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PARTIAL AVERAGING OF IMPULSIVE HYBRID SYSTEMS

Осадча О., Скрипник Н. Схема часткового усереднення для одного класу

iмпульсних змiшаних систем. У статтi розглядається обґрунтування схеми частко-
вого усереднення для одного класу iмпульсних змiшаних систем, коли одне з рiвнянь
є iмпульсним диференцiальним рiвнянням з похiдною Хукухари, а друге – звичайним
iмпульсним диференцiальним рiвнянням.
Ключовi слова: метод усереднення, змiшана система, похiдна Хукухари.

Осадчая О., Скрипник Н. Схема частичного усреднения для одного клас-

са импульсных смешанных систем. В статье рассматривается обоснование схемы
частичного усреднения для одного класса импульсных смешанных систем, когда одно
из уравнений является импульсным дифференциальным уравнением с производной Ху-
кухары, а второе – обыкновенным импульсным дифференциальным уравнением.
Ключевые слова: метод усреднения, смешанная система, производная Хукухары.

Osadcha O., Skripnik N. Partial averaging of impulsive hybrid systems. This
paper contains the substantiation of the scheme of partial averaging for one class of impul-
sive hybrid systems where one equation is an impulsive differential equation with Hukuhara
derivative and the second one is an impulsive ordinary differential equation.
Key words: averaging method, hybrid system, Hukuhara derivative.

Introduction.

In practice, there are often considered the so-called hybrid systems — systems that
contain equations of different nature: for example, one of the equations is an equation
in partial derivatives and the other one is an ordinary differential equation, or one of
the equations is discrete and the other one is differential, etc. In this paper we consider
the case of a hybrid system, where one of the equations is a differential equation with
Hukuhara derivative and the second one is an ordinary differential equation. The
interest in such systems follows from the fact, that some parameters of the model
may be accurate, while the rest may contain the noise, errors and inaccuracies.

Main Definitions.

Development of the theory of multivalued mappings led to the question what
should be understood as a derivative of a multivalued mapping. The main cause
of difficulties for the inducting of such definition was the nonlinearity of the space
𝑐𝑜𝑚𝑝(𝑅𝑛), which led to the absence of the concept of difference. There are several
approaches to define the difference of two sets, one of them is the Hukuhara difference.

Let 𝑐𝑜𝑛𝑣(𝑅𝑛) be the family of all nonempty compact convex subsets of 𝑅𝑛 with
the Hausdorff metric

ℎ(𝐴,𝐵) = max{max
𝑎∈𝐴

min
𝑏∈𝐵

‖𝑎− 𝑏‖, max
𝑏∈𝐵

min
𝑎∈𝐴

‖𝑎− 𝑏‖},

where ‖ · ‖ denotes the Euclidean norm in R𝑛.
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Definition 1. [5] Let 𝑋,𝑌 ∈ 𝑐𝑜𝑛𝑣(𝑅𝑛). The set 𝑍 ∈ 𝑐𝑜𝑛𝑣(𝑅𝑛), where 𝑋 = 𝑌+𝑍,

is called the Hukuhara difference of sets X and Y and is denoted by 𝑋
ℎ
−𝑌 .

Along with the inducted difference there appeared the concept of derivative.

Definition 2. [5] A multuvalued mapping 𝑋 : 𝐼 → 𝑐𝑜𝑛𝑣(𝑅𝑛), 𝐼 ⊂ 𝑅, is called
differentiable in the sense of Hukuhara at point 𝑡 ∈ 𝐼 if there exists such 𝐷𝐻𝑋(𝑡) ∈
∈ 𝑐𝑜𝑛𝑣(𝑅𝑛) that the limits

lim
Δ𝑡↓0

1

Δ𝑡

(︂
𝑋(𝑡+Δ𝑡)

ℎ
−𝑋(𝑡)

)︂
, lim

Δ𝑡↓0

1

Δ𝑡

(︂
𝑋(𝑡)

ℎ
−𝑋(𝑡−Δ𝑡)

)︂
exist and are equal to 𝐷𝐻𝑋(𝑡). The set 𝐷𝐻𝑋(𝑡) is called the Hukuhara derivative of
the multivalued mapping 𝑋 : 𝐼 → 𝑐𝑜𝑛𝑣(𝑅𝑛) at point 𝑡.

In M. Hukuhara papers [5] along with the concept of derivative the concept
of the integral of a multivalued mapping was inducted and the connection between
those two concepts was found. In 1969 F. S. de Blasi and F. Iervolino were first
to consider differential equation with the Hukuhara derivative [1, 2, 3, 4]. Its so-
lution is a multivalued mapping. After that various existence and uniqueness theo-
rems were proved, the stability of solutions of this type of equations was considered,
integro-differential equations, impulsive differential equations, differential equations
with fractional derivatives, control differential equations with Hukuhara derivative
were considered, the possibility of applying some averaging schemes for such type of
equations was investigated [9, 7, 12, 13, 8, 10, 11, 6].

