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ON A REDUCTION OF NONLINEAR FIRST-ORDER
DIFFERENTIAL EQUATION WITH OSCILLATING COEFFICIENTS
TO A SOME SPECIAL KIND

ITTorosies C. A. IIpo 3BeaeHHsi HeJliHiMIHOrO audepeHUiaJIbHOIO PiBHAHHS
[EepIIoro MOpPsAKy 3 KOJUBHUMU KoedillieHTaMu /10 OJHOrO CHeliaJIbHOrO BUTJIs-
ny. ns meminifinoro mudepeHiagabHOrO PIBHSHHS IIEPIIOr0 HOPSAKY 3 Koedirientamu
KOJIUBHOTO TUILY TOOY/IOBAHO MEPETBOPEHHSI, AKE 3BOJMUTH 1€ PIBHAHHSA 10 PIBHAHHS 3 IO-
BLJIBHO 3MiHHUME KOedillieHTaMu.

Kimrouosi cioBa: judepenniaibuuii, 10BLIbHO 3Minuawmii, paau Pyp’e.

IITérones C. A. O npusenenun HeamHeliHOro qud depeHaIbHOrO ypaBHe-
HUSI IEPBOro MOPSAJAKA C OCHMIINPYIOMNMU KOo3ddUuimeHTaMu K OJHOMY CIIery-
ajibHOMY BUAY. /g mesmHeHON KoJsiebaTe/IbHOM CHCTEMbI BTOPOrO MOPs/IKA [HOCTPOEHO
npeo6Gpa30oBaHue, TPUBOISIIEE ITY CUCTEMY K OJIM3KOIM CHCTEMe C MeJIEHHO MEHSIOIIMMICS
K03 purmeHTamMm.

KinroueBble cioBa: muddepeHnuaabHblil, MeIIeHHO MeHsomuiics, psaasl Pypoe.

Shchogolev S. A. On a reduction of nonlinear first-order differential equa-
tion with oscillating coefficients to a some special kind. For nonlinear oscillating
second-order differential system construct the transformation which reducing this system
close to a system with slowly varying coefficients.
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INTRODUCTION. In the theory of nonlinear oscillations is an important problem
of reducing a system defined on a s-dimensional torus, to so-called pure rotation,
allowing you to explore the behavior of the system trajectories on this torus. In the
case s > 1 we obtain multi-frequency system. Theory of quasi-periodic solutions of
such systems is the subject of numerous studies [1 — 4]. In the case s = 1 torus degen-
erates into a circle, the system is a single frequency, and becomes an one first-order
equation, which greatly simplifies the study. At the same time, if this equation is
nonautonomous, in general, it is not integrated in quadratures, and then the task
of bringing this equation to a simpler form is relevant. In this paper we consider
the first-order differential equation, right part of which are represented by an abso-
lutely and uniformly convergent Fourier series with slowly varying coefficients. The
purpose of this paper is to obtain conditions for the existence of a similar structure
transformation, this equation leads to an equation with a slowly varying right-hand
side.

AUXILIARY ARGUMENTS. Let G = {t,e: t€ R, € € [0,50], g € RT}.

Definition 1. We say, that a function f(t,e), in general a complex-valued, be-
longs to the class Sy (g9), m € NU{0}, if t,e € G and
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1) f(t,e) € C™(G) with respect t,
2) d¥f(t,e)/dtd =¥ fi(t,e) (0 < k< m),

m
def
£l =" sup | fi (£ €)]-
k=0 ©

Under the slowly varying function we mean a function of class Sy, (o).

Definition 2. We say, that a function f(t,e,0) belongs to the class thl(ﬁo)
(m,l € NU{0}), if this function can be represented as:

f(t,e,0) Z fu(t,e) exp (ind),

n=—oo

and:

1) fn(t,e) € Sm(eo0), 0 € R;

2)

def = l
£l = W follm + D Inl | fallm < +o0,
n=—oo
particular
o = 3 fallm

If the function f(¢,¢,0) are real, then f_,(t,e) = fn(t,€).
Obviously, the functions of class Fiyl(eo) are 2m-periodic with respect 6.

