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Ãóíÿâèé Î. À. Íàáëèæåííÿ äðîáîâèõ ÷àñòèí òðèãîíîìåòðè÷íèìè ïîëi-

íîìàìè. Ó ðîáîòi áóäó¹òüñÿ íàáëèæåííÿ äðîáîâèõ ÷àñòèí ïðè äîïîìîçi òðèãîíîìå-

òðè÷íîãî ïîëiíîìà ìiíiìàëüíîãî ñòåïåíÿ.
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÷íà ñóìà.

Ãóíÿâûé Î. À. Ïðèáëèæåíèå äðîáíûõ äîëåé òðèãîíîìåòðè÷åñêèìè ìíî-

ãî÷ëåíàìè. Â ðàáîòå ñòðîèòñÿ ïðèáëèæåíèå äðîáíûõ äîëåé ïðè ïîìîùè òðèãîíîìåò-

ðè÷åñêîãî ìíîãî÷ëåíà ìèíèìàëüíîé ñòåïåíè.
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ðè÷åñêàÿ ñóììà.

Gunyavy O. A. Approximation of the fractional part with help of trigono-

metric polynomials. In the article approximation is built to the fractional part through

the trigonometric polynomial of minimum degree.
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Âñòóï. Ïðè ïiäðàõóíêó êiëüêîñòi öiëèõ òî÷îê â ðiçíîìàíiòíèõ îáëàñòÿõ
äîâîäèòüñÿ îöiíþâàòè ñóìè ó âèãëÿäi

∑
a<n≤b

ψ(f(n)), äå

ψ(x) = {x} − 1/2,

à {x}− äðîáîâà ÷àñòèíà äiéñíîãî ÷èñëà x.
Îäèí ç ìåòîäiâ ðîçãëÿäó òàêèõ ñóì � öå çàìiíà ôóíêöi¨ ψ(x) òðèãîíîìåòðè-

÷íèì ðÿäîì

ψ(x) =

M∑
m=−M
m 6=0

e−2πimx

2πim
+ EM (x),

äå M îáèðà¹òüñÿ íàñòiëüêè âåëèêèì, ùîá ïîõèáêà EM (x) áóëà äîñòàòíüî ìàëîþ.
Ïîäðîáèöi ìîæíà çíàéòè, íàïðèêëàä, â [1] àáî â [2]. Òàêèì ÷èíîì çàäà÷à çâîäè-
òüñÿ äî îòðèìàííÿ îöiíîê òðèãîíîìåòðè÷íèõ ñóì ó âèãëÿäi∑

a<n≤b

e2πimf(n).

Àëå äëÿ ïîõèáêè EM (x) âèêîíó¹òüñÿ îöiíêà EM (x)� min
{

1, 1
M‖x‖

}
, äå ‖x‖−

âiäñòàíü äî íàéáëèæ÷îãî äî x öiëîãî ÷èñëà. Òàêèì ÷èíîì, ÿêùî ìè õî÷åìî
îòðèìàòè ïîõèáêó EM (x)� 1/E äëÿ 1� E, òî ìè çìóøåíi îáðàòè M � E/‖x‖.
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Òîáòî, ôóíêöiÿ ψ(x) çàìiíþ¹òüñÿ òðèãîíîìåòðè÷íèì ïîëiíîìîì, ñòóïiíü ÿêîãî
îöiíþ¹òüñÿ ÿê E/‖x‖. Â öié ðîáîòi ïîêàçàíî, ùî ôóíêöiþ ψ(x) ìîæíà çàìiíèòè
ç ïîõèáêîþ, íå áiëüøîþ çà 1/E, òðèãîíîìåòðè÷íèì ïîëiíîìîì, ñòóïiíü ÿêîãî
îöiíþ¹òüñÿ ÿê lnE/‖x‖.

Îñíîâíi ðåçóëüòàòè. Îòæå, îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà. Íåõàé X � òàêà ìíîæèíà äiéñíèõ ÷èñåë, ùî

∀x ∈ X ‖x‖ ≥ 1/D ,

äå D ≥ 2. Òîäi ∀E > 2 iñíó¹ òðèãîíîìåòðè÷íèé ïîëiíîì

Td(x) =
∑

0<|k|≤d

ame
−2πikx

ñòåïóíÿ d� D lnE, òàêèé, ùî

∀x ∈ X ψ(x)− Td(x)� 1/E .

