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LINEAR-INVERSIVE CONGRUENTIAL GENERATOR OF PRN’S

Чан Тхе Вiнь. Лiнiйно-iнверсний конгруентний генератор ПВЧ. Iнверсний
конгруентний метод генерування рiвномiрно розподiлених псевдовипадкових чисел є
особливо привабливою альтернативою лiнiйним конгруентним генераторам, якi володi-
ють низкою небажаних закономiрностей. В данiй статтi розглядається новий лiнiйно-
iнверсний конгруентний генератор за модулем степеню простого числа. Даються оцiнки
тригонометричних сум для лiнiйно-iнверсних конгруентних псевдовипадкових чисел.
Результати показують, що цi iнверснi конгруентнi псевдовипадковi числа проходять
𝑠-мiрний серiальний тест на статистичну незалежнiсть.
Ключовi слова: iнверснi конгруентнi псевдо-випадковi числа, експоненцiйнi суми,
дискрiпансiя.

Чан Тхе Винь. Линейно-инверсный конгруэнтный генератор ПСЧ. Ин-
версный конгруэнтный метод генерирования равномерно распределённых псевдослу-
чайных чисел является особенно привлекательной альтернативой линейным конгру-
энтным генераторам, которые обладают рядом нежелательных закономерностей. В на-
стоящей статье рассматривается новый линейно-инверсный конгруэнтный генератор по
модулю степени простого числа. Даются оценки тригонометрических сумм для линейно-
инверсных конгруэнтных псевдослучайных чисел. Результаты показывают, что эти ин-
версные конгруэнтные псевдослучайные числа проходят 𝑠-мерный сериальный тест на
статистическую независимость.
Ключевые слова: инверсные конгруэнтные псевдо-случайные числа, экспоненциаль-
ные суммы, дескрипансия.

Tran The Vinh. Linear-inversive congruential generator of PRN’s. The in-

versive congruential method for generating uniform pseudorandom numbers is a particulary

attractive alternative to inversive congruential generators, which show many undesirable reg-

ularities. In the present paper a new linear-inversive congruential generator with prime-power

modulus is introduced. Exponential sums on linear-inversive congruential pseudorandom

numbers are estimates. The results show that these inversive congruential pseudorandom

numbers pass 𝑠-dimensional serial tests on the statistical independence.

Key words: inversive congruential pseudorandom numbers, exponential sum, discrepancy.

Introduction. Let 𝑝 be a prime number, 𝑚 > 1 be a positive integer. Consider
the following recursion

𝑦𝑛+1 ≡ 𝑎𝑦−1
𝑛 + 𝑏 (mod 𝑝𝑚), (𝑎, 𝑏 ∈ Z), (1)

where 𝑦−1
𝑛 is a multiplicative inversive modulo 𝑝𝑚 for 𝑦𝑛 if (𝑦𝑛, 𝑝) = 1. The parame-

ters 𝑎, 𝑏, 𝑦0 we called the multiplier, shift and initial value, respectively.
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In the works of Eichenauer, Lehn, Topuzoǧlu [5], Niederreiter, Shparlinski [9],
Eichenauer, Grothe [4] ets. were proved that the inversive congruential generator (1)
produces the sequence {𝑥𝑛}, 𝑥𝑛 = 𝑦𝑛

𝑝𝑚 , 𝑛 = 0, 1, 2, . . ., which passes s-dimensional
serial tests on equidistribution and statistical independence for 𝑠 = 1, 2, 3, 4 if the
defined conditions on relative parameters 𝑎, 𝑏, 𝑦0 are accomplishable.

It was proved that this generator is extremely useful for Quasi-Monte Carlo type
application (see, [7–9]). The sequences of PRN’s can be used for the cryptographic
applications. Now the initial value 𝑦0 and the constants 𝑎 and 𝑏 are assumed to be
secret key, and then we use the output of the generator (1) as a stream cipher. By the
works [1], [2] it follows that we must be careful in the time of using the generator (1).

In the current paper we give generalization of the generator (1). This generaliza-
tion is based on the recurrence relation

𝑦𝑛+1 ≡ 𝑎𝑦−1
𝑛 + 𝑏+ 𝑐𝑛𝑦𝑛 (mod 𝑝𝑚) (2)

under conditions
(𝑐𝑛, 𝑝) = (𝑦0, 𝑝) = 1, 𝑏 ≡ 𝑎 ≡ 0 (mod 𝑝).

We call the generator (2) the linear-inversive congruential generator. The compu-
tational complexity of generator (2) is the same as that for the generator (1), but the
reconstruction of parameters 𝑎, 𝑏, 𝑐, 𝑦0 is a tricky problem even if several consecutive
values 𝑦𝑛, 𝑦𝑛+1, . . . , 𝑦𝑛+𝑁 are revealed. Thus the generator (2) can be used in cryp-
tographical applications. Notice that the conditions (𝑐𝑛, 𝑝) = (𝑦0, 𝑝) = 1, 𝑏 ≡ 𝑎 ≡ 0
(mod 𝑝) guarantee that the recursion (2) produces an infinite sequence {𝑦𝑛}.

T. Kato, L.-M. Wu and N. Yanagihara [6] studied a nonlinear congruential pseudo-
random numbers generator with modulus 2𝑚 of the form

𝑦𝑛+1 ≡ 𝑎𝑦−1
𝑛 + 𝑏+ 𝑐𝑦𝑛 (𝑚𝑜𝑑 2𝑚), (𝑦𝑛, 2) = 1, 𝑛 = 0, 1, 2, . . . (3)

They have obtained a condition at which sequences of the maximal length of the pe-
riod are generated.