If
Z une™ v Z vpe” ml(so)

n=-—oo n=-—oo
then ku,u £ v,uv € F9 1(€0), and
1) [[Rullng = k] - ]l
2) lu £ vllms < [l + [[0llm.is
3) [luvllmy <272 + Dl [[V]lm,i-
We prove the last property. From the definition of the norm || - ||, ; should be

llms = [Juo] +Hal“
u = ]|Uo

In [5] it was shown that Vp,q € Sp(e0): |[pgllm < 2™||pllmllgl|m. Using Leibniz’s
formula, we can write:

14

u O v
ael ZCI o0v  opl-v"

We denote: (uv)o = Z upv_g. Hense ||uv]|m,0 < 2™||t|lm,0 - |v|lm,0- Now we have:
k=—o00
0! (uv) l u 0w
mil = m < m crom . <
ot = Nolo| T | <ot i |55 |G
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< 2"[ullmt - ([0llm,t + 2" [l - [0l - 2 = 2m(2l + Dllwllm,i - vl
quod erat demonstrandum.

MAIN RESULTS.
1. Statement of the Problem.
Consider the first-order differential equation:

D = (t,6) + 4Ot 2,0) + bt 2,0, 1)

where real functions w(t, €) € Sy, (€0), igfw(t, g)=wp>0,0¢€ Fg%l(so), be Fﬁhl’l(eo),

we (0,1).
We study the question of the existence of the transformation of kind

0 =V(te, o, pum),

where ¥ € F7 ; (e1) (m1 <m, i <1, €1 < gg), which reducing the equation (1) to
the form:

%f = w(t,e, 1) +eB(t e, 0, 1),
where W € Sy, (e1) (M2 <m), B € Fpy -

The peculiarity of this problem is that there appear two small parameters — p
and ¢, that perform different functions. Parameter p characterizes the smallness of
the nonlinearity ©(t,e,0) in right part of equation, and parameter ¢ characterizes
the slow variability of function w and coefficients of Fourier-series, which represents
functions € and b. Therefore, restrictions on one of these parameters, in general, do
not involve restrictions on another parameter. At the same time, most of the known
results the smallness of the nonlinearity and the slow rate variability coefficients of
the system are characterized by the same parameter.

Note that analogous problem has been considered by author in [6], but there
equation (1) reduced to form:

%f = w*(t,e) + p Mt e, 0, 1) + byt 2, 0, ),

where r € N, and thus oscillating terms, proportional to the small parameter p in
right part did not disappear completely, but only increases the order of their smallness
relative p. In this paper we prove the existence of a transformation that completely
destroys these oscillating terms, and retains only oscillating terms proportional pa-
rameters €.

2. Principal Results.

Theorem. Let the function ©(t,e,0) in right part of equation (1) belongs to
class Fr?z,l+2(50)' Then exists pg € (0,1) such that for all p € (0,po) exists the
transformation

9:(p+v(ta€7(p7/j')a (2)

where v(t, e, o, 1) € Fri,l(%)’ reducing the equation (1) to kind:

% =w(t,e) + B(t,e, 1) +eB(t, €, 0, 1), ®
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where ®(t, e, 1) € S (o), Blt e, 0, 1) € F 1 1 (€0)-
Proof. We define the function v from equation:

P
(w(t,) + B(t, e, “))i = 1O(t e, +v) — Bt e, p).

We introduce the operators:

2m

1 .
L0 20 = - [Olt.eg) e ™dp, nez
0

in particular
2

ole(t,z.0)] = 5= [ Otz o)

™
0

10(tee)= S Ca[O(t e, )]

(n#0)
Obviously T'g[O(t, &, )] € Sm(c0), I[O(t,€,9)] € Fy, ;. (€0), and

7 20(t,e, )
e

: eimp )
m

} = O(t.2,0) ~ To[O(te.0)] € F¥ ,(=0).

