, ÷òî m 6= 0, òàê êàê ñëó÷àé m = 0 ìîæíî ðàññìàòðèâàòü
îòäåëüíî, èñïîëüçóÿ èçâåñòíûå ðåçóëüòàòû î ðàñïðåäåëåíèè íóëåé ζ(s) è L(s, χ4).

Ïîýòîìó èç (16) íàõîäèì

4e−
1
Y +

∑
ω

N(ω)>X

Cm(ω)e−
N(ω)
T N(ω)−s =

= Zm(s)MX(s) + 1
2πi

a+i∞∫
a−i∞

f(s, z)dz,

(17)

ãäå a := a(s) = 1
2 −<s = 1

2 − σ.
Ïóñòü ρ � íóëü Zm(s) â ïîëîñå 1

2 ≤ <ρ ≤ 1. Òîãäà ïåðâîå ñëàãàåìîå â ïðàâîé
÷àñòè (17) èñ÷åçàåò.

Ïîñêîëüêó |e− 1
Y − 1| ≤ 1

4 äëÿ Y > 5, òî (17) ïîêàçûâàåò, ÷òî õîòÿ áû îäíî èç
âûðàæåíèé ∑

ω
N(ω)>X

Cm(ω)e−
N(ω)
T ,

1

2πi

a+i∞∫
a−i∞

f(s, z)dz (18)

ïî àáñîëþòíîìó çíà÷åíèþ ≥ 1.
Îáîçíà÷èì ÷åðåç N1, N2 êîëè÷åñòâà ðàçëè÷íûõ êîðíåé ρ = β + iγ, β ≥ σ,

|γ| ≤ T , Z-ôóíêöèè Ãåêêå Zm(s), äëÿ êîòîðûõ I-å èëè II-å âûðàæåíèå â (18) íå
ìåíüøå 1 ïî àáñîëþòíîìó çíà÷åíèþ. Èç ëåììû 12 ðàáîòû J. P. Kubilius [8] âèäíî,
÷òî êðàòíîñòü òàêèõ êîðíåé íå ïðåâîñõîäèò O(log (T |m|)), ïîýòîìó çàêëþ÷àåì

Nm(σ, T )� (N1 +N2) log (T |m|). (19)

Âîçüì¼ì íåêîòîðîå η, 0 < η < 1 (ïîçäíåå åãî óòî÷íèì) è ïîëîæèì X = T η ≤
≤ Y ≤ T 4.
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Èç îöåíîê Zm(s) (ñì. ôîðìóëû (5) è (6)), òðèâèàëüíîé îöåíêè MX(s) � X
è ôîðìóëû Ñòèðëèíãà äëÿ Γ(z), âèäíî, ÷òî f(ρ, z) äîïóñêàåò îöåíêó

|f(ρ, z)| ≤ e− 1
2 |γ|,

åñëè <z = a(ρ), |=z| > A log T , ãäå A � äîñòàòî÷íî áîëüøîå.
Ïîýòîìó ñóùåñòâóåò B = B(η) òàêîå, ÷òî∣∣∣∣∣∣∣

1

2πi

a±i∞∫
a±iB log T

f(ρ, z)dz

∣∣∣∣∣∣∣ ≤
1

16
. (20)

Äàëåå, ïîñêîëüêó ïðè |z| > 1
log T , <z = a(ρ), âûïîëíÿåòñÿ íåðàâåíñòâî |Γ(z)| �

� log T (ýòî ñëåäóåò èõ ôîðìóëû Ñòèðëèíãà äëÿ Γ(z)), òî ìû èìååì

|MX(ρ+ z)Y zΓ(z)| � XY a(ρ) log T. (21)

Ïîýòîìó, åñëè ïåðâîå âûðàæåíèå â (18) íå ìåíüøå 1, òî

1

2π

γ+B log T∫
γ−B log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣ du� (
XY a(ρ) log T

)−1

, (22)

åñëè òîëüêî a(σ) < − 1
log T . Â ïðîòèâíîì ñëó÷àå ìû èìååì òðèâèàëüíî N(σ, T )�

� T 2(1−σ) log T (ñì. ëåììó 6).
Òåïåðü ïðèìåíåíèå íåðàâåíñòâà Êîøè-Øâàðöà äà¼ò

γ+A log T∫
γ−A log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣2 du� X−2Y −2a(ρ)(log T )−2.