P. Varbanets and S. Varbanets [12] considered the generator (2) with conditions
(𝑎, 𝑝) = (𝑦0, 𝑝) = 1, 𝑏 ≡ 𝑐 ≡ 0 (mod 𝑝) and showed that the sequence {𝑥𝑛}, 𝑥𝑛 = 𝑦𝑛

𝑝𝑚

passes tests on equidistribution and statistical independence.
In present paper we investigate generator (2) under conditions 𝑎 ≡ 𝑏 ≡ 0 (mod 𝑝),

(𝑐𝑛, 𝑝) = 1, 𝑛 = 1, 2, . . . and show that for the sequence {𝑐𝑛} of special type accord-
ing sequence {𝑥𝑛} passes tests on equidistribution and statistical independence (say,
unpredictability).

It will be observed that W.-S. Chou [3] showed that for generator (1) the condi-
tions 𝑎 ≡ 0 (mod 𝑝), (𝑏, 𝑝) = 1 produce according sequence {𝑦𝑛} with a period 𝜏 = 1.
It is not alright for applications. Thus in our paper we introduced additional summand
in order extend the period of PRN’s. We will prove that the sequence {𝑦𝑛}produced
by (2) has reasonably large period. As well, we give the description of 𝑦𝑛, as the poly-
nomial on 𝑛 and initial value 𝑦0. It makes possible to obtain an acceptable estimate
for the discrepancy function 𝐷𝑁 .

Notation. The letter 𝑝 denotes a prime number, 𝑝 > 3. For an integer 𝑞 > 1
we denote by Z𝑞 the residue ring of integers modulo q. Also, we denote Z*

𝑞 the set
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of invertible elements of Z𝑞. We write 𝑔𝑐𝑑(𝑎, 𝑏) = (𝑎, 𝑏) for notation a great common
divisor of 𝑎 and 𝑏. For 𝑧 ∈ Z, 𝑔𝑐𝑑(𝑧, 𝑝) = 1 let 𝑧−1 be the multiplicative inverse of
a modulo 𝑝𝑚. We write 𝜈𝑝(𝐴) if 𝑝𝜈𝑝(𝐴)|𝐴, 𝑝𝜈𝑝(𝐴)+1 - 𝐴. For any 𝑡 ∈ R and 𝑞 ∈ N
we write 𝑒𝑥𝑝(𝑡) = 𝑒𝑡, 𝑒(𝑡) = 𝑒2𝜋𝑖𝑡, 𝑒𝑞(𝑡) = 𝑒

(︁
𝑡
𝑞

)︁
. We denote an integer part of 𝑥 by

symbol [𝑥].

Auxiliary arguments. In this section we shall gather some auxiliary results
which we use during the course of proof the main theorems.

Lemma 1. Let 𝑝 be a prime number and let 𝑓(𝑥) ∈ Z[𝑥] be a polynomial of degree
𝑛, 𝑛 > 2,

𝑓(𝑥) = 𝑎1𝑥+ 𝑎2𝑥
2 + 𝑎3𝑥

3 + · · ·+ 𝑎𝑛𝑥
𝑛,

where 𝜈𝑝(𝑎𝑗) > 𝜈𝑝(𝑎2) > 0, 𝑗 > 3.
Then the following estimates

⃒⃒
⃒⃒
⃒⃒
∑︁

𝑥∈Z𝑝𝑚
𝑒𝑝𝑚(𝑓(𝑥))

⃒⃒
⃒⃒
⃒⃒ =

{︃
0 𝑖𝑓 𝜈𝑝(𝑎1) < 𝜈𝑝(𝑎2),

2𝑝
𝑚+𝜈𝑝(𝑎2)

2 𝑖𝑓 𝜈𝑝(𝑎1) > 𝜈𝑝(𝑎2)

hold.

This assertion is a corollary of the estimate of Gauss sum.
We will study the statistical properties of the sequences of PRN’s by the discrep-

ancy of the sequence of points 𝑋
(𝑠)
𝑛 =

(︁
𝑦𝑛
𝑝𝑚 ,

𝑦𝑛+1

𝑝𝑚 , . . . , 𝑦𝑛+𝑠−1

𝑝𝑚

)︁
, 𝑛 = 0, 1, . . . , 𝑁 − 1;

𝑠 = 1, 2, . . ..
For the sequence of 𝑁 points 𝑃𝑠 = {(𝛾1,𝑛, . . . , 𝛾𝑠,𝑛)}, 𝑛 = 0, 1, . . . , 𝑁 − 1 on the

half-opened interval [0, 1)𝑠 we denote the discrepancy 𝐷(𝑠)(𝑃𝑠) as

𝐷(𝑠)(𝑃𝑠) = sup
Δ⊆[0,1)𝑠

⃒⃒
⃒⃒𝐴𝑁 (Δ)

𝑁
− |Δ|

⃒⃒
⃒⃒ ,

where 𝐴𝑁 (Δ) is the number of points of the sequence 𝑃𝑠 that hits the box

Δ = [𝛼1, 𝛽1)× · · · × [𝛼𝑠, 𝛽𝑠) ⊆ [0, 1)𝑠,

|Δ| is the volume of Δ and the supremum is taken over all boxes Δ.
Let {𝑥𝑛} is a sequence of numbers from [0, 1). Form the sequence of 𝑠-dimensional

points 𝑋
(𝑠)
𝑛 = (𝑥𝑛, 𝑥𝑛+1, . . . , 𝑥𝑛+𝑠−1), 𝑛 = 1, 2, . . . , 𝑁 . We say that {𝑥𝑛} passes 𝑠-

dimensional discrepancy test if for every 𝑗 = 1, 2, . . . , 𝑠 the sequence {𝑋𝑗
𝑛} has a

discrepancy which tends to zero for 𝑁 → ∞.
Consider a point set 𝑃𝑠 from [0, 1)𝑠 for which all coordinates of all points are

rational numbers of the form 𝑎
𝑞 , 0 6 𝑎 < 𝑞. Let us denote 𝐶(𝑞) =

(︀
−𝑎

2 ,
𝑎
2

]︀
∩ Z,

𝐶*(𝑞) = {𝑎 ∈ 𝐶(𝑞)|(𝑎, 𝑞) = 1}. Let 𝐶𝑠(𝑞) (respectively, 𝐶*
𝑠 (𝑞)) be the inner product

of 𝑠 copies of 𝐶(𝑞) (respectively, 𝐶*(𝑞)).