Consider the hybrid system{︂
𝐷𝐻𝑋 = 𝐹 (𝑡,𝑋, 𝑦), 𝑋(𝑡0) = 𝑋0,
�̇� = 𝑔(𝑡,𝑋, 𝑦), 𝑦(𝑡0) = 𝑦0,

(1)

where 𝐼 = [𝑡0, 𝑇 ] ⊂ 𝑅; 𝑋 : 𝐼 → 𝑐𝑜𝑛𝑣(𝑅𝑛) is a multivalued mapping; 𝑦 : 𝐼 → 𝑅𝑚

is a vector function; 𝐹 : 𝐼 × 𝑐𝑜𝑛𝑣(𝑅𝑛) × 𝑅𝑚 → 𝑐𝑜𝑛𝑣(𝑅𝑛) is a multivalued mapping;
𝑔 : 𝐼 × 𝑐𝑜𝑛𝑣(𝑅𝑛)×𝑅𝑚 → 𝑅𝑚 is a vector function; 𝑋0 ∈ 𝑐𝑜𝑛𝑣(𝑅𝑛), 𝑦0 ∈ 𝑅𝑚.

Consider a class 𝑆 of pairs (𝑋(·), 𝑦(·)), where 𝑋(·) is a continuously differentiable
on 𝐼 in the sense of Hukuhara multivalued mapping, 𝑦(·) is a continuously differen-
tiable on 𝐼 vector-function.

Definition 3. A pair (𝑋(·), 𝑦(·)) ∈ 𝑆 is called a solution of system (1), if for all
𝑡 ∈ 𝐼 the following equalities fulfill 𝐷𝐻𝑋(𝑡) = 𝐹 (𝑡,𝑋(𝑡), 𝑦(𝑡)), �̇�(𝑡) = 𝑔(𝑡,𝑋(𝑡), 𝑦(𝑡))
and 𝑋(𝑡0) = 𝑋0, 𝑦(𝑡0) = 𝑦0.

Theorem 1. Let in the domain

𝑄 = {(𝑡,𝑋, 𝑦) : 𝑡0 ≤ 𝑡 ≤ 𝑡0 + 𝑎, ℎ(𝑋,𝑋0) ≤ 𝑏, ‖𝑦 − 𝑦0‖ ≤ 𝑐}

the multivalued mapping 𝐹 (𝑡,𝑋, 𝑦) and the vector function 𝑔(𝑡,𝑋, 𝑦) are continuous
and satisfy the Lipschitz condition in variables 𝑋 and 𝑦, i. e. there exists such constant
𝜆 > 0 that

ℎ (𝐹 (𝑡,𝑋1, 𝑦1), 𝐹 (𝑡,𝑋2, 𝑦2)) ≤ 𝜆 [ℎ(𝑋1, 𝑋2) + ‖𝑦1 − 𝑦2‖] ,
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‖𝑔(𝑡,𝑋1, 𝑦1)− 𝑔(𝑡,𝑋2, 𝑦2)‖ ≤ 𝜆 [ℎ(𝑋1, 𝑋2) + ‖𝑦1 − 𝑦2‖] .

Then system (1) has the unique solution defined on the interval [𝑡0, 𝑡0 + 𝑑] where

𝑑 = min

(︂
𝑎,

𝑏

𝑀
,
𝑐

𝑀

)︂
, constant 𝑀 satisfies the inequalities |𝐹 (𝑡,𝑋, 𝑦)| ≤ 𝑀 and

‖𝑔(𝑡,𝑋, 𝑦)‖ ≤𝑀 in the domain 𝑄.

Main Results.

Consider impulsive hybrid system with a small parameter

𝐷𝐻𝑋 = 𝜀𝐹 (𝑡,𝑋, 𝑦), 𝑡 ̸= 𝜏𝑖, 𝑋(0) = 𝑋0,

�̇� = 𝜀𝑔(𝑡,𝑋, 𝑦), 𝑡 ̸= 𝜏𝑖, 𝑦(0) = 𝑦0,
(2)

Δ𝑋|𝑡=𝜏𝑖 = 𝜀𝐼𝑖(𝑋, 𝑦), Δ𝑦|𝑡=𝜏𝑖 = 𝜀𝐽𝑖(𝑋, 𝑦), (3)

where 𝑡 ∈ 𝑅+; the moments of impulses 𝜏𝑖+1 > 𝜏𝑖; 𝑋 : 𝑅+ → 𝑐𝑜𝑛𝑣(𝑅𝑛) is a multival-
ued mapping; 𝑦 : 𝑅+ → 𝑅𝑚 is a vector function; 𝐹 : 𝑅+×𝑐𝑜𝑛𝑣(𝑅𝑛)×𝑅𝑚 → 𝑐𝑜𝑛𝑣(𝑅𝑛),
𝐼𝑖 : 𝑐𝑜𝑛𝑣(𝑅

𝑛)×𝑅𝑚 → 𝑐𝑜𝑛𝑣(𝑅𝑛) are multivalued mappings; 𝑔 : 𝑅+×𝑐𝑜𝑛𝑣(𝑅𝑛)×𝑅𝑚 →
→ 𝑅𝑚, 𝐽𝑖 : 𝑐𝑜𝑛𝑣(𝑅

𝑛)×𝑅𝑚 → 𝑅𝑚 are vector functions; 𝑋0 ∈ 𝑐𝑜𝑛𝑣(𝑅𝑛), 𝑦0 ∈ 𝑅𝑚.

Definition 4. A pair (𝑋(·), 𝑦(·)) is called a solution of system (2), (3) if it is a
solution of system (2) on intervals between moments of impulses and satisfies impulse
condition (3) in the points of impulses 𝜏𝑖.

It’s easy to notice, that the existence and the uniqueness of a solution of system
(2), (3) holds if the right sides of equations (2) satisfy Theorem 1 on intervals between
moments of impulses.