If in particular T'g[O(t, &, )] = 0, then

7 [8@(@57@)

5 ] = O(tc, ).

The operators I'g[O(t, &, ¢)], I[O(t, &, ¢)], obviously, are linear.

Consider equation (4). We seek a solution v € F) (o) of this equation and
function ® € S,,(ep) by the method of successive approximations, defining the initial

approximation vy, ®g from the equation:

—_— = p@(t,s,g&) - q)()(tashu’)a

(5)

and the subsequent approximations vg, @ (k= 1,2,...) defining from the equations:

0 Ovk—
W(t,é‘)ai; = H@(tvg»sﬁ + vk—l) - (I)k—l gk(p L (I)k(ta5aﬂ)7 k= 172a s
We denote:

(I’O(t, g, ,l.t) = MFO[@(tv g, 30)]7

UO(t7 & ¢, M) = w(f E)I[@(t7 & 50)]7

¢)k+1(t7 g, :u) = MFO[Q(ta g, p + Uk:)]y

(I)k(t, g, ,LL)
w(t,e)

Uk+1(t7€7(pnu) = W(t E)I[G)(t7€7§0+vk)] - Uk(ta8a<p7,u)'



64 Shchogolev S. A.

We show that all the approximations ®x(t,e,u) (k = 0,1,2,...), defined by the
formulas (7), (9), belongs to class Sy, (g0), and all the approximations vy (¢, &, ¢, )
(k=0,1,2,...) belongs to class F? (co).

Obviously @g € Sy, (g0), vo € Fyﬁ,l+1(50) C Fnﬁ,l(eo), vo € R and Tg[vg] = 0. We
show that function ©g(t, e, , 1) = O(t, &, ¢ + vo(t, €, , 11)) belongs to class F; (o).
Since by hypothesis holds O(t,,¢) € F,, | 5(0), then

t?i%igg‘W‘<+oo, s=0,m, r=0,1+2. (11)
Converting expression
2m
Ln[Oo(t, e, )] = % /90(75,5,@ e""Pdp, n#0
0

by the formula (I + 2)-fold integration by parts, and noting that

Qolt-2 ) _ L 0(t,,0) — TolB(tr<, 9)]),
dp
we obtain:
27
@0t 0u)) = g [ Pltieu) e " dg, n 0,
0

where P(t,e,, ) is polynom of degree | + 3 with coefficients are belongs to class
Sm(g0) relatively derivatives %;’f’w (r = 0,{+2), which are calculated by val-
ues of argument ¢ is equal ¢ or ¢ + vy, where vo € R. Given (11) we obtain,
that O (t,e,p,p) € F, (e0). Thus taking into account (9), (10), we obtain, that
(OIS Sm(&'o), V1 € F:;,I(EO)'

Suppose by induction, that ®; € S,,(g0), vs € Fmi(e0) (s = 2,k), and show,
that then ®p1 € Si(€0), Vky1 € Fii(€0). For that we must to show, that function
Or(t, e, o, 1) = O(t, e, + vi(t, e, 0, 1)) belong to class Fn“fb)l(ao). Same as above, we
transform the expression

2

1 .
Lal@u(t,o] = o= [ Ou(tizvg) oo, n £ 0

0
by the formula (I + 2)-fold integration by parts, and using the equality (6), we obtain

2m

1 —in
[ Qe oo, n o,

n[Or(t, e, 0, 1)] = 2 (in)i T2

o

where Q(t, e, p, 1) is polynom of degree I + 3 with coefficients are belongs to class
0" O(t,e,p)

Sm(g0) relatively derivatives D (r = 0,1+ 2), which are calculated by values
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of argument ¢ is equal ¢ or ¢ + vs, where vs € R (s = 1,k). Given (11) we obtain,
that ©(t,e,,u) € F (c0). Thus taking into account (9), (10), we obtain, that

Pj11 € Sim(0), vrt1 € F (c0)-
We introduce the sets:

O = { P Sule): [Bm<d},

QQ:{UeF*"l(go) V]l < d} d> 0.