Lemma 2. (Niederreiter, [8]). For an integer 𝑀 > 2 and 𝑦0, . . . , 𝑦𝑁−1 ∈ Z𝑠,
let 𝑃 be the point set consisting of the fractional parts

{︀
𝑀−1𝑦0

}︀
, . . .,

{︀
𝑀−1𝑦𝑁−1

}︀
.
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Then

𝐷𝑁 (𝑃 ) 6 1−
(︂
1− 1

𝑀

)︂𝑠
+

∑︁

ℎ∈𝐶*
𝑠 (𝑀)

1

𝑟(ℎ,𝑀)

⃒⃒
⃒⃒
⃒
1

𝑁

𝑁−1∑︁

𝑛=0

𝑒

(︂
1

𝑀
ℎ · 𝑦𝑛

)︂⃒⃒
⃒⃒
⃒ .

From this lemma it is seen the the non-trivial estimates of exponential sums over

the sequence
{︁
𝑋

(𝑠)
𝑛

}︁
are important for the further investigation we presented.

Next assertion has the paramount importance for estimation of such exponential
sums.

Proposition 1. Let {𝑦𝑛} be the sequence produced by the recursion (2) with the
parameters 𝑎 ≡ 𝑏 ≡ 0 mod 𝑝, (𝑐, 𝑝) = (𝑦0, 𝑝) = 1. Denote 𝑚0 = 2𝜈𝑝(𝑎)+ 𝜈𝑝(𝑏), 𝑚1 =[︁

𝑚
𝜈𝑝(𝑎·𝑏)

]︁
. There are exist the polynomial 𝐹𝑛(𝑢, 𝑣) ∈ Z[𝑢, 𝑣] such that for 𝑛 > 𝑚+ 1

we have
𝑦𝑛 ≡ 𝐹𝑛(𝑦0, 𝑦

−1
0 ) := 𝐴0𝑛 +𝐴1𝑛𝑦0 +𝐵1𝑛𝑦

−1
0 +

+𝐵2𝑛𝑦
−2
0 +𝐵3𝑛𝑦

3
0 + · · ·+𝐵𝑚1𝑛𝑦

−𝑚1
0 (mod 𝑝𝑚),

𝐵𝑗𝑛 ≡ 0 (mod 𝑝𝑚0), 𝑗 > 4,

(4)

where the coefficients 𝐴𝑗𝑛, 𝐵𝑗𝑛 defined by the following relations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐴0,𝑛+1 = 𝑏+ 𝑐𝑛+1(𝑏+ 𝑐𝑛𝐴0,𝑛−1) =

= 𝑏(1 + 𝑐𝑛+1) + 𝑐𝑛+1𝑐𝑛(𝑏+ 𝑐𝑛−1𝐴0,𝑛−2) =

= 𝑏(1 + 𝑐𝑛+1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐𝑛𝑐𝑛−1𝐴0,𝑛−1) =

= 𝑏(1 + 𝑐𝑛+1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐𝑛𝑐𝑛−1 + · · ·
· · ·+ 𝑐𝑛+1𝑐𝑛 · · · 𝑐2𝐴0,1) = 𝑏𝐴′

0(𝑛)
𝐴1,𝑛+1 = 𝑐𝑛+1𝑐𝑛 · · · 𝑐2𝑐1.

(5)

𝐵1,𝑛+1 = 𝑎𝐴−1
1𝑛 + 𝑐𝑛+1𝐵𝑛 = 𝑎𝐴−1

1𝑛 (1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐
2
𝑛𝑐𝑛−1 + · · ·+

+ 𝑐𝑛+1𝑐
2
𝑛 · · · 𝑐22𝑐1) = 𝑎𝐵′

1,𝑛+1,

𝐵2,𝑛+1 = 𝑎𝑏

𝑛+1∑︁

𝑗=1

𝐴′
0,𝑗

𝐴2
1𝑗

,

𝐵3,𝑛+1 = 𝑎2𝐵′
3(𝑛) + 𝑎𝑏2𝐵′′

3 (𝑛),

𝐵𝑗,𝑛+1 ≡ 0 (mod 𝑝𝑚0), 𝑗 > 4,

(6)

where 𝐵′
3(𝑛), 𝐵

′′
3 (𝑛) have the simple description in terms of coefficients 𝑐1, 𝑐2, . . ..