Consider the following partially averaged system:

𝐷𝐻�̄� = 𝜀𝐹 (𝑡, �̄�, 𝑦), �̄�(0) = 𝑋0,
˙̄𝑦 = 𝜀𝑔(𝑡, �̄�, 𝑦), 𝑦(0) = 𝑦0,

(4)

Δ𝑋|𝑡=𝜎𝑗
= 𝜀𝐼𝑗(𝑋, 𝑦), Δ𝑦|𝑡=𝜎𝑗

= 𝜀𝐽𝑗(𝑋, 𝑦), (5)

where

lim
𝑇→∞

1
𝑇 ℎ

(︃
𝑇∫︀
0

𝐹 (𝑡,𝑋, 𝑦)𝑑𝑡+
∑︀

0≤𝜏𝑖<𝑇
𝐼𝑖(𝑋, 𝑦),

𝑇∫︀
0

𝐹 (𝑡,𝑋, 𝑦)𝑑𝑡+
∑︀

0≤𝜎𝑗<𝑇

𝐼𝑗(𝑋, 𝑦)

)︃
= 0,

lim
𝑇→∞

1
𝑇

⃒⃒⃒⃒
⃒
⃒⃒⃒⃒
⃒𝑇∫︀0[𝑔(𝑡,𝑋, 𝑦)− 𝑔(𝑡,𝑋, 𝑦)]𝑑𝑡+

∑︀
0≤𝜏𝑖<𝑇

𝐽𝑖(𝑋, 𝑦)−
∑︀

0≤𝜎𝑗<𝑇

𝐽𝑗(𝑋, 𝑦)

⃒⃒⃒⃒
⃒
⃒⃒⃒⃒
⃒ = 0.

(6)

The following theorem that proves the closeness of solutions of systems (2), (3)
and (4), (5) holds.

Theorem 2. Let in the domain 𝑄 = {(𝑡,𝑋, 𝑦) : 𝑡 ≥ 0, 𝑋 ∈ 𝐷1, 𝑦 ∈ 𝐷2} the
following conditions hold:

1) the multivalued mappings 𝐹 (𝑡,𝑋, 𝑦), 𝐹 (𝑡,𝑋, 𝑦) and vector functions
𝑔(𝑡,𝑋, 𝑦), 𝑔(𝑡,𝑋, 𝑦) are continuous in 𝑡, uniformly bounded with constant 𝑀 and sat-
isfy the Lipschitz condition in 𝑋 and 𝑦 with constant 𝜆;
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2) the multivalued mappings 𝐼𝑖(𝑋, 𝑦), 𝐼𝑗(𝑋, 𝑦) and vector functions 𝐽𝑖(𝑋, 𝑦),
𝐽𝑗(𝑋, 𝑦) are uniformly bounded and satisfy the Lipschitz condition in 𝑋 and 𝑦 with
constant 𝜆;

3) limits (6) exist uniformly with respect to 𝑋 ∈ 𝐷1 and 𝑦 ∈ 𝐷2;

4) there exists such constant 0 < 𝑑 ≤ ∞ that

1

𝑇
𝑖(𝑡, 𝑡+ 𝑇 ) ≤ 𝑑,

1

𝑇
𝑗(𝑡, 𝑡+ 𝑇 ) ≤ 𝑑,

where 𝑖(𝑡, 𝑡+ 𝑇 )[𝑗(𝑡, 𝑡+ 𝑇 )] are the numbers of points of a sequence {𝜏𝑖}[{𝜎𝑗}] on the
interval [𝑡, 𝑡+ 𝑇 ).

5) the solution
(︀
�̄�(𝑡), 𝑦(𝑡)

)︀
of system (4), (5) with the initial condition �̄�(0) =

= 𝑋0 ∈ 𝐷
′

1 ⊂ 𝐷1, 𝑦(0) = 𝑦0 ∈ 𝐷
′

2 ⊂ 𝐷2 is defined for all 𝑡 ≥ 0, 𝜀 ∈ (0, 𝜀] and
�̄�(𝑡) belongs with some 𝜌- neighborhood to the domain 𝐷1, 𝑦(𝑡) belongs with some 𝜉-
neighborhood to the domain 𝐷2.

Then for any 𝜂 > 0 and 𝐿 > 0 there exists such 𝜀0(𝜂, 𝐿) ∈ (0, 𝜀], that for 0 < 𝜀 ≤
≤ 𝜀0 and 0 ≤ 𝑡 ≤ 𝐿𝜀−1 the following inequalities fulfill:

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
≤ 𝜂, ‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ 𝜂,

where (𝑋(·), 𝑦(·)) and
(︀
�̄�(·), 𝑦(·)

)︀
are the solutions of systems (2), (3) and (4), (5)

with the initial conditions 𝑋(0) = �̄�(0) ∈ 𝐷′
1, 𝑦(0) = 𝑦(0) ∈ 𝐷′

2.

Proof. From conditions 1)–3) of the theorem it follows that systems (2), (3) and
(4), (5) have unique solutions that are defined for 𝑡 ≥ 0 if 𝑋(𝑡) and 𝑦(𝑡) (accordingly
�̄�(𝑡) and 𝑦(𝑡)) belong to the domain 𝐷1 ×𝐷2.