We denote: sup ||O(t, e, + v)||m,. We show that for sufficiently small values of
vEQN
parameter u all the approximations ®; belongs to set €21, and all the approximations

v belongs to set Qa. On the basis of (7), (8) 3 K € (0,+00) such that ||®gl|,, <
pEKM(d), |vollm,; < uKM(d). Suppose by induction, that

k
@l < pEM(d), [[vkllms < m, 1 < pKM(d)> (2" uKM(d
s=0

Then for sufficiently small p: &) € Oy, vi € Q9. Now:

||¢)k+1H7n < H'KM(d)a

k k+1
Vet llm < KM (d)+pKM(d) > (2" uK M (d)* ™ = pKM(d) > (27 K M(d))*.
s=0 s=0
We require that
2™ KM(d) < 1, (12)
pKM(d)
T Cdy<d. 13
1= KM@ S (13)

Then all the he approximations ®; belongs to set €27, and all the approximations vy,
belongs to set Qg (k=0,1,2,...).
Now we prove the convergence of the process (9), (10). We have:

q)k-i-l - q)k = MFO[@(t767<P + Uk) - @(t767<p + Uk—l)]a (14)
Vg1 — U = w(f ) I[O(t, e, +vi) — O(t, e, + vp—1)]—
Dy D1 W
_ — I — _1)]—
) k ot 2) k—1 t.9) [O(t, e, +vk) — Ot &, + vg—1)]
) 1
’w(t,ks) (v — V1) — oS (@), — Pp_1)vp_1. (15)

As performed O(t, e, ¢ +vi) € F7 (o) (k=0,1,2,...), then

8@@,5, @+ vp—1 +v(vk —vp_1))
dp

®(t>5790+vk) _®(t7€7w+vk71) = (vk _’kal)7
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(0<wv<1),and 00(t, &, +vk—1 + v(vg — v-1))/0p € F, ;_,(g0). We denote:

00(t, e, 0+ v)

L(d) = sup 90

vEQ

‘m,l—l

Then from (14), (15) we obtain:

[Pry1 — Prllm < K L(d)|lvx — vi—1lm1s

KM(d
o1 = okl < B D@0k = vt + LD 27—

1
+W—OMKL(d)||vk — Vg1l - 2™(2 4 1)d.

It follows that for the convergence of process (9), (10) is sufficient that the inequalities
(12), (13) and also

I M (d) om uKL(d)2m (2" +1)d

pKL(d) +
wo wo

<1

Thus equation (4) have a solution v(t, e, ¢, j1) € F)f, ;(€0), and this solution belong
to set {25, therefore

0]l < /”‘K—M(d)7
ST oMK M(d)
As performed v € Fg’;’l(so), then % = ev(t,e, o, 1), where v € Fiﬂ,z(go)v and

S—Z € Fy, ;1 (c0). Now we define the function B(t, e, ¢, p1) in (3) from the equation:

v -

(1 " 3@) B(t,e, o, p) = blt e, 0 +v) —U(t,€, 0, ).

For the sufficiently small g this equation has a unique solution § € Frﬁfl,171(50)~
Theorem are proved.

Remark 1. For the conditions of the above theorem is only necessary smallness of
the parameter u, but not parameter €. Therefore the solution v(t, e, @, 1) of equation
(4) and function ®(t,e,u) are defined in the same area G, that coefficients of this
equation.

Remark 2. Using the chain of transformations analogous to the construction in
[7], we can increase the order of smallness of the parameter € of the oscillating term
ef(t,e, o, 1) in equation (3) and to transform this equation to the kind:

dy

_— = t

o~ oen),

where o(t, e, (1) € Sy, (e1) (M1 < min(m — 1,1 —1), &1 < &o).

CoNCLUSION. Thus, for the equation (1) the sufficient conditions of the exis-
tence of the transformation, which reducing this equation close to a equation with
slowly varying coefficients and the algorithm for constructing this transformation are
obtained.
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