Proof. By (2) we infer consequently

𝑦1 ≡ 𝑎𝑦−1
0 + 𝑏+ 𝑐𝑦0 (mod 𝑝𝑚),

𝑦2 =
𝑎

𝑎𝑦−1
0 + 𝑏+ 𝑦0𝑐1

+ 𝑏2 + 𝑐2(𝑎𝑦
−1
0 + 𝑏1 + 𝑐1𝑦0) =

= 𝑎𝑐−1
1 𝑦−1

0 (1− 𝑎𝑐−1
1 𝑦−2

0 − 𝑏𝑐−1
1 𝑦−1

0 + 𝑎2𝑐−2
1 𝑦−4

0 + 2𝑎𝑏𝑐−2
1 𝑦−3

0 + 𝑏2𝑐−2
1 𝑦−2

0 + · · · )+
+ 𝑏2 + 𝑐2(𝑎𝑦

−1
0 + 𝑏1 + 𝑐1𝑦0) = 𝐴02 +𝐴12𝑦0 +𝐵12𝑦

−1
0 𝐵22𝑦

−2
0 +𝐵32𝑦

−3
0 + · · · ,
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where
𝐴02 = 𝑏(1 + 𝑐2),

𝐴12 = 𝑐1𝑐2,

𝐵12 = 𝑎𝑐−1
1 + 𝑎𝑐2 = 𝑎(𝑐−1

1 + 𝑐2),

𝐵22 = −𝑎𝑏𝑐−2
1 ,

𝐵32 = −𝑎2𝑐−2
1 + 𝑎𝑏2𝑐−3

1 ,

𝐵42 = 2𝑎2𝑏𝑐−3
1 − 𝑎𝑏3𝑐−4

1 ,

𝐵𝑗2 ≡ 0 (mod 𝑝min (2𝑎+𝑏,𝑎+3𝑏)).

In general case

𝑦𝑛 = 𝐴0𝑛 +𝐴1𝑛𝑦0 +𝐵1𝑛𝑦
−1
0 +𝐵2𝑛𝑦

−2
0 + · · · , (𝐴1𝑛, 𝑝) = 1.

⇒ 𝑦𝑛+1 = 𝑎𝐴−1
1𝑛 𝑦

−1
0

[︀
1−𝐴0𝑛𝐴

−1
1𝑛 𝑦

−1
0 −𝐵1𝑛𝐴

−1
1𝑛 𝑦

−2
0 −

−𝐵2𝑛𝐴
−1
1𝑛 𝑦

−3
0 −𝐴2

0𝑛𝐴
−2
1𝑛 𝑦

−2
0 +𝐵2

1𝑛𝐴
−2
1𝑛 𝑦

−4
0 + · · ·

]︀
+

+ 𝑏+ 𝑐𝑛+1(𝐴0𝑛 +𝐴1𝑛𝑦0 +𝐵1𝑛𝑦
−1
0 +𝐵2𝑛𝑦

−2
0 +𝐵3𝑛𝑦

−3
0 +𝐵4𝑛𝑦

−4
0 + · · · ) =

= 𝐴0,𝑛+1 +𝐴1,𝑛+1𝑦0 +𝐵1,𝑛+1𝑦
−1
0 +𝐵2,𝑛+1𝑦

−2
0 +𝐵3,𝑛+1𝑦

−3+···
0 ,

where
𝐴0,𝑛+1 = 𝑏+ 𝑐𝑛+1𝐴0𝑛;

𝐴1,𝑛+1 = 𝑐𝑛+1𝐴1𝑛;

𝐵1,𝑛+1 = 𝑎𝐴−1
1𝑛 + 𝑐𝑛+1𝐵1𝑛;

𝐵2,𝑛+1 = 𝑎𝐴0𝑛𝐴
−2
1𝑛 +𝐵2𝑛;

𝐵3,𝑛+1 = −𝑎𝐵1𝑛𝐴
−2
1𝑛 − 𝑎𝐴2

2𝑛𝐴
−3
1𝑛 + 𝑐𝑛+1𝐵3𝑛;

𝐵𝑗𝑛 ≡ 0 (mod 𝑝𝑚0), 𝑗 > 4.

Hence, we have

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

𝐴0,𝑛+1 = 𝑏+ 𝑐𝑛+1(𝑏+ 𝑐𝑛𝐴0,𝑛−1) = 𝑏(1 + 𝑐𝑛+1) + 𝑐𝑛+1𝑐𝑛(𝑏+ 𝑐𝑛−1𝐴0,𝑛−2) =

= 𝑏(1 + 𝑐𝑛+1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐𝑛𝑐𝑛−1𝐴0,𝑛−1) =

= 𝑏(1 + 𝑐𝑛+1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐𝑛𝑐𝑛−1 + · · ·+ 𝑐𝑛+1𝑐𝑛 · · · 𝑐2𝐴0,1) = 𝑏𝐴′
0(𝑛)

𝐴1,𝑛+1 = 𝑐𝑛+1𝑐𝑛 · · · 𝑐2𝑐1.

𝐵1,𝑛+1 = 𝑎𝐴−1
1𝑛 + 𝑐𝑛+1𝐵𝑛 = 𝑎𝐴−1

1𝑛 (1 + 𝑐𝑛+1𝑐𝑛 + 𝑐𝑛+1𝑐
2
𝑛𝑐𝑛−1 + · · ·+

+ 𝑐𝑛+1𝑐
2
𝑛 · · · 𝑐22𝑐1) = 𝑎𝐵′

1,𝑛+1,

𝐵2,𝑛+1 = 𝑎𝑏

𝑛+1∑︁

𝑗=1

𝐴′
0,𝑗

𝐴2
1𝑗

,

𝐵3,𝑛+1 = 𝑎2𝐵′
3(𝑛) + 𝑎𝑏2𝐵′′

3 (𝑛),

𝐵𝑗,𝑛+1 ≡ 0 (mod 𝑝𝑚0), 𝑗 > 4.