Ïåðåä äîâåäåííÿì òåîðåìè îòðèìà¹ìî äîïîìiæíi ðåçóëüòàòè.

Ëåìà 1. Íåõàé K(t)− òàêà ôóíêöiÿ, ùî

∀t ∈ R K(t+ 1) = K(t) = K(−t) ,

1∫
0

K(t)dt = 1.

Íåõàé ψ(t) = {t} − 1/2, äå {t}− äðîáîâà ÷àñòèíà äiéñíîãî ÷èñëà t òà

S(x) =

1∫
0

ψ(x+ t)K(t)dt.

Òîäi, ôóíêöiÿ S(x) ¹ íàáëèæåííÿì äî ôóíêöi¨ ψ(x). Äî òîãî æ

ψ(x)− S(x) =

x∫
1/2

K(t)dt.

Äîâåäåííÿ. Äëÿ t /∈ Z ψ(1− t) = ψ(−t) = −ψ(t). Òîäi, ç âèçíà÷åííÿ ôóíêöi¨
S(x) òà âëàñòèâîñòåé ôóíêöi¨ K(t)

S(1− x) = S(−x) =

1∫
0

ψ(−x+ t)K(t)dt =

= −
1∫

0

ψ(x− t)K(t)dt = −
0∫
−1

ψ(x+ t)K(−t)dt =

= −
1∫

0

ψ(x+ t)K(−t)dt = −
1∫

0

ψ(x+ t)K(t)dt = −S(x),
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òîáòî S(1− x) = S(−x) = −S(x). Íåõàé x ∈ [0, 1), òîäi

ψ(x+ t)− ψ(x) =
{
t : t ∈ [0, 1− x); t− 1 : t ∈ [1− x, 1]

}
,

êðiì òîãî ψ(x) =
1∫
0

ψ(x)K(t)dt. Îòæå, äëÿ x ∈ [0, 1)

S(x)− ψ(x) =

1∫
0

ψ(x+ t)K(t)dt−
1∫

0

ψ(x)K(t)dt =

=

1∫
0

(ψ(x+ t)− ψ(x))K(t)dt =

=

1−x∫
0

tK(t)dt+

1∫
1−x

(t− 1)K(t)dt =

1∫
0

tK(t)dt−
1∫

1−x

K(t)dt.

Àíàëîãi÷íî äëÿ x ∈ (0, 1)

S(1− x)− ψ(1− x) = −(S(x)− ψ(x)) =

1∫
0

tK(t)dt−
1∫
x

K(t)dt.

Âiäíiìàþ÷è âiä îäíi¹¨ ðiâíîñòi iíøó, îòðèìó¹ìî

2(S(x)− ψ(x)) =

1∫
x

K(t)dt−
1∫

1−x

K(t)dt =

1−x∫
x

K(t)dt = 2

1/2∫
x

K(t)dt,

çâiäêè ψ(x)− S(x) =
x∫

1/2

K(t)dt, ùî i ïîòðiáíî áóëî äîâåñòè.

Çàóâàæåííÿ 1. Íåõàé

Dn(t) =

n∑
k=−n

e2πikt = 1 + 2

n∑
k=1

cos 2πkt =
sinπt(2n+ 1)

sinπt
−

ÿäðî Äiðiõëå äëÿ n ∈ N.

Î÷åâèäíî, ∀t ∈ R Dn(t+ 1) = Dn(t) = Dn(−t) ,
1∫
0

Dn(t)dt = 1. Òîäi ÿêùî

âçÿòè Sn(x) =
1∫
0

ψ(x+ t)Dn(t)dt, òî

ψ(x)− Sn(x) =

x∫
1/2

Dn(t)dt.
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À äëÿ iíòåãðàëà ìîæíà îòðèìàòè íàñòóïíó îöiíêó

x∫
1/2

Dn(t)dt� min

{
1,

1

n‖x‖

}
,

äå ‖x‖ � âiäñòàíü äî íàéáëèæ÷îãî âiä x öiëîãî ÷èñëà.