Replace systems (2), (3) and (4), (5) with the equivalent system of integral equa-
tions:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝑋(𝑡) = 𝑋0 + 𝜀

𝑡∫︀
0

𝐹 (𝑠,𝑋(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑦(𝑡) = 𝑦0 + 𝜀
𝑡∫︀
0

𝑔(𝑠,𝑋(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜏𝑖<𝑡
𝐽𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)),

(7)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
�̄�(𝑡) = 𝑋0 + 𝜀

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)),

𝑦(𝑡) = 𝑦0 + 𝜀
𝑡∫︀
0

𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)).

(8)
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Then

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
=

= ℎ

(︃
𝑋0 + 𝜀

𝑡∫︀
0

𝐹 (𝑠,𝑋(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑋0 + 𝜀
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
=

= 𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠,𝑋(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤

≤ 𝜀ℎ

(︂
𝑡∫︀
0

𝐹 (𝑠,𝑋(𝑠), 𝑦(𝑠))𝑑𝑠,
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠

)︂
+

+𝜀ℎ

(︃ ∑︀
0≤𝜏𝑖<𝑡

𝐼𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)),
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))

)︃
+

+𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤

≤ 𝜀
𝑡∫︀
0

ℎ
(︀
𝐹 (𝑠,𝑋(𝑠), 𝑦(𝑠)), 𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))

)︀
𝑑𝑠+

+𝜀
∑︀

0≤𝜏𝑖<𝑡
ℎ
(︀
𝐼𝑖(𝑋(𝜏𝑖), 𝑦(𝜏𝑖)), 𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))

)︀
+

+𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤

≤ 𝜀𝜆
𝑡∫︀
0

[ℎ(𝑋(𝑠), �̄�(𝑠)) + |𝑦(𝑠)− 𝑦(𝑠)|]𝑑𝑠+

+𝜀𝜆
∑︀

0≤𝜏𝑖<𝑡
[ℎ(𝑋(𝜏𝑖), �̄�(𝜏𝑖)) + |𝑦(𝜏𝑖)− 𝑦(𝜏𝑖)|]+

+𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
.

(9)

Similarly,

‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ 𝜀𝜆
𝑡∫︀
0

[︀
ℎ(𝑋(𝑠), �̄�(𝑠)) + ‖𝑦(𝑠)− 𝑦(𝑠)‖

]︀
𝑑𝑠+

+𝜀𝜆
∑︀

0≤𝜏𝑖<𝑡

[︀
ℎ(𝑋(𝜏𝑖), �̄�(𝜏𝑖)) + ‖𝑦(𝜏𝑖)− 𝑦(𝜏𝑖)‖

]︀
+

+𝜀

⃦⃦⃦⃦
⃦ 𝑡∫︀0 𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+

∑︀
0≤𝜏𝑖<𝑡

𝐽𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))−
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−
𝑡∫︁

0

𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠− 𝜀
∑︁

0≤𝜎𝑗<𝑡

𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

⃦⃦⃦⃦
⃦⃦ . (10)

Divide the interval [0, 𝐿𝜀−1] in 𝑚 equal intervals by the points 𝑡𝑝 = 𝑝𝐿
𝜀𝑚 . Define

by (�̄�𝑝, 𝑦𝑝) = (�̄�(𝑡𝑝), 𝑦(𝑡𝑝)) the solution of system (4), (5) in division points.

Let us estimate in the interval [𝑡𝑘, 𝑡𝑘+1], where 0 ≤ 𝑘 ≤ 𝑚− 1 the expression

𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+ 𝜀
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
=

= 𝜀ℎ

(︃
𝑘−1∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))

]︃
+

+
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑘−1∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

]︃
+

+
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤

≤ 𝜀ℎ

(︃
𝑘−1∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))

]︃
,

𝑘−1∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

]︃)︃
+

+𝜀ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤

≤ 𝜀
𝑘−1∑︀
𝑝=0

[︃
ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝)

)︃
+

+ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
+

+ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃]︃
+

+𝜀

[︃
ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�𝑘, 𝑦𝑘)

)︃
+

+ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�𝑘, 𝑦𝑘),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�𝑘, 𝑦𝑘)

)︃
+
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+ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�𝑘, 𝑦𝑘),
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃]︃
≤

≤ 𝜀
𝑘−1∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠)), 𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)

)︀
𝑑𝑠+

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

ℎ
(︀
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)), 𝐼𝑖(�̄�𝑝, 𝑦𝑝)

)︀
+

+ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
+

+
𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (𝑠, �̄�𝑝, 𝑦𝑝), 𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠

)︀
𝑑𝑠+

∑︀
𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

ℎ
(︀
𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)), 𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︀]︃
+

+𝜀

[︃
𝑡∫︀
𝑡𝑘

ℎ
(︀
𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠)), 𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)

)︀
𝑑𝑠+

∑︀
𝑡𝑘≤𝜏𝑖<𝑡

ℎ
(︀
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)), 𝐼𝑖(�̄�𝑘, 𝑦𝑘)

)︀
+

+ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�𝑘, 𝑦𝑘),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�𝑘, 𝑦𝑘)

)︃
+

+
𝑡∫︀
𝑡𝑘

ℎ
(︀
𝐹 (𝑠, �̄�𝑘, 𝑦𝑘), 𝐹 (�̄�(𝑠), 𝑦(𝑠))

)︀
𝑑𝑠+

∑︀
𝑡𝑘≤𝜎𝑗<𝑡

ℎ
(︀
𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)), 𝐼𝑗(�̄�𝑘, 𝑦𝑘)

)︀]︃
≤

≤ 𝜀
𝑘∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠)), 𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)

)︀
𝑑𝑠+

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

ℎ
(︀
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)), 𝐼𝑖(�̄�𝑝, 𝑦𝑝)

)︀
+

+
𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (𝑠, �̄�𝑝, 𝑦𝑝), 𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))

)︀
𝑑𝑠+

∑︀
𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

ℎ
(︀
𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)), 𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︀]︃
+

+𝜀
𝑘−1∑︀
𝑝=0

ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
+

+𝜀ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�𝑘, 𝑦𝑘),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�𝑘, 𝑦𝑘)

)︃
.