�
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Corollary 3. Let {𝑦𝑛} be the sequence produced by the recursion (2) with 𝜈𝑝(𝑏) =
𝛽 < 𝜈𝑝(𝑎) = 𝛼 and let 𝑐𝑗 = 𝑐, 𝑖 = 1, 2, . . .. Then we have modulo 𝑝𝑚

𝑦𝑛 = 𝑦0 + 𝑛(𝑏+ 𝑝𝛼𝐻1(𝑦
−1
0 ))− 𝑛2𝑎𝑏(1 + 𝑝𝛼−𝛽𝐻2(𝑦

−1
0 ))+

+ 𝑛3𝑝min (2𝛼+𝛽,𝛼+3𝛽)𝐻3(𝑦
−1
0 , 𝑛), 𝑖𝑓 𝑐 ≡ 1 (mod 𝑝𝑚),

(7)

𝑦𝑛 = 𝑦0 + 𝑛(𝑏+ 𝑝𝛼𝐺1(𝛿, 𝑧, 𝑦
−1
0 ))− 𝑛2𝑎𝑏(1 + 𝑝𝛼−𝛽𝐺2(𝛿, 𝑧, 𝑦

−1
0 ))+

+ 𝑛3𝑝min (2𝛼+𝛽,𝛼+3𝛽)𝐺3(𝛿, 𝑧, 𝑦
−1
0 , 𝑛), 𝑖𝑓 𝑐 ̸≡ 1 (mod 𝑝𝑚),

(8)

where 𝐻𝑖, 𝐺𝑗 are polynomials on its own variables with integer coefficients.

Proof. For 𝑐 ≡ 1 (mod 𝑝𝑚) we obtain

⎧
⎪⎪⎨
⎪⎪⎩

𝐴0,𝑛 ≡ 𝑛𝑏, 𝐴1,𝑛 ≡ 1 (mod 𝑝𝑚),

𝐵1,𝑛 ≡ 𝑛𝑎, 𝐵2𝑛 ≡ −𝑎𝑏𝑛(𝑛+1)
2 (mod 𝑝𝑚)

𝐵3,𝑛 ≡ −𝑎𝑏𝑛(𝑛+1)
2 − 𝑎2(𝑛− 1) (mod 𝑝𝑚)

𝐵𝑗𝑛 ≡ 𝑎2𝑏 · 𝑔1(𝑛) + 𝑎𝑏3 · 𝑔2(𝑛), 𝑔1(𝑛), 𝑔2(𝑛) ∈ Z[𝑛].

(9)

From this follows that there are polynomials 𝐻𝑖, 𝑖 = 1, 2, 3, such that the relation
(7) holds.

If 𝑐 ̸≡ 1 (mod 𝑝𝑚) we denote throughout 𝛿 an index 𝑐 (mod 𝑝). Let us assume
that 𝑛 = 𝛿ℓ+ 𝑧, 0 6 𝑧 6 𝛿 − 1, ℓ ≡ 𝑛𝛿−1 + 𝑧𝛿−1 (mod 𝑝).

Mindful that

𝑐𝑛 ≡ (1 + 𝑝𝑢)ℓ𝑐𝑧 ≡ (1 + 𝑝𝑢ℓ+ 𝑝2𝑢2
ℓ(ℓ− 1)

2
+ · · · )𝑐𝑧,

𝑐−𝑛 ≡ (1− 𝑝𝑢ℓ+ 𝑝2𝑢2
ℓ(ℓ− 1)

2
+ · · · )𝑐−𝑧,

we also obtain

𝑦𝑛 ≡ 𝑦0 + 𝑛(𝑏+ 𝑝𝛼𝐺1(𝛿, 𝑧, 𝑦
−1
0 ))− 𝑛2𝑎𝑏(1 +𝐺2(𝛿, 𝑧, 𝑦

−1
0 )𝑝𝛼)+

+ 𝑛3𝑝𝛾𝐺3(𝛿, 𝑧, 𝑦
−1
0 ),

(10)

where 𝛾 = min (2𝛼+ 𝛽, 𝛼+ 3𝛽).
The corollary is established. �

Corollary 4. In notation above with 𝑐𝑛 = 𝑐 + 𝑛𝑝, 𝑛 = 1, 2, . . ., we have modulo
𝑝𝑚

𝑦𝑛 = 𝑏(𝑛+ 𝑝𝑓0(𝑛)) + 𝑦0(1 + 𝑝𝑛𝑓1(𝑛))+

+ 𝑦−1
0

(︂
𝑛+ 𝑝

(︂
𝑛(𝑛− 1)(2𝑛− 1)

6
+ 2𝑛2 − 𝑛

)︂
+ 𝑝2𝑓21(𝑛)

)︂
+

+ 𝑦−2
0 (𝑎𝑏𝑓22(𝑛)) + 𝑦−3

0 (−𝑎𝑏2𝑓3(𝑛)) + 𝑝𝛾𝑓4(𝑛),

(11)

where 𝑓0, 𝑓1, 𝑓21, 𝑓22, 𝑓3, 𝑓4 ∈ Z[𝑛].
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Proof. In virtue of Proposition 1 we can write

𝐴0𝑛 = 𝑏[1 + (𝑐+ 𝑛𝑝) + (𝑐+ 𝑛𝑝)(𝑐+ (𝑛− 1)𝑝) + · · ·
· · ·+ (𝑐+ 𝑛𝑝)(𝑐+ (𝑛− 1)𝑝) · · · (𝑐+ 𝑝)𝑐] =

= 𝑏

⎛
⎜⎜⎝1 + 𝑐𝑛 + 𝑝𝑐𝑛−1𝑛(𝑛− 1)

2
+ 𝑝2𝑐𝑛−2

𝑛∑︁

𝑖,𝑗=1
𝑖̸=𝑗

𝑖𝑗 + · · ·

⎞
⎟⎟⎠ =

= 𝑏(1 + 𝑐𝑛𝑝𝑛𝐹1(𝑛)) = 𝑏𝐴′
0𝑛,

(12)

where 𝐹1(𝑛) = 1 + 𝑎1𝑛+ 𝑎2𝑛
2 + · · · , 𝑎𝑖 ≡ 0 (mod 𝑝𝑖), 𝑖 = 1, 2, . . ..