Çàóâàæåííÿ 2. Çàôiêñó¹ìî m,n ∈ N òà ðîçãëÿíåìî ôóíêöiþ

D2m
n (t) =

(
sinπt(2n+ 1)

sinπt

)2m

−

òðèãîíîìåòðè÷íèé ïîëiíîì ñòåïóíÿ 2mn. Ïîçíà÷èìî Kn,m(t) =
D2m
n (t)

a(n,m) , äå

a(n,m) =
1∫
0

D2m
n (t)dt. Òîäi ∀t ∈ R Kn,m(t+ 1) = Kn,m(t) = Kn,m(−t) ,

1∫
0

Kn,m(t)dt = 1, i ÿêùî

Sn,m(x) =

1∫
0

ψ(x+ t)Kn,m(t)dt,

òî ψ(x) − Sn,m(x) =
x∫

1/2

Kn,m(t)dt = 1
a(n,m)

x∫
1/2

D2m
n (t)dt. Òàêèì ÷èíîì, ùîá îöi-

íèòè ïîõèáêó ψ(x)−Sn,m(x), ïîòðiáíî îöiíèòè çâåðõó iíòåãðàë
x∫

1/2

D2m
n (t)dt òà

îöiíèòè çíèçó ÷èñëî a(n,m).

Ëåìà 2 (ïðî îöiíêó ñóìè
m∑
k=1

qk√
k
). Íåõàé q > 0, òîäi

m∑
k=1

qk√
k
�


q : ln q ≤ −1;

1/
√
| ln q| : −1 ≤ ln q ≤ −1/m;√

m : 0 ≤ | ln q| � 1/m;
qm/(

√
m ln q) : 1/m� ln q � 1;
qm/
√
m : 1� ln q.

Äîâåäåííÿ. Äëÿ ln q ≤ −1

m∑
k=1

qk√
k
<

m∑
k=1

qk <
q

1− q
� q.

Äëÿ 0 ≤ | ln q| � 1/m
m∑
k=1

qk√
k
�

m∑
k=1

1√
k
�
√
m.
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Äëÿ 1/m� | ln q| � 1

m∑
k=1

qk√
k

=
∑

k≤1/| ln q|

qk√
k

+
∑

1/| ln q|<k≤m

qk√
k
.

Àëå ∑
k≤1/| ln q|

qk√
k
�

∑
k≤1/| ln q|

1√
k
� 1√

| ln q|
.

ßêùî ln q < 0, òî ôóíêöiÿ qt√
t
ñïàäà¹, i òîäi

∑
a<k≤m

qk√
k
� qa√

a
+

m∫
a

qt√
t
dt.

À
m∫
a

qt√
t
dt =

qt√
t ln q

∣∣∣∣m
t=a

+
1

2 ln q

m∫
a

qt

t3/2
dt <

qa√
a| ln q|

,

çâiäêè ∑
a<k≤m

qk√
k
� qa√

a| ln q|
.

Îáðàâøè a = 1/| ln q|, îòðèìó¹ìî îöiíêó

∑
1/| ln q|<k≤m

qk√
k
� 1√

| ln q|
,

çâiäêè äëÿ −1� ln q � −1/m

m∑
k=1

qk√
k
� 1√

| ln q|
.

ßêùî 1/m� ln q � 1 òà 1
2 ln q ≤ t, òî ôóíêöiÿ

qt√
t
çðîñòà¹. Òàêîæ äëÿ 1

2 ln q < a

∑
a<k≤m

qk√
k
� qm√

m
+

m∫
a

qt√
t
dt.

Àëå

S(a) =

m∫
a

qt√
t
dt =

qt√
t ln q

∣∣∣∣m
t=a

+
1

2 ln q

m∫
a

qt

t3/2
dt <

qm√
m ln q

+
1

2a ln q
S(a),

çâiäêè

S(a)� qm

√
m ln q

(
1− 1

2a ln q

) .
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Òàêèì ÷èíîì,

S

(
1

ln q

)
=

m∫
1/ ln q

qt√
t
dt� qm

√
m ln q

(
1− 1

2

) � qm√
m ln q

,

i òîäi
m∑
k=1

qk√
k
� 1√

ln q
+

qm√
m ln q

� qm√
m ln q

.