À ïîòîìó ñóììèðîâàíèå ïî âñåì êîðíÿì ρ, äàþùèì âêëàä â N2, ïðèâîäèò ê
îöåíêå

T+A log T∫
T−A log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣2 · n(u)du� N2X
−2Y −2a(σ)(log T )−2, (23)

çäåñü n(u) îçíà÷àåò êîëè÷åñòâî òåõ íóëåé ρ, äëÿ êîòîðûõ |γ − u| ≤ A log T , ÷òî â
ñèëó ëåììû 6 äà¼ò n(u)� (log T )2.

Äàëåå, â ñèëó îöåíêè (ñì. [1], ëåììà 10)

T∫
−T

∣∣∣∣Zm(1

2
+ it

)∣∣∣∣2 dt� (T + |m|) logb(T + |m|), (b-êîíñòàíòà), (24)

ëåâàÿ ñòîðîíà (23) åñòü O(T + |m|)(log (T + |m|))b+2.
Ñðàâíåíèå îöåíîê (23) è (24) ïðèâîäèò ê íåðàâåíñòâó

N2 � X2Y 2a(σ)(T + |m|)(log (T + |m|))b+5 � (T + |m|)1+2ηY 2( 1
2−σ). (25)
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Âûâîä îöåíêè âåëè÷èíû N1 ïîëíîñòüþ ñîâïàäàåò ñ ðàññóæäåíèÿìè èç ðàáîòû
[2], ÷òî â ïðèíÿòûõ íàìè îáîçíà÷åíèÿõ äà¼ò

N1 � (T + |m|+N0)N1−2σ
0 (log (T 2 +m2))C1 (26)

è
N1 �

(
N2−2σ

0 + T |m|N3−4σ
0

)
(log (T 2 +m2))C1 , (27)

ãäå ïàðàìåòð N0 óäîâëåòâîðÿåò íåðàâåíñòâó

Y α � N0 � Y α(log (T 2 +m2)),
1

2
≤ α ≤ 1.

Åñëè òåïåðü ó÷åñòü, ÷òî 1− 2σ < 0, òî èç (25), (26) ïîëó÷àåì

Nm(σ, T )� (T |m|)1+3ηY 1−2σ +
(
Y 1−2σ + T |m|Y 1

2−σ
)

log (TM)
C1+1

. (28)

Âîçüì¼ì Y = (T |m|)2(3−2σ)−1

.
Òîãäà ïîñëå ïðîñòûõ óïðîùåíèé ïîëó÷èì äëÿ η = 1

15 , σ ≥
2
3

Nm(σ, T )� (T |m|)
4(1−σ)
3−2σ ,

2

3
≤ σ ≤ 5

6
.

Ïîëàãàÿ Y = (T |m|)(α(2σ−1))−1

, η = ε
3 , íàõîäèì

(TM)1+3ηY 1−2σ = (TM)1+3η− 1
α � T ε.

Ïîýòîìó èç (25), (27) ïîëó÷àåì äëÿ 5
6 ≤ σ ≤ 1 + ε

Nm(σ, T )� (T |m|)
2(1−σ)
2σ−1 (log T |m|)C .

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Â ïðÿìîóãîëüíèêå 2
3 ≤ σ ≤ 1− ε äëÿ m 6= 0 ñïðàâåäëèâû îöåíêè

Nm(σ, T )� (T |m|)
4(1−σ)
3−2σ (log (T |m|))C 2

3
≤ σ ≤ 5

6
.

Nm(σ, T )� (T |m|)
2(1−σ)
2σ−1 (log (T |m|))C 5

6
< σ ≤ 1− ε,

ñ ïîñòîÿííîé â ñèìâîëå ′′ �′′, çàâèñÿùåé òîëüêî îò ε.

Â ñëó÷àå m = 0 îöåíêè äëÿ N0(σ, T ) ñîâïàäàþò ñ îöåíêàìè ôóíêöèè N(σ, T )
äëÿ äçåòà-ôóíêöèè Ðèìàíà (ñì., íàïðèìåð, [4]).

Òåïåðü çàéìåìñÿ îöåíêîé Nm(σ, T ) âáëèçè ïðÿìîé σ = 1.