𝐴1𝑛 = (1 + 𝑝)(1 + 2𝑝+ · · ·+ 1 + 𝑛𝑝) =

= 1 + 𝑝
𝑛(𝑛+ 1)

2
+ 𝑝2

𝑛(𝑛+ 1)(6𝑛2 − 𝑛− 2)

6
+ 𝑝3𝐹2(𝑛), 𝐹2(𝑛) ∈ Z.

(13)

The similar reasoning shows that

𝐵1𝑛 = 𝑎𝐴−1
1𝑛 (1 + 𝑑1𝑛+ 𝑑2𝑛

2 + · · · ), (𝑑1, 𝑝) = 1, 𝜈𝑝(𝑑𝑗) > 1, 𝑗 = 2, 3, . . . . (14)

Further we have

𝐵2𝑛 =

{︃
𝑎𝑏
(︁
𝑐−𝑐𝑛
1−𝑐 + 𝑝𝐹3(𝑛)

)︁
𝑖𝑓 𝑐 ̸≡ 1 (mod 𝑝𝑚)

𝑎𝑏(𝑛+ 𝑛𝐹4(𝑛)) 𝑖𝑓 𝑐 ≡ 1 (mod 𝑝𝑚),
(15)

𝐵3𝑛 = −𝑎2
[︂
𝑐2𝑛
𝐴4

1𝑛

(1 + (𝑐+ 𝑛𝑝)(𝑐+ (𝑛− 1)𝑝))+

+
𝑐2𝑛−1

𝐴4
1,𝑛−1

(1 + (𝑐+ (𝑛− 1)𝑝+ · · · )) + · · ·

]︃
−

− 𝑎𝑏2
𝐴0𝑛

′2

𝐴3
1𝑛

(𝑛+ 𝑝𝑔(𝑛)) + · · · =

= −𝑎2(2𝑐2 + 𝑐3𝑝𝑛+ 𝑐4𝑝2𝑛2(1 + 𝑝𝑔1(𝑛)))−
− 𝑎𝑏2(𝑛+ 2𝑐𝑛 + 𝑐2𝑛)(1 + 𝑝𝑛𝑔2(𝑛)),

(16)

𝐵𝑗𝑛 ≡ 𝑝𝛾𝑔𝑗(𝑛) (mod 𝑝𝑚), 𝑗 > 4, (17)

where 𝑔1(𝑛), 𝑔2(𝑛), 𝑔𝑗(𝑛), 𝑗 > 4, are polynomials with integer coefficients.
Hence, by Proposition 1 we obtain Corollary 2. �
From Proposition 1, Corollaries 1 and 2 we deduce

Corollary 5. Let 𝜏 be the least of periods for the sequence {𝑦𝑛} generated by the
congruential recursion (2) with 𝜈𝑝(𝑏) = 𝛽 < 𝜈𝑝(𝑎) = 𝛼. Then 𝜏 = 𝑝𝑚−𝛽, if 𝑐𝑛 = 𝑐 or
𝑐𝑛 = 𝑐+ 𝑛𝑝, (𝑐, 𝑝) = 1.

Proof. Indeed, from formulas for 𝐴0𝑛, 𝐴1𝑛, 𝐵𝑗𝑛, 𝑗 = 1, 2, . . ., we can conclude
that

𝐴𝑖,𝑛+3 ≡ 𝐴𝑖,3, 𝐵𝑗,𝑛+3 ≡ 𝐵𝑗,3 (mod 𝑝𝑚), 𝑖 = 0, 1; 𝑗 = 1, 2, . . . ,

if and only if 𝑛 ≡ 0 (mod 𝑝𝑚−𝛽). �
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Let {𝑦𝑛} be the sequence produced by (2). For ℎ, ℎ1, ℎ2 ∈ Z and 𝑘, ℓ ∈ N ∪ {0},
we denote

𝑆𝑁 (ℎ, 𝑦0) =

𝑁−1∑︁

𝑛=0

𝑒2𝜋𝑖
ℎ𝑦𝑛
𝑝𝑚 ,

𝜎𝑘,ℓ(ℎ1, ℎ2; 𝑝
𝑚) =

∑︁

𝑦0∈Z*
𝑝𝑚

𝑒

(︂
ℎ1𝑦𝑘 + ℎ2𝑦ℓ

𝑝𝑚

)︂
.

Proposition 2. Let we have the linear-inversive congruential generator produced by
relation (2) with 𝛽 = 𝜈𝑝(𝑏) < 𝜈𝑝(𝑎) = 𝛼, 2𝛽 6 𝑚, and let (ℎ, 𝑝𝑚) = 𝑠. The we have
the following estimates

|𝑆𝑁 (ℎ, 𝑦0)| 6

⎧
⎨
⎩

0 𝑖𝑓 𝑁 = 𝜏, 𝑚 > 𝛽 + 𝑠,
𝑁 𝑖𝑓 𝑚 6 𝛽 + 𝑠,

2𝑝
𝑚+𝑠+𝛽

2 (1 + log 𝑝𝑚−𝛽) 𝑖𝑓 𝑚 > 𝛽 + 𝑠.

Proof. First we assume that 𝑁 = 𝜏 = 𝑝𝑚−𝛽 , i.e. 𝑁 is a period of the sequence
{𝑦𝑛}. The Corollaries 1 and 2 from Proposition 1 show that the behavior of the
exponential sum 𝑆𝜏 (ℎ, 𝑦0) on the sequences of PRN’s for the cases 𝑐𝑛 = 𝑐 and 𝑐𝑛 =
𝑐+ 𝑛𝑝 are identical. Thus, we consider the sequence generated by (2) with 𝑐𝑛 = 𝑐.