Àíàëîãi÷íî, äëÿ 1� ln q

m∑
k=1

qk√
k
� qm√

m
+

m∫
1

qt√
t
dt =

qm√
m

+ S(1).

Àëå

S(1) =

m∫
1

qt√
t
dt� qm

√
m ln q

(
1− 1

2 ln q

) � qm√
m ln q

,

çâiäêè
m∑
k=1

qk√
k
� qm√

m
.

Çáèðàþ÷è ðàçîì âñi îöiíêè, îòðèìó¹ìî îñòàòî÷íèé ðåçóëüòàò.

Ëåìà 3 (ïðî îöiíêó iíòåãðàëà
x∫

1/2

D2m
n (t)dt). Äëÿ x ∈ (0, 1) ñïðàâåäëèâi íà-

ñòóïíi îöiíêè:
äëÿ ψ(x)� 1/(n

√
m)

x∫
1/2

D2m
n (t)dt� ψ(x);

äëÿ 1/(n
√
m)� ψ(x)� 1/

√
m

x∫
1/2

D2m
n (t)dt� ψ(x)√

m
+

1

n
√
m

;

äëÿ 1/
√
m� ψ(x)

x∫
1/2

D2m
n (t)dt� 1

m
√
mψ(x) sin2m−1 πx

+
1

n
√
m sin2m πx

.

Äîâåäåííÿ. Íåõàé äëÿ âèçíà÷åíîñòi, 1/2 < x < 1. Äàëi îöiíèìî

x∫
1/2

D2m
n (t)dt =

x∫
1/2

(
sinπt(2n+ 1)

sinπt

)2m

dt.
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Îòæå, ìà¹ìî

1

2
+

k

2n+ 1
≤ x⇔ 2n+ 1 + 2k ≤ 2x(2n+ 1)⇔

⇔ 2k ≤ (2x− 1)(2n+ 1)⇔ k ≤ ψ(x)(2n+ 1).

Ïîçíà÷èìî xk = 1
2 + k

2n+1 , K = [ψ(x)(2n+ 1)] � öiëà ÷àñòèíà, òîäi

x∫
1/2

D2m
n (t)dt =

K∑
k=1

xk∫
xk−1

D2m
n (t)dt+

x∫
xK

D2m
n (t)dt.

Äàëi
xk∫

xk−1

D2m
n (t)dt >

1

sin2m πxk−1

xk∫
xk−1

sin2m πt(2n+ 1)dt;

xk∫
xk−1

D2m
n (t)dt <

1

sin2m πxk

xk∫
xk−1

sin2m πt(2n+ 1)dt.

Àëå xk − xk−1 = 1
2n+1 òà

sin2m πt(2n+ 1) =
Cm2m
4m

+
2

4m

m∑
r=1

(−1)rCm−r2m cos 2πtr(2n+ 1),

çâiäêè
xk∫

xk−1

cos 2πtr(2n+ 1)dt = 0. Òàêèì ÷èíîì,

xk∫
xk−1

sin2m πt(2n+ 1)dt =
Cm2m

4m(2n+ 1)
.

Îòæå
x∫

1/2

D2m
n (t)dt <

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+

x∫
xK

D2m
n (t)dt.

Äëÿ Cm2m êîðèñòó¹ìîñü îöiíêîþ

Cm2m =
4m√
πm

(1 +O(1/m)),

ÿêó ìîæíà îòðèìàòè ç ôîðìóëè Ñòiðëiíãà äëÿ ln Γ(s).
Àíàëîãi÷íî

x∫
xK

D2m
n (t)dt <

1

sin2m πx

xK+1∫
xK

sin2m πt(2n+ 1)dt =

=
Cm2m

4m(2n+ 1) sin2m πx
� 1

n
√
m sin2m πx

.
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Òàêèì ÷èíîì,

x∫
1/2

D2m
n (t)dt <

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Ç iíøîãî áîêó,

x∫
1/2

D2m
n (t)dt >

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk−1

=

=
Cm2m

4m(2n+ 1)

(
K∑
k=1

1

sin2m πxk
+ 1− 1

sin2m πxK

)
=

=
Cm2m

4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Îòæå,

x∫
1/2

D2m
n (t)dt =

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Êðiì òîãî,

K∑
k=1

1

sin2m πxk
= (2n+ 1)

x∫
1/2

dt

sin2m πt
+O

(
1

sin2m πx

)
.