Similarly

𝜀

⃦⃦⃦⃦
⃦ 𝑡∫︀0 𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+

∑︀
0≤𝜏𝑖<𝑡

𝐽𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))−
𝑡∫︀
0

𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠−

−
∑︀

0≤𝜎𝑗<𝑡

𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

⃦⃦⃦⃦
⃦ ≤ 𝜀

𝑘∑︀
𝑝=0

[︃
𝑡𝑝+1∫︀
𝑡𝑝

⃦⃦
𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))− 𝑔(𝑠, �̄�𝑝, 𝑦𝑝)

⃦⃦
𝑑𝑠+

+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

⃦⃦
𝐽𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))− 𝐽𝑖(�̄�𝑝, 𝑦𝑝)

⃦⃦
+
𝑡𝑝+1∫︀
𝑡𝑝

⃦⃦
𝑔(𝑠, �̄�𝑝, 𝑦𝑝)− 𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))

⃦⃦
𝑑𝑠+

+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

⃦⃦
𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))− 𝐽𝑗(�̄�𝑝, 𝑦𝑝)

⃦⃦]︃
+

+𝜀
𝑘−1∑︀
𝑝=0

⃦⃦⃦⃦
⃦ 𝑡𝑝+1∫︀
𝑡𝑝

[𝑔(𝑠, �̄�𝑝, 𝑦𝑝)− 𝑔(𝑠, �̄�𝑝, 𝑦𝑝)]𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐽𝑖(�̄�𝑝, 𝑦𝑝)−
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐽𝑗(�̄�𝑝, 𝑦𝑝)

⃦⃦⃦⃦
⃦+

+𝜀

⃦⃦⃦⃦
⃦ 𝑡∫︀
𝑡𝑘

[𝑔(𝑠, �̄�𝑘, 𝑦𝑘)− 𝑔(𝑠, �̄�𝑘, 𝑦𝑘)]𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐽𝑖(�̄�𝑘, 𝑦𝑘)−

∑︀
𝑡𝑘≤𝜎𝑗<𝑡

𝐽𝑗(�̄�𝑘, 𝑦𝑘)

⃦⃦⃦⃦
⃦ .

Notice that
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ℎ
(︀
�̄�(𝑠), �̄�𝑝

)︀
= ℎ

(︀
�̄�(𝑠), �̄�(𝑡𝑝)

)︀
≤ 𝜀

𝑠∫︀
𝑡𝑝

ℎ
(︀
𝐹 (�̄�(𝑣), 𝑦(𝑣)), {0}

)︀
𝑑𝑣+

+
∑︀

𝑡𝑝≤𝜎𝑗<𝑠

ℎ(𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)), {0}) ≤ 𝜀𝑀(𝑑+ 1)(𝑠− 𝑡𝑝),

‖𝑦(𝑠)− 𝑦𝑝‖ = ‖𝑦(𝑠)− 𝑦(𝑡𝑝)‖ ≤

≤ 𝜀
𝑠∫︀
𝑡𝑝

⃦⃦
𝑔(�̄�(𝑣), 𝑦(𝑣))

⃦⃦
𝑑𝑣 +

∑︀
𝑡𝑝≤𝜎𝑗<𝑠

||𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))|| ≤ 𝜀𝑀(𝑑+ 1)(𝑠− 𝑡𝑝).

Then

𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠)), 𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)

)︀
𝑑𝑠 ≤

≤ 𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

𝜆
[︀
ℎ
(︀
�̄�(𝑠), �̄�𝑝

)︀
+ ‖𝑦(𝑠)− 𝑦𝑝‖

]︀
𝑑𝑠 ≤

≤ 𝜀𝜆 · 2𝜀𝑀(𝑑+ 1)
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

(𝑠− 𝑡𝑝)𝑑𝑠 = 2𝜀2𝜆𝑀(𝑑+ 1)
𝑘∑︀
𝑝=0

(𝑡𝑝+1−𝑡𝑝)2
2 =

= 𝜀2𝜆𝑀(𝑑+ 1) · (𝑘 + 1) ·
(︀
𝐿
𝜀𝑚

)︀2 ≤ 𝜆𝑀𝐿2(𝑑+1)
𝑚 ,

𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

ℎ
(︀
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)), 𝐼𝑖(�̄�𝑝, 𝑦𝑝)

)︀
≤

≤ 𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝜆
[︀
ℎ
(︀
�̄�(𝜏𝑖), �̄�𝑝

)︀
+ ‖𝑦(𝜏𝑖)− 𝑦𝑝‖

]︀
≤

≤ 𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

2𝜆𝜀𝑀(𝑑+ 1)(𝜏𝑖 − 𝑡𝑝) = 2𝜀2𝜆𝑀(𝑑+ 1)
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

