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THE AXISYMMETRICAL PROBLEM ON THE STRESS STATE
OF THE TRUNCATED HOLLOW CONE
UNDER THE EXTERNAL LOADING

Peyt A. B. BicecumerpudHa 3a/jaya mMpo HAIPY>KEHUI CTAH MOPOXXHUCTOrO
aBidi 3pisaHoro no cepudHNX MOBEPXHSIX MPY>KHOI0 KOHYycCa MiJ BINIMBOM HOP-
MaJIbHOTO HAaBAHTa>XeHHsI. Po3B’sd3aHO BicecMMeTpuuHy 3aady PO HAIPYKEHWl CTaH
MMOPOXKHUCTOTO MBivi 3pi3aHOrO MO CPepUIHNX MOBEPXHAX MPYKHOTO KOHYCA IIiJ BILTHBOM
HOPMAaJIbHOTO HaBaHTaXKeHH:A. 1[0 KOHIYHMX MOBEPXHSIX BUKOHAHO YMOBH IJIAJKOTO KOHTA-
KTy, 110 c(heprUIHIX — 3aJIaH0 YMOBH IIE€PINOI OCHOBHOI 3a/1a4i Teopil npy»KHOCTI. 3a J101oMOo-
rolo iHTerpaJspHOrO nepeTBopeHH: [lomosa, 1110 3aCTOCOBAHO 110 KyTOBilt KOOPAUHATI, BUXiTHY
KpaioBy 3aJiady 3BejeHO y mpocropi TpancdopMaHT g0 oxHoBuMipHOI. 1o 3amaay momano
y BUIJIsIZII BEKTOPHOI KPaMoBOI 3a7adi, sika PO3B’SI3YEThCSA TOYHO BIJHOCHO TpaHCHOPMAHT
nepeMiimenb. 3aCTOCYBaHHS OOEPHEHOTO IHTErpaJbHOrO MEPETBOPEHHS /10 OTPUMAHIX BHPa-
3iB TpaHCOPMAHT IIEPEMIIIEHb 3aBEPIITYE MOOY/I0BY TOYHOIO PO3B 3Ky ITOCTABJIEHOI 3a1adi.
IIpoBeneno ocmiKeHHsI 3HAYEHb HOPMAJIbHUX HAIIPY2KEHb Ha KOHIYHUX ITOBEPXHSAX 3 METOIO
BCTAHOBHUTHU HASIBHICTH 30H PO3TATYIOYNX HAIPYKEHbD.

KuarouoBi cjioBa: TOpPOXKHUCTHI KOHYC, BiCEeCHMETPUYIHA 3a/1a49a, 30BHIIITHE HABAHTAKEHHS.

Peytr A. B. OcecumMmerpuyHasi 3a/1a4a O HANPSIXKEHHOM COCTOSIHHUU I10JIOTO
JBaXKJbl YCEUYEHHOTO IO C(epUuvuecKNUM IIOBEPXHOCTSM YNPYTroro koHyca. Perre-
Ha OCECMMMETPUYHAs 3aJ[a9a O HAIPSKEHHOM COCTOSTHHUU ITOJIOTO JBAXKIBl YCEIEHHOTO II0
cdepruuecKuM MOBEPXHOCTIM YIIPYIOro KOHYCA, HAXOISIIErocs Mo JeCTBUEM HOPMAJIbHOMN
Harpy3ku. Ha KOHMYeCKUX [TOBEPXHOCTSIX TeJIa BBIIOJHEHBI YCIOBUS TIAIKOTO KOHTAKTa, HA
cepuyecKux — 3aJaHbl YCJIOBUsI TIEPBOIl OCHOBHOI 3a1a4u Teopun ynpyroctu. C moMoIbo
WHTErpaJIbHOTO Tpeobpa3oBanust [lomoBa, MpUMEHsIEMOT0 IO YTJIOBOM KOOPUHATE, UCXOTHAST
KpaeBas 3aJlada CBeJleHa B MMPOCTPAHCTBe TpaHcHOpMAHT K omHoMepHoit. [locaemuss cdop-
MyJIMDOBaHa B BHUJE BEKTOPHON KPaeBOi 3aJlaud, KOTOpas PEIIaeTcsi TOYHO OTHOCUTEIHLHO
TpancdopmanT cMmenienuii. [Ipumenenne 06paTHOro MHTErpaIbLHOIO IPEOOPA30BAHMS K ITOJLY-
YEeHHBIM TPaHC(POPMAHTAM CMEIIEHUI 3aBEPIIAET MOCTPOEHNE TOYHOTO PEIeHUsT TIOCTaBJIeH-
Holt 3a7aun. [IpoBeieHo ncceIoBaHe 3HAYEHNH HOPMAJIBHBIX HAIPSXKEHU HA KOHUYIECKUX
TIOBEPXHOCTSAX KOHYCA C IEJIbI0 YCTAHOBUTH HAJWYINE 30H PACTSTUBAIOIINX HATPSIKEHUIA.
KimroueBble cjioBa: M0JIbli KOHYC, OCECUMMETPUYHAS 33129, BHEITHAA HATDY3KA.