By Corollary 1 we have

|𝑆𝜏 (ℎ, 𝑦0)| =

⃒⃒
⃒⃒
⃒⃒
𝑝𝑚−𝛽−1∑︁

𝑛=0

𝑒

(︂
ℎ𝑦𝑛
𝑝𝑚−𝛽

)︂⃒⃒⃒⃒
⃒⃒ =

⃒⃒
⃒⃒
⃒⃒
𝑝𝑚−𝛽−1∑︁

𝑛=0

𝑒

(︂
ℎ0𝐹 (𝑛)

𝑝𝑚−𝑠−𝛽

)︂⃒⃒⃒⃒
⃒⃒ ,

where ℎ = ℎ0𝑝
𝑠, 𝐹 (𝑛) = 𝐶0 + 𝐶1𝑛+ · · ·+ 𝐶𝑚𝑛

𝑚,

𝐶1 ≡ 𝑏 (mod 𝑝𝛽+1),

𝐶2 ≡ −𝑎𝑏 (mod 𝑝𝛼+𝛽+1),

𝐶𝑗 ≡ 0 (mod 𝑝𝛾),

moreover,
𝛼 = 𝜈𝑝(𝑎), 𝛽 = 𝜈𝑝(𝑏), 𝛾 = min (2𝛼+ 𝛽, 𝛼+ 3𝛽) > 𝛼.

Now, applying Lemma 1 we obtain

|𝑆𝜏 (ℎ, 𝑦0)| =
{︂
𝜏 𝑖𝑓 𝑚 6 𝛽 + 𝑠,
0 𝑖𝑓 𝑚 > 𝛽 + 𝑠.

In the case 𝑁 < 𝜏 we use the well-known estimate of uncomplete exponential sum
by means of the complete exponential sum (see, [7], Ch. 1, Th. 2)

|𝑆𝑁 (ℎ, 𝑦0)| 6 max
16𝑡6𝜏

⃒⃒
⃒⃒
⃒
𝜏−1∑︁

𝑛=0

𝑒2𝜋𝑖(
ℎ𝐹 (𝑛)
𝜏 + 𝑡𝑛

𝜏 )

⃒⃒
⃒⃒
⃒ (1 + log 𝜏).

By virtue of the fact that the congruence

ℎ𝑏+ 𝑡 ≡ 0 (mod 𝑝𝛼+𝛽)
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have only one solution under condition 1 6 𝑡 6 𝜏 , we deduce (by Lemma 1), that

|𝑆𝑁 (ℎ, 𝑦0)| 6 𝑝𝑠 · 2𝑝
𝑚+𝛽−𝑠

2 (1 + log 𝑝𝑚−𝛽) = 2𝑝
𝑚+𝛽+𝑠

2 (1 + log 𝑝𝑚−𝛽).

�

Remark. Similar bound for 𝑆𝑁 (ℎ, 𝑦0) is valid for case 𝑐𝑛 = 𝑐+ 𝑛𝑝.

Proposition 3. Let (ℎ1, ℎ2, 𝑝) = 1, 𝜈𝑝(ℎ1+ℎ2) = 𝑠1, 𝜈𝑝(ℎ1𝑘+ℎ2ℓ) = 𝑠2 and let {𝑦𝑛}
be the sequence produced by (2) with 𝑐𝑛 = 𝑐 or 𝑐𝑛 = 𝑐+ 𝑛𝑝. The following estimates
⃒⃒
⃒⃒
⃒⃒
∑︁

𝑦0∈Z*
𝑝𝑚

𝑒

(︂
ℎ1𝑦𝑘 + ℎ2𝑦ℓ

𝑝𝑚

)︂⃒⃒⃒⃒
⃒⃒ 6

⎧
⎨
⎩

0 𝑖𝑓 𝑠1 < 𝑠2 + 𝛽, 𝑚− 𝑠1 − 𝑠2 > 0,

2𝑝
𝑚+𝛽+𝑠2

2 𝑖𝑓 𝑠1 > 𝑠2 + 𝛽, 𝑚− 𝑠1 − 𝑠2 > 0,
𝑝𝑚−1(𝑝− 1) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

hold.

Proof. Let 𝑐 = 1 + 𝑝𝑢, 𝑢 ̸≡ 0 (mod 𝑝𝑚−1). By Corollary 2 we have modulo 𝑝𝑚

ℎ1𝑦𝑘 + ℎ2𝑦ℓ = 𝐵0 +𝐵1𝑦0 +𝐵−1𝑦
−1
0 +𝐵−2𝑦

−2
0 + · · · ,

where

𝐵0 = 𝑏
[︀
(ℎ1 + ℎ2) + (ℎ1𝑐

𝑘𝑝𝑘𝐹1(𝑘) + ℎ2𝑐
ℓ𝑝ℓ𝐹1(ℓ))

]︀
= 𝑏𝐵′

0, (𝐵′
0, 𝑝) = 1;

𝐵1 = (ℎ1 + ℎ2) + 𝑝

(︂
ℎ1
𝑘(𝑘 + 1)

2
+ ℎ2

ℓ(ℓ+ 1)

2
+ · · ·

)︂
;

𝐵−1 = 𝑎[(ℎ1 + ℎ2) + 𝑑1(ℎ1𝑘 + ℎ2ℓ) + 𝑑2(ℎ1𝑘
2 + ℎ2ℓ

2) + · · · ];

𝐵−2 = 𝑎𝑏

[︂
𝑐(ℎ1 + ℎ2)− (ℎ1𝑐

𝑘 + ℎ2𝑐
ℓ)