(𝜏𝑖 − 𝑡𝑝) ≤

≤ 2𝜀2𝜆𝑀(𝑑+ 1) · 𝐿
𝜀𝑚

𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

1 ≤ 2𝜀𝜆𝑀𝐿(𝑑+1)
𝑚 · 𝑑 · 𝐿

𝜀𝑚 · (𝑘 + 1) ≤ 2𝜆𝑀𝐿2𝑑(𝑑+1)
𝑚 ,

𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

ℎ
(︀
𝐹 (�̄�𝑝, 𝑦𝑝), 𝐹 (�̄�(𝑠), 𝑦(𝑠))

)︀
𝑑𝑠 ≤

≤ 𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

𝜆
[︀
ℎ
(︀
�̄�𝑝, �̄�(𝑠)

)︀
+ ‖𝑦𝑝 − 𝑦(𝑠)‖

]︀
𝑑𝑠 ≤ 𝜆𝑀𝐿2(𝑑+1)

𝑚 ,

𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

ℎ
(︀
𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗)), 𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︀
≤ 2𝜆𝑀𝐿2𝑑(𝑑+1)

𝑚 .

Similarly

𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

⃦⃦
𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))− 𝑔(𝑠, �̄�𝑝, 𝑦𝑝)

⃦⃦
𝑑𝑠 ≤ 𝜆𝑀𝐿2(𝑑+1)

𝑚 ,

𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

⃦⃦
𝐽𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))− 𝐽𝑖(�̄�𝑝, 𝑦𝑝)

⃦⃦
≤ 2𝜆𝑀𝐿2𝑑(𝑑+1)

𝑚 ,

𝜀
𝑘∑︀
𝑝=0

𝑡𝑝+1∫︀
𝑡𝑝

⃦⃦
𝑔(�̄�𝑝, 𝑦𝑝)− 𝑔(�̄�(𝑠), 𝑦(𝑠))

⃦⃦
𝑑𝑠 ≤ 𝜆𝑀𝐿2(𝑑+1)

𝑚 ,

𝜀
𝑘∑︀
𝑝=0

∑︀
𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

⃦⃦
𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))− 𝐽𝑗(�̄�𝑝, 𝑦𝑝)

⃦⃦
≤ 2𝜆𝑀𝐿2𝑑(𝑑+1)

𝑚 .
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Using condition 3) of the theorem there exist such monotone decreasing functions
𝑓1(𝑡) and 𝑓2(𝑡) that tend to zero as 𝑡→ ∞, that for all (𝑋, 𝑦) ∈ 𝐷1 ×𝐷2 we have:

ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�, 𝑦)𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�, 𝑦),

𝑡∫︀
0

𝐹 (𝑠, �̄�, 𝑦)𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�, 𝑦)

)︃
≤ 𝑡 · 𝑓1(𝑡),⃦⃦⃦⃦

⃦ 𝑡∫︀0(︀𝑔(𝑠, �̄�, 𝑦)− 𝑔(𝑠, �̄�, 𝑦)
)︀
𝑑𝑠+

∑︀
0≤𝜏𝑖<𝑡

𝐽𝑖(�̄�, 𝑦)−
∑︀

0≤𝜎𝑗<𝑡

𝐽𝑗(�̄�, 𝑦)

⃦⃦⃦⃦
⃦ ≤ 𝑡 · 𝑓2(𝑡).

Then

𝜀ℎ

(︃
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
𝑡𝑝

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
=

= 𝜀ℎ

(︃
𝑡𝑝+1∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠
ℎ
−
𝑡𝑝∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝)
ℎ
−
∑︀

0≤𝜏𝑖<𝑡𝑝
𝐼𝑖(�̄�𝑝, 𝑦𝑝) ,

𝑡𝑝+1∫︀
0

𝐹 (�̄�𝑝, 𝑦𝑝)𝑑𝑠
ℎ
−
𝑡𝑝∫︀
0

𝐹 (�̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)
ℎ
−
∑︀

0≤𝜎𝑗<𝑡𝑝

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
≤

≤ 𝜀

[︃
ℎ

(︃
𝑡𝑝+1∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡𝑝+1

𝐼𝑖(�̄�𝑝, 𝑦𝑝),
𝑡𝑝+1∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡𝑝+1

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃
+

+ℎ

(︃
𝑡𝑝∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡𝑝
𝐼𝑖(�̄�𝑝, 𝑦𝑝),

𝑡𝑝∫︀
0

𝐹 (𝑠, �̄�𝑝, 𝑦𝑝)𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡𝑝

𝐼𝑗(�̄�𝑝, 𝑦𝑝)

)︃]︃
≤

≤ 𝜀 [𝑡𝑝+1 · 𝑓1(𝑡𝑝+1) + 𝑡𝑝 · 𝑓1(𝑡𝑝)] ≤ 2 sup
𝜏∈[0,𝐿]

𝜏𝑓1
(︀
𝜏
𝜀

)︀
= 𝛾1(𝜀),

where 𝜏 = 𝜀𝑡, lim
𝜀→0

𝛾1(𝜀) = 0. Similarly

𝜀

⃦⃦⃦⃦
⃦⃦⃦𝑡𝑝+1∫︁
𝑡𝑝

[𝑔(𝑠, �̄�𝑝, 𝑦𝑝)− 𝑔(𝑠, �̄�𝑝, 𝑦𝑝)]𝑑𝑠+
∑︁

𝑡𝑝≤𝜏𝑖<𝑡𝑝+1

𝐽𝑖(�̄�𝑝, 𝑦𝑝)−
∑︁

𝑡𝑝≤𝜎𝑗<𝑡𝑝+1

𝐽𝑗(�̄�𝑝, 𝑦𝑝)