Reut A. V. The axisymmetrical problem on the stress state of the truncated
hollow cone under the external loading. The axisymmetrical problem on the stress
state of a hollow twice truncated by the spherical surfaces elastic cone under action of a
normal loading is solved. On the conic surfaces of the body conditions of a smooth contact
are satisfied, on the spherical ones — the conditions of a first main problem of elasticity
are given. The initial boundary problem is reduced in the transformations’ space to the
one-dimensional problem with the help of Popov’s integral transformation with regard to
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the angular coordinate. The one-dimensional problem is formulated in the form of a vec-
tor boundary problem, where the unknown vector consists of the unknown displacements’
transformations. The vector problem is solved exactly with the apparatus of the matrix dif-
ferential calculation. The application of the inverse integral transformation to the obtained
displacements’ transformations finishes the construction of the problem’s exact solution. It
is carried out the analyses of the normal stress’ values on the conic surfaces of a cone with
the purpose to establish the presence of the stretching stress’ zones.

Key words: hollow cone, axisymmetrical problem, external loading.

INTRODUCTION. There are many works devoted to the stress state estimation
of the conic form bodies. So, the general solution for the axisymmetric boundary
problem for the truncated cone is obtained in [1]. The homogeneous solution for a cone
is considered in [2]. A number of the solutions for the boundary problems for cones
under various boundary conditions at end faces of a cone and at a conic surface are
resulted in [3-5]. In [6, 7] it was supposed, that on a conic surface are executed either
conditions of coupling, or a condition of a smooth contact accordingly. The general
solution of the axisymmetric boundary problems for the truncated cone is obtained in
[8]. The dead weight of a body was not considered in all resulted above problems. In [9]
the solution of the axisymmetric boundary problem for a continuous cone with regard
of its dead weight is constructed by the fulfilling of the smooth contact conditions on
a conic surface. The solution is constructed by the method, offered by G.Ya. Popov.
It is based on the application of the new integral transformations [10] directly to the
Lame’s equations with the subsequent reducing of an initial problem to the vector
boundary problem. The last one is solved exactly with the apparatus of the matrix
differential calculus. On the basis of the offered approach the elasticity problem for a
hollow twice truncated cone which is being under loading of a body weight [10] and
the axisymmetric problem of elasticity for a circular cone with an edge with regard
of its dead body weight [9] were solved.

MAIN RESULTS. The elastic (G is the shear module, p is the Poisson’s coefficient)
twice truncated hollow cone ag < r < a1, wg < 0 < wy, —7 < ¢ < m is considered
(r, 8, ¢ are the spherical coordinate system). On the conical surfaces the conditions
of the smooth contact are executed

ug(r, wi) =0,7r0(r, w;) =0;4=0, Lya0 <7 < ay. (1)

Fig. 1. The elastic twice truncated hollow cone.
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On the spherical surfaces the stress are given
or(a1, 0) = —p(0),14(a1, 0) = 0wy < 0 < wy (2)

or(ag, 0) =0,79(ag, 0) = 05w < 0 < wy

The displacements u = u,.(r, ), v = up(r, ) satisfy the Lame’s equations [7]

2.1\ 1 (sinfu®)® foss (sin 6v)*® po (sinfv’)®
(T U) —2u— s sin 6 - Lo sin 6 + Mo sin 6 - O’ (3)

(’I"QU')/ + [(siziive')- B si;’ge} i ,LLOTUI. + 2p,u® =0,
where g = (1 —2u) 7Y, pe = po + 1, flex = Xpto, X = 3 — 4u, a stroke above a symbol
denotes the first variable derivative, a dote denotes the second variable derivative.
One should estimate the cone’s stress state.