𝑐− 1
+ 𝑝(ℎ1𝐹3(𝑘) + ℎ2𝐹3(ℓ))

]︂
;

𝐵−3 ≡ −𝑎2
(︀
2𝑐2(ℎ1 + ℎ2) + 𝑐3𝑝(ℎ1𝑘 + ℎ2ℓ)+

+𝑐4𝑝2(ℎ1(𝑘
2 + 𝑝𝑔(𝑘)) + ℎ2(ℓ

2 + 𝑝𝑔(ℓ)))
)︀
−

− 𝑎𝑏2
[︀
ℎ1𝑘 + ℎ2ℓ+ 2(ℎ1𝑐

𝑘 + ℎ2𝑐
ℓ) + (ℎ1𝑐

2𝑘
1 + ℎ2𝑐

2ℓ)(ℎ1 + ℎ2)+

+𝑝(ℎ1𝑘𝑔(𝑘) + ℎ2ℓ𝑔(ℓ))] ;

𝐵−𝑗 ≡ 0 (mod 𝑝𝛾), 𝑗 = 4, 5, . . . .

Substituting 𝑐𝑘 and 𝑐ℓ by the polynomials on 𝑘 and ℓ and applying Lemma 1 we
obtain requisite statement. �

This conclusion of Proposition 3 stays behind also for 𝑐𝑛 = 𝑐+𝑝𝑛, 𝑐 ̸≡ 1 (mod 𝑝𝑚).

Main Results. The properties of equidistribution and statistical independency
of sequences of PRN’s {𝑦𝑛} generated by (2) we will study using bounds for the
discrepancy of certain points produced by the sequence {𝑥𝑛}, 𝑥𝑛 = 𝑦𝑛

𝑝𝑚 . We say that

the sequence {𝑥𝑛} passes the 𝑠-dimensional test on equidistribution and statistical

independency if every sequence {𝑋(𝑗)
𝑛 }, 𝑋𝑛 = (𝑥𝑛, . . . , 𝑥𝑛+𝑗−1), 𝑗 = 1, . . . , 𝑠 has the

discrepancy 𝐷𝑁 (𝑋
(𝑗)
𝑛 ) such that 𝐷𝑁 (𝑋

(𝑗)
𝑛 ) → 0 for 𝑁 → ∞. From Lemma 2 it follows

that we should have non-trivial estimates for sum

𝑁−1∑︁

𝑛=0

(︂
ℎ1𝑦𝑛 + · · ·+ ℎ𝑗𝑦𝑛+𝑗−1

𝑝𝑚

)︂
, 𝑗 = 1, 2, . . . , 𝑠.
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Theorem 1. Let {𝑋(𝑗)
𝑛 }, 𝑛 = 0, 1, . . . , 𝑁 − 1, 𝑋

(𝑗)
𝑛 = (𝑥𝑛, . . . , 𝑥𝑛+𝑗−1) be the

sequence of points 𝑋
(𝑗)
𝑛 ∈ [0, 1)𝑗 produced by (2). Then for every 𝑗, 1 6 𝑗 6 4, the

following estimate

𝐷
(𝑗)
𝑁 := 𝐷

(𝑗)
𝑁 (𝑋0, 𝑋1, . . . , 𝑋𝑁−1) 6

𝑗

𝑝𝑚
+

1

𝑝
𝑚
2 −𝛽

(︃
1 +

1

𝑝𝛽

(︂
2

𝜋
log 𝑝𝑚 +

7

5

)︂𝑗)︃

holds.

Proof. Let ℎ ·𝑋(𝑗)
𝑛 denote the inner dot of ℎ and 𝑋

(𝑗)
𝑛 , i.e.

ℎ ·𝑋(𝑗)
𝑛 = ℎ1𝑥𝑛 + ℎ2𝑥𝑛+1 + · · ·+ ℎ𝑗𝑥𝑛+𝑗−1.

In order to apply Lemma 2, we should have an estimate for the sum

𝜏−1∑︁

𝑛=0

𝑒

(︂
ℎ1𝑦𝑛 + ℎ2𝑦𝑛+1 + · · ·+ ℎ𝑗𝑦𝑛+𝑗−1

𝑝𝑚

)︂
.

Without loss of generality, we can suppose that (ℎ1, ℎ2, . . . , ℎ𝑗 , 𝑝) = 1. From the
representation 𝑦𝑛 as a polynomial on 𝑛 (by Corollaries 1 and 2) we have

ℎ1𝑦𝑛 + · · ·+ ℎ𝑗𝑦𝑛+𝑗−1 = (ℎ1𝑦0 + · · ·ℎ𝑗𝑦0)+

+(ℎ1𝑛+ ℎ2(𝑛+ 1) + · · ·+ ℎ𝑗(𝑛+ 𝑗 − 1))𝑏+ 𝑛𝑝𝛼+𝛽𝐺(1)(𝑦−1
0 )−

−𝑎𝑏(1 + 𝑝𝛼−𝛽𝐺(2)(𝑦−1
0 ))

𝑗∑︀
𝑖=1

ℎ𝑖(𝑛+ 𝑖− 1)2+

+

(︂
𝑗∑︀
𝑖=1

ℎ𝑖(𝑛+ 𝑖− 1)3
)︂
𝑝𝛾𝐺(3)(𝑦0, ℎ𝑖).

Hence, the sum ℎ1𝑦𝑛 + · · · + ℎ𝑗𝑦𝑛+𝑗−1 represents a polynomial of special type

𝑓(𝑛) such that the exponential sum
𝑝𝑚∑︀
𝑛=1

𝑒
(︁
𝑓(𝑛)
𝑝𝑚

)