⃦⃦⃦⃦
⃦⃦⃦ ≤ 𝛾2(𝜀),

where lim
𝜀→0

𝛾2(𝜀) = 0;

ℎ

(︃
𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜏𝑖<𝑡
𝐼𝑖(�̄�𝑘, 𝑦𝑘),

𝑡∫︀
𝑡𝑘

𝐹 (𝑠, �̄�𝑘, 𝑦𝑘)𝑑𝑠+
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐼𝑗(�̄�𝑘, 𝑦𝑘)

)︃
≤ 𝛾1(𝜀),

𝜀

⃦⃦⃦⃦
⃦ 𝑡∫︀
𝑡𝑘

(︀
𝑔(𝑠, �̄�𝑘, 𝑦𝑘)− 𝑔(�̄�𝑘, 𝑦𝑘)

)︀
𝑑𝑠+

∑︀
𝑡𝑘≤𝜏𝑖<𝑡

𝐽𝑖(�̄�𝑘, 𝑦𝑘)−
∑︀

𝑡𝑘≤𝜎𝑗<𝑡

𝐽𝑗(�̄�𝑘, 𝑦𝑘)

⃦⃦⃦⃦
⃦ ≤ 𝛾2(𝜀).

So

𝜀ℎ

(︃
𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜏𝑖<𝑡
𝐼𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖)),

𝑡∫︀
0

𝐹 (𝑠, �̄�(𝑠), 𝑦(𝑠))𝑑𝑠+
∑︀

0≤𝜎𝑗<𝑡

𝐼𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

)︃
≤
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≤ 𝜆𝑀𝐿2(𝑑+ 1)

𝑚
+

4𝜆𝑀𝐿2

𝑚
𝑑(𝑑+ 1) +

𝜆𝑀𝐿2(𝑑+ 1)

𝑚
+ (𝑘 + 1)𝛾1(𝜀) ≤

≤ 2𝜆𝑀𝐿2

𝑚
(2𝑑+ 1)(𝑑+ 1) +𝑚𝛾1(𝜀) ≡ 𝜙1(𝜀,𝑚),

(11)

𝜀

⃦⃦⃦⃦
𝑡∫︀
0

[𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))− 𝑔(𝑠, �̄�(𝑠), 𝑦(𝑠))]𝑑𝑠+

+
∑︀

0≤𝜏𝑖<𝑡
𝐽𝑖(�̄�(𝜏𝑖), 𝑦(𝜏𝑖))−

∑︀
0≤𝜎𝑗<𝑡

𝐽𝑗(�̄�(𝜎𝑗), 𝑦(𝜎𝑗))

⃦⃦⃦⃦
⃦ ≤

≤ 𝜆𝑀𝐿2(𝑑+ 1)

𝑚
+

4𝜆𝑀𝐿2

𝑚
𝑑(𝑑+ 1) +

𝜆𝑀𝐿2(𝑑+ 1)

𝑚
+ (𝑘 + 1)𝛾2(𝜀) ≤

≤ 2𝜆𝑀𝐿2

𝑚
(2𝑑+ 1)(𝑑+ 1) +𝑚𝛾2(𝜀) ≡ 𝜙2(𝜀,𝑚).

(12)

If we substitute (11) in (9) and (12) in (10), we will get

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
≤ 𝜀𝜆

𝑡∫︀
0

[︀
ℎ(𝑋(𝑠), �̄�(𝑠)) + ‖𝑦(𝑠)− 𝑦(𝑠)‖

]︀
𝑑𝑠+

+𝜀𝜆
∑︀

0≤𝜏𝑖<𝑡

[︀
ℎ(𝑋(𝜏𝑖), �̄�(𝜏𝑖)) + ‖𝑦(𝜏𝑖)− 𝑦(𝜏𝑖)‖

]︀
+ 𝜙1(𝜀,𝑚),

‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ 𝜀𝜆
𝑡∫︀
0

[︀
ℎ(𝑋(𝑠), �̄�(𝑠)) + ‖𝑦(𝑠)− 𝑦(𝑠)‖

]︀
𝑑𝑠+

+𝜀𝜆
∑︀

0≤𝜏𝑖<𝑡

[︀
ℎ(𝑋(𝜏𝑖), �̄�(𝜏𝑖)) + ‖𝑦(𝜏𝑖)− 𝑦(𝜏𝑖)‖

]︀
+ 𝜙2(𝜀,𝑚).

Adding these two inequalities and applying the analogue of Gronwall—Bellmann
lemma [14] we get

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
+ ‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ (𝜙1(𝜀,𝑚) + 𝜙2(𝜀,𝑚)) (1 + 𝜀𝜆)

𝑖(0,𝑡)
𝑒𝜀𝜆𝑡 ≤

≤ (𝜙1(𝜀,𝑚) + 𝜙2(𝜀,𝑚)) (1 + 𝜀𝜆)
𝑑·𝑡
𝑒𝜀𝜆𝑡 ≤

≤ (𝜙1(𝜀,𝑚) + 𝜙2(𝜀,𝑚)) (1 + 𝜀𝜆)
𝑑·𝐿𝜀 𝑒𝜆𝐿 ≤

≤ (𝜙1(𝜀,𝑚) + 𝜙2(𝜀,𝑚)) 𝑒(𝑑+1)𝜆𝐿 =

=
(︁

4𝜆𝑀𝐿2

𝑚 (2𝑑+ 1)(𝑑+ 1) +𝑚𝛾1(𝜀) +𝑚𝛾2(𝜀)
)︁
𝑒(𝑑+1)𝜆𝐿.