The problem’s reducing to the one dimensional vector boundary prob-
lem.

The Popov’s integral transformation [11] is applied to the equilibrium’s equations
by the scheme

o) = | 0, (e 0)d0,

wWo

i) = [ 0.0, 0)d0 (4)

wo

with the inverse formulas

= Q.
u(r,0) = — ZUk(r)@Vk +1) x[S, 5 ]|V:1ka*(9,1/k)7
k=0

(2vk +1) 0.,
e 1) x [Sy £y =, u(0, k). (5)

(oo}
v(r,0) = — Z Vi (1)
k=0
Here the following designations are taken

y(0,v) = Pl(cos0)QL(coswy) — PL(coswi)QL(cosb),
Y« (0,v) = P,(cos0)QL(coswy) — Pl(coswy)Q, (cos ),

v =i, k=0,1,2... are the roots of the transcendental equation
Q, = Qwo,w1) = Pl(coswo)QL(coswr) — P (coswi)QL(coswy) = 0. (6)

As a result, the Lame’s equations (3) in the integral transformations’ space take
the form

(rPU3(r)" = p iorVio(r) = (24 p Ni) # Ui(r) + i Vi (r) = 0,

(r2Vi () + poNkrUy (r) + 201Ny, x Ug(r) — 11 N Vie(r) = 0,
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Ni = vi(ve + 1). (7)

The boundary conditions (2) are reformulated in the displacements’ designations.
Integral transformations (4) are applied to them with the previous variable changing

~ - Q,
r=aip, Ux(a1p) = tx(p), Vi(aip) = Ok(p), o = ;O,Oé <p<l1
(1 = )i (p) + 2tk (p) = POk (p)lp=a = 0 (1 = p)iy(p) + 2pik(p) — POk (p)]p=1 = Pi

m=/mw@%W@W

wo

Let’s input into consideration the matrixes and the vectors

_(10 (0 —put
(o 1)e-(x %)

o 2t s e _ (20 —n _(1-p 0

P_( 20 N — N » A= N -1 » B= 0 1
_( ux(p) > _ [ P )

The vector boundary problem is formulated with their help in the form

Ly(Y(p) = 0,a < p<1

VY] =f (8)

where the differential operator and the boundary functionals are

.
Ly =12y (0)) + morQy (o) + PT (p).

VIT) = Ay(a) + By'(@) = [, ao=a, a1 =1 (9)
The solving of the vector one-dimensional boundary problem.
One should construct the solution of the matrix equation

LY (p)=0,a<p<1 (10)

before the construction of the vector solution of the equation (8).

With this aim let’s substitute the matrix Y (p) = p*I (I is the unitary matrix) at
the equation (8). It leads to the correlation LY (p) = p*M (s), where M (s) is the 2x2
matrix. The solution of this equation is searched in the form [12]

1
Y(p)==— ¢ p°
@>2mi0

M(s)
Als) ds. (11)
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C is the closed circuit around all poles of the integrated function . These poles
are the roots of the transcendental equation A(s) = 0, A(s)is the matrix’s M (s)
determinant, M (s)is the union matrix [13].

4

A(s) = s* + 25 + (2N + 1)s? — 2(Nj, + 1)s + Ni(Np — 2) =[], (s — si),
s1=vp+1, so=vp—1, s3=—vp, S4 = —vp — 2.
Let’s input the designations
1 Skps
Q =— ¢ ——ds, k=0,1. 12
(s) 27 740 A(s) % ’ (12)
The matrix Y (p)is written with the help of (12) as

Y(p) _ ( QQ(S) — Ql(s) — /J*NkQO %Ql — %Qo(s) )
—1oNpQ1 — 2. NeQo  Qa(s) + Q1(s) — (2+ u ' NE)Q0(s) /-
If one calculate the integrals (12)in the simple poles s1 = v + 1 and sy = v — 1,

then one obtain the solution Yj(p), increasing on the infinity, if one take the simple
poles s3 = —vg, s4 = —vg — 2 it will be Y7 (p)the solution decreasing on the infinity.