Òåîðåìà 2. Äëÿ 1− ε ≤ σ < 1 èìååò ìåñòî îöåíêà

Nm(σ, T )�ε (T 2 +m2)b(1−σ)
3/2

logC T 2 +m2,

ãäå b è C � àáñîëþòíûå ïîëîæèòåëüíûå ïîñòîÿííûå.
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Ýòî óòâåðæäåíèå åñòü ñëåäñòâèå àíàëîãà îöåíêè Ìîíòãîìåðè ([10], òåîðåìà
12.3)

Nm(σ, T )�

 max
α≤σ≤1
|s−1|≥1
|=s|≤T

|Zm(s)| logC1 T


2(1−σ)(3σ−1−a)
(2σ−1−a)(σ−a)

logC2(T + |m|),

ãäå C1, C2 � ïîëîæèòåëüíûå ïîñòîÿííûå, 1
2 ≤ a ≤ 1, σ ≥ 1+a

2 ,
è îöåíêè Zm(s) èç ëåììû 5.

Ñëåäñòâèåì òåîðåìû 1 è 2 ÿâëÿåòñÿ �ïëîòíîñòíàÿ� òåîðåìà

Òåîðåìà 3. Ñóùåñòâóåò àáñîëþòíàÿ ïîñòîÿííàÿ C ≥ 1 òàêàÿ, ÷òî ïðè
σ ≥ 1

2 , T ≥ 2

Nm(σ, T )�


(T |m|)3(1−σ) logC (T |m|), |m| ≥ 1,

T
12
5 (1−σ) log9 T, m = 0.

Äîêàçàòåëüñòâî. Äëÿ m = 0 èìååì Z0(s) = 4ζ(s)L(s, χ4), à ïîòîìó òðå-
áóåìûé ðåçóëüòàò ñëåäóåò èçâåñòíûõ îöåíîê N0(σ, T ), ïîëó÷åííûõ Huxley [3] è
Montgomery [10]. Äëÿ m 6= 0 ìû ó÷èòûâàåì, ÷òî

Nm(σ, T )� T |m| log T |m| � (T |m|)3(1−σ) log T |m|,

åñëè 3(1− σ) ≥ 1, òî åñòü 1
2 ≤ σ ≤

2
3 .

Äëÿ 2
3 ≤ σ ≤ 1− ε òðåáóåìûé ðåçóëüòàò äà¼ò òåîðåìà 1, èáî ïîëó÷åííûå òàì

îöåíêè äëÿ 2
3 ≤ σ ≤

5
6 è

5
6 ≤ σ ≤ 1− ε äîñòèãàþò ìàêñèìóìà ïðè σ = 5

6 . Íàêîíåö,
äëÿ 1−ε ≤ σ ≤ 1 óòâåðæäåíèå ñëåäóåò èç òåîðåìû 2, åñëè ïîëîæèòü ε ≤ 9b−2.

Â çàêëþ÷åíèå çàìåòèì, ÷òî óñðåäí¼ííûå ïî ïàðàìåòðóm îöåíêè äëÿNm(σ, T )
ðàññìàòðèâàëèñü â ðàáîòàõ Ô. Á. Êîâàëü÷èê [7] è M. D. Coleman [1].

Ïî ìåòîäó ðàáîòû [1] ìîæíî ïîëó÷èòü îöåíêó

Nm(σ, T )� (T |m|) 10
3 (1−σ) log1 9T |m|,

êîòîðàÿ ñëàáåå ïîëó÷åííîé â íàñòîÿùåé ðàáîòå.

Çàêëþ÷åíèå. Ïîëó÷åíà íåòðèâèàëüíàÿ îöåíêà äëÿ çåòà-ñóììû ðàâíîìåð-
íî äëÿ m è Im(s), ÿâëÿþùàÿñÿ àíàëîãîì îöåíêè çåòà-ñóììû äëÿ äçåòà-ôóíêöèè
Ðèìàíà. Òàêàÿ îöåíêà èãðàåò âàæíóþ ðîëü â ïîñòðîåíèè àñèìïòîòè÷åñêîé îöåí-
êè äëÿ ÷èñëà íóëåé äçåòà-ôóíêöèè Ãåêå. Èñïîëüçóÿ ìîäèôèöèðîâàííóþ ëåììó
Õàëà è ìåòîä Õèç-Áðàóíà äîêàçàí àíàëîã ïëîòíîñòíîé òåîðåìû äëÿ Zm(s) â òðå-
òüåé ñòåïåíè ïðè óñëîâèè m 6= 0.
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