Then for every summand the inequality holds:

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
≤
(︁

4𝜆𝑀𝐿2

𝑚 (2𝑑+ 1)(𝑑+ 1) +𝑚𝛾1(𝜀) +𝑚𝛾2(𝜀)
)︁
𝑒(𝑑+1)𝜆𝐿,

‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤
(︁

4𝜆𝑀𝐿2

𝑚 (2𝑑+ 1)(𝑑+ 1) +𝑚𝛾1(𝜀) +𝑚𝛾2(𝜀)
)︁
𝑒(𝑑+1)𝜆𝐿.

Let 𝜂1 = min{𝜌, 𝜂, 𝜉}. Choose 𝑚 to satisfy the inequality

𝑒(𝑑+1)𝜆𝐿𝜆𝑀𝐿2

𝑚
(2𝑑+ 1)(𝑑+ 1) <

𝜂1
12
.

Then fix 𝑚 and choose 𝜀0 ∈ (0, 𝜀] such that for 𝜀 ∈ (0, 𝜀0] the inequalities hold

𝑒(𝑑+1)𝜆𝐿𝑚𝛾1(𝜀) ≤
𝜂1
3
, 𝑒(𝑑+1)𝜆𝐿𝑚𝛾2(𝜀) ≤

𝜂1
3
.
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Then ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
≤ 𝜂1 and ‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ 𝜂1 if the solution (𝑋(𝑡), 𝑦(𝑡)) be-

longs to the domain 𝐷1 × 𝐷2. And it follows from condition 3) of the theorem as
𝜂1 = min{𝜂, 𝜌, 𝜉}.

So, we get that for any 𝜂 > 0 and 𝐿 > 0 there exists such 𝜀0 ∈ (0, 𝜀] that for
𝜀 ∈ (0, 𝜀0] and 𝑡 ∈ [0, 𝐿𝜀−1] the following inequalities fulfill

ℎ
(︀
𝑋(𝑡), �̄�(𝑡)

)︀
≤ 𝜂, ‖𝑦(𝑡)− 𝑦(𝑡)‖ ≤ 𝜂,

where (𝑋(𝑡), 𝑦(𝑡)) and (�̄�(𝑡), 𝑦(𝑡)) are the solutions of systems (2), (3) and (4), (5)
with the initial conditions 𝑋(0) = �̄�(0) ∈ 𝐷′

1, 𝑦(0) = 𝑦(0) ∈ 𝐷′
2.

The theorem is proved.

Example 1. Consider the impulsive hybrid system

𝑋 ∈ 𝑐𝑜𝑛𝑣(𝑅2), 𝑦 ∈ 𝑅.⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
𝐷𝐻𝑋 = 𝜀

[︂(︂
1 sin 𝑡

cos 2𝑡 2𝑦2

)︂
𝑋 +Π2+𝑒−𝑡+sin(ln(1+𝑡)),1

(︂
sin 𝑡
cos 𝑡

)︂]︂
,

𝑋0 = 𝑆0.5

(︂
−1
0

)︂
,

�̇� = 𝜀
𝑦

|𝑋|
sin2 𝑡, 𝑦0 = 0.1.

Δ𝑋|𝑡=𝜏𝑖 = 𝜀𝑋, Δ𝑦|𝑡=𝜏𝑖 = −𝜀𝑦, 𝜏𝑖 = 2𝜋𝑖, 𝑖 = 1,∞.

The averaged system is:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝐻�̄� = 𝜀

[︂(︂
1 0
0 2𝑦2

)︂
�̄� +Π2+sin(ln(1+𝑡)),1

(︂
0
0

)︂]︂
,

�̄�0 = 𝑆0.5

(︂
−1
0

)︂
,

˙̄𝑦 = 𝜀
𝑦

2
⃒⃒
�̄�
⃒⃒ , 𝑦0 = 0.1.

Δ�̄�
⃒⃒
𝑡=𝜏𝑗

= 𝜀�̄�, Δ𝑦|𝑡=𝜏𝑗 = −𝜀𝑦, 𝜏𝑗 = 2𝜋𝑗, 𝑗 = 1,∞.

The graphs of the solutions of initial system and averaged system see on next page.

Conclusion. This paper contains the substantiation of the scheme of partial
averaging for one class of impulsive hybrid systems where one equation is a differen-
tial equation with Hukuhara derivative and the other one is an ordinary differential
equation. In case when the right-hand sides are periodic in time one can obtain a
better estimate. Namely one can show that for any 𝐿 > 0 there exist 𝐶(𝐿) > 0 and
𝜀0(𝐿) > 0 such that the conclusion of the theorem holds with 𝜂 = 𝐶𝜀.
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a) When 𝜀 = 0.1:

(a) (b)

Image 1. (a) The graph of the solutions of initial system 𝑋(𝑡) (black)
and averaged system �̄�(𝑡) (gray). (b) The graph of the solutions of
initial system 𝑦(𝑡) (black) and averaged system 𝑦(𝑡) (gray).

b) When 𝜀 = 0.05:

(a) (b)

Image 2. (a) The graph of the solutions of initial system 𝑋(𝑡) (black)
and averaged system �̄�(𝑡) (gray). (b) The graph of the solutions of
initial system 𝑦(𝑡) (black) and averaged system 𝑦(𝑡) (gray).
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