Yo(p) = 0" Ry As(v) — p" 'Ry By (v)Yi(p) =

—v —v—1 (13)
— P RA-(v) = " Ry B_(v)
Here
R, =24 -7, m =020 -w]™", v=u (k=1,2.), (14)
Ay (v) = 2w+ 1) = poNk i (povk — 2)
+ —/LoNk(V+I€+2) /LlNk"f'QI/k ’
B.(v) = ( — (o Ny + 2v) 2 — v )
+ HoNu(v + 1) —(2(+1) — mNy) )’
(15)
A(v) = ( —noNi =2 (v k) >
- poNe(v —4(1 —p)) mN =2(v+1) )
B (v) = —(woNk —2(v+1)) —mv+k+2)
- Ni(pov — 2) w1 Ny + 2v
Let’s consider the case £ = 0. 1y = 0 for this case , i.e.ry is the eigenvalue

only of the function P,(cos®), hence Py(cosf) = 1, Pg(cosf) = 0 . It leads from
it that ug(p) # 0, when vg(p) = 0. In this case the one-dimensional problem in the
transformations’ space is simplified

(P*ug(p)) = 2un(p) = 0,0 < p <1,
(1 wup(1) + 2uug(a) = 0, (16)
(1 — p)aug(1) + 2pu0(1) = po.

The unknown constants dy anddsof the equation’s (16) general solution

d
uo(p) = dip+ p% (17)



The axisymmetrical problem on the stress state 107

one must find from the boundary conditions (16). Finally, the solution for the case
k = 0 takes the form

aipo 2
up(p) = _T(alp+ azp”7), (18)
_@De-) a1
where a1 = Z—atl X2 T T _ori @)

Now let’s pass to the case k > 1. The general solution of the vector equation (9)
is

i =v (¢ )+ (6 ). (19

The unknown constants C;,¢ = 1,4 are found from the satisfying of the boundary
conditions (8). The exact solution of the vector one-dimensional boundary problem is
constructed in the transformation’s space exactly.

The inversing of the obtained solution

For the finally solution of the stated problem construction let’s apply the inverse
integral transformations (5) to the vector’s components (19) correspondently, taking
into consideration that in the second formula one should sum the series starting from
1. Tt is useful during the summation to take the formula for the calculation of the
Legendre’s function derivative relatively the order

OP! (cos 6 . _ 6 _ v—
7“(§y ) — 2[0(5 + p) sinpd] =1 x [ (cos ¢ — cos 6)* l/zigguﬂfﬁg X

20
X[(P(v—p+1)—Uw+pu+1)) x cos(d(v + 1/2)) — ¢sin(op(v + 1/2))]de. (20)

For the big values of v the asymptotic formula is obtained with regard of the formulas
for the asymptotic behavior of I'(z) and ¥(z) functions at the big values of their
arguments [14] :

w ~ \/%[F(l/Q—i—/,L)sin“H]*l X fOO(COSqﬁ—Cos@)“*l/?y%X

X [(1/4'1)%#2 cos(p(v + 1/2)) + 4sin(¢sin(v + 1/2))]de.

The numerical results and discussions

The values of the normal stress og(r,0) on the conical surfaces = w;, i =
0,1agp < 7 < ay of the steel cone were investigated. The aim of the investigation is to
establish the surfaces’ zones of the stretching stress’ creation and also the geometric
parameters of the cones which lead to such situation.

The results of the numerical investigation show that by the radiuses’ ratio a1/ag
less than 2, the stretching stress og(r,6) appear on the surfaces at the angles’ ratio
w1 /wo less then 1,2. With the increasing of the ratio a; /ag the stretching stress og(r, )
appear at the ratio wy /wg value less than 4. This zone of the stretching stress creation
is situated near the spherical surface r = a1, wg < 6 < wi. The length of the zone
increases with the increasing of the ratio a;/ao.

CONCLUSION.

1. The exact solution of the problem on the stress state of the hollow twice trun-
cated cone is constructed for the case of the smooth contact on the conical surfaces.

2. The investigation of the normal stress on the conical surfaces is worked out
with the aim to estimate the condition of the stretching stress’ zones creation and
conditions of their appearance.
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