Òîäi îñòàòî÷íî

x∫
1/2

D2m
n (t)dt =

Cm2m
4m

x∫
1/2

dt

sin2m πt
+O

(
1

n
√
m sin2m πx

)
.

Ïîçíà÷èìî äàëi

Im(x) =

x∫
1/2

dt

sin2m πt
.

Òîäi

Im(x) =

x∫
1/2

sin2 πt+ cos2 πt

sin2m πt
dt = Im−1(x) +

x∫
1/2

cos2 πt

sin2m πt
dt.
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Àëå

x∫
1/2

cos2 πt

sin2m πt
dt =

= −
(

cosπt

π(2m− 1) sin2m−1 πt

)∣∣∣∣x
t=1/2

− 1

2m− 1

x∫
1/2

sinπt

sin2m−1 πt
dt =

= − cosπx

π(2m− 1) sin2m−1 πx
− 1

2m− 1
Im−1(x).

Òàêèì ÷èíîì,

Im(x) =
m− 1

m− 1/2
Im−1(x)− cosπx

2π(m− 1/2) sin2m−1 πx
.

Êðiì òîãî,

I1(x) =

x∫
1/2

dt

sin2 πt
= −

(
cosπt

π sinπt

)∣∣∣∣x
t=1/2

= − cosπx

π sinπx
.

Îòæå,

Im(x) = − cosπx

2π(m− 1
2 ) sin2m−1 πx

×
(

1 +
m− 1

m− 3
2

sin2 πx+

+
(m− 1)(m− 2)

(m− 3
2 )(m− 5

2 )
sin4 πx+ . . .+

(m− 1)(m− 2) . . . 1

(m− 3
2 )(m− 5

2 ) . . . 1
2

sin2m−2 πx

)
.

Òîáòî

Im(x) =

= − cosπx

2π(m− 1
2 ) sin2m−1 πx

m−1∑
k=0

(m− 1)(m− 2) . . . (m− k)

(m− 3
2 )(m− 5

2 ) . . . (m− k − 1
2 )

sin2k πx.

Äàëi,

ln

(
(m− 1)(m− 2) . . . (m− k)

(m− 3/2)(m− 5/2) . . . (m− k − 1/2)

)
=

=

k∑
r=1

ln

(
1 +

1

2m− 2r − 1

)
=

m−1∑
r=m−k

ln

(
1 +

1

2r − 1

)
=

=

m−1∑
r=m−k

1

2r − 1
+O

(
m−1∑
r=m−k

1

(2r − 1)2

)
.
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Àëå

m−1∑
r=m−k

1

(2r − 1)2
<

<
1

(2m− 2k − 1)2
− 1

(2m− 1)2
+

1

4

m∫
m−k

dt

(t− 1/2)2
� k

m(m− k)
.

Òàêîæ

m−1∑
r=m−k

1

2r − 1
=

∑
m−k+1/2<r≤m+1/2

1

2r − 1
+

1

2m− 2k − 1
− 1

2m− 1
=

=
2k

(2m− 2k − 1)(2m− 1)
+

m+1/2∫
m−k+1/2

dt

2t− 1
− 2

m+1/2∫
m−k+1/2

ψ(t)
dt

(2t− 1)2
=

= ln

√
m

m− k
+O

(
k

m(m− k)

)
.

Òàêèì ÷èíîì,

ln

(
(m− 1) . . . (m− k)

(m− 3/2) . . . (m− k − 1/2)

)
= ln

√
m

m− k
+O

(
k

m(m− k)

)
.

Îòæå,

(m− 1) . . . (m− k)

(m− 3/2) . . . (m− k − 1/2)
=

√
m

m− k
+O

(
k√

m(m− k)3/2

)
.

Òîäi

Im(x)� cosπ(1− x)

m sin2m−1 πx

m−1∑
k=0

√
m

m− k
sin2k πx =

=
sinπx · cosπ(1− x)√

m

m∑
k=1

1√
k sin2k πx

=
sinπx · cosπ(1− x)√

m

m∑
k=1

qk√
k
,

äå q = sin−2 πx ≥ 1.
Äàëi âèêîðèñòîâó¹ìî ðåçóëüòàòè ëåìè 2. Äëÿ x, áëèçüêèõ äî 1/2,

ln q = ln(sin−2 πx) = −2 ln cosπ(x− 1/2) = −2 ln
(

1− 2 sin2 π

2
ψ(x)

)
� ψ2x),

à îòæå,

0 ≤ | ln q| � 1/m ⇔ ψ2(x)� 1/m ⇔ ψ(x)� 1/
√
m .

Òîäi, ÿêùî ψ(x)� 1/
√
m, òî

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

�

� cosπψ(x) sinπψ(x)� ψ(x).
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Äëÿ 1/m� ln q � 1, òîáòî, êîëè 1/
√
m� ψ(x)� 1,

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

� cosπ(1− x)

m sin2m−1(πx) ln(sin−1 πx)
.

Àëå
cosπ(1− x)

ln(sin−1 πx)
=

sinπψ(x)

−2 ln(1− 2 sin2 π
2ψ(x))

� 1

ψ(x)
,

çâiäêè

Im(x)� 1

mψ(x) sin2m−1 πx
.

Äëÿ 1� ln q

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

�

� cosπ(1− x)

m sin2m−1 πx
� 1

mψ(x) sin2m−1 πx
.

Çáèðàþ÷è ðàçîì îòðèìàíi îöiíêè, ìà¹ìî äëÿ

x∫
1/2

D2m
n (t)dt =

Cm2m
4m

Im(x) +O

(
1

n
√
m sin2m πx

)
:

äëÿ ψ(x)� 1/
√
m

x∫
1/2

D2m
n (t)dt� ψ(x)√

m
+

1

n
√
m

;

äëÿ 1/
√
m� ψ(x)

x∫
1/2

D2m
n (t)dt� 1

m
√
mψ(x) sin2m−1 πx

+
1

n
√
m sin2m πx

.

Êðiì òîãî, êîëè ψ(x)� (n
√
m)−1,

x∫
1/2

D2m
n (t)dt =

x∫
1/2

(
sinπt(2n+ 1)

sinπt

)2m

dt�
x∫

1/2

dt� ψ(x).

Òàêèì ÷èíîì, ëåìó äîâåäåíî.

Ëåìà 4 (ïðî îöiíêó a(n,m) çíèçó). Ñïðàâåäëèâà íàñòóïíà îöiíêà

a(n,m) =

1∫
0

D2m
n (t)dt� (2n+ 1)2m−1

√
m

.
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Äîâåäåííÿ. Ìà¹ìî äëÿ äîñòàòíüî ìàëîãî δ > 0

a(n,m) =

1∫
0

D2m
n (t)dt�

δ∫
0

(
sinπt(2n+ 1)

sinπt

)2m

dt�

�
δ∫

0

(
πt(2n+ 1) +O

(
(πnt)3

))2m
(πt)2m

dt� (2n+ 1)2m

δ∫
0

(
1 +O

(
(πnt)2

))2m
dt�

� (2n+ 1)2m

δ∫
0

(
1 +O

(
m(nt)2

))
dt.

Âçÿâøè δ = 1√
m(2n+1)

, îòðèìó¹ìî

a(n,m)� (2n+ 1)2m−1

√
m

.

Ëåìà 5 (ïðî îöiíêó äëÿ ψ(x)− Sn,m(x)). Íåõàé Kn,m(t) =
D2m
n (t)

a(n,m) , äå

a(n,m) =
1∫
0

D2m
n (t)dt, Sn,m(x) =

1∫
0

ψ(x + t)Kn,m(t)dt. Òîäi äëÿ ψ(x) − Sn,m(x)

ñïðàâåäëèâi íàñòóïíi îöiíêè:
äëÿ ψ(x)� 1/(n

√
m)

ψ(x)− Sn,m(x)�
√
m

(2n+ 1)2m−1
ψ(x);

äëÿ 1/(n
√
m)� ψ(x)� 1/

√
m

ψ(x)− Sn,m(x)� |ψ(x)|
(2n+ 1)2m−1

+
1

(2n+ 1)2m
;

äëÿ 1/
√
m� ψ(x)

ψ(x)− Sn,m(x)�

� 1

m|ψ(x)|[(2n+ 1) sin(π‖x‖)]2m−1
+

1

[(2n+ 1) sin(π‖x‖)]2m
.

Äîâåäåííÿ. Òàê ÿê

ψ(x)− Sn,m(x) =

x∫
1/2

Kn,m(t)dt =
1

a(n,m)

x∫
1/2

D2m
n (t)dt,

òî ëåìà 5 ¹ íàñëiäêîì ëåìè 3 òà ëåìè 4.

Çàóâàæåííÿ 3. Îñòàííüîþ îöiíêîþ âàðòî êîðèñòóâàòèñÿ òiëüêè ó âèïàä-
êó (2n + 1) sinπx > 1, òîáòî, êîëè x çíàõîäèòüñÿ äîñòàòíüî äàëåêî âiä öiëèõ
÷èñåë, à ñàìå äëÿ 1/n� ‖x‖. Â iíøîìó âèïàäêó êîðèñòó¹ìîñü îöiíêîþ

ψ(x)− Sn,m(x) =
1

a(n,m)

x∫
1/2

D2m
n (t)dt ≤ 1

a(n,m)

1∫
1/2

D2m
n (t)dt =

1

2
.
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Äîâåäåííÿ. Äîâåäåìî äàëi òåîðåìó.
Íåõàé n =

[
eD
4 + 1

2

]
, òîäi eD4 −

1
2 < n ≤ eD

4 + 1
2 , çâiäêè

eD

2
< 2n+ 1 ≤ eD

2
+ 2.

Äî òîãî æ, ∀x ∈ R sinπ‖x‖ ≥ 2‖x‖ . Òàêèì ÷èíîì, ∀x ∈ X

(2n+ 1) sin(π‖x‖) ≥ (2n+ 1)2‖x‖ ≥ 2(2n+ 1)

D
> e.

Íåõàé m =
[

1
2 lnE

]
+ 1, òîäi 1

2 lnE < m ≤ 1
2 lnE + 1, çâiäêè E < e2m.

Kn,m(x) =
D2m
n (x)
a(n,m) , äå a(n,m) =

1∫
0

D2m
n (t)dt. Áåðåìî d = 2nm òà

Td(x) = Sn,m(x) =

1∫
0

ψ(x+ t)Kn,m(t)dt =
∑

0<|k|≤d

ake
−2πikx,

äå d = 2nm = 2
[
eD
4 + 1

2

] ([
1
2 lnE

]
+ 1
)
≤
(
eD
2 + 1

) (
1
2 lnE + 1

)
� D lnE.

Äëÿ îöiíêè ψ(x)− Td(x) = ψ(x)− Sn,m(x) âèêîðèñòîâó¹ìî ëåìó 5.
ßêùî ψ(x)� 1/

√
m, òî

ψ(x)− Sn,m(x)� |ψ(x)|
(2n+ 1)2m−1

+
1

(2n+ 1)2m
�

� 1√
m(2n+ 1)2m−1

+
1

(2n+ 1)2m
� 1√

m

(
2

eD

)2m−1

+

(
2

eD

)2m

=

=
e√
m

1

e2m(D/2)2m−1
+

1

e2m(D/2)2m
� 1

e2m
<

1

E
.

ßêùî 1/
√
m� ψ(x), òî

ψ(x)− Sn,m(x)�

� 1

m|ψ(x)|[(2n+ 1) sin(π‖x‖)]2m−1
+

1

[(2n+ 1) sin(π‖x‖)]2m
�

� 1

[(2n+ 1) sin(π‖x‖)]2m
<

1

e2m
<

1

E
.

Îòæå, òåîðåìó äîâåäåíî.

Âèñíîâêè. Òàêèì ÷èíîì, ïîêàçàíî, ùî ôóíêöiþ ψ(x) ìîæíà çàìiíþâàòè
òðèãîíîìåòðè÷íèìè ïîëiíîìàìè íåâåëèêîãî ñòóïåíÿ. Öå äîçâîëÿ¹ êðàùå îöiíþ-
âàòè ñóìè

∑
a<n≤b

ψ(f(n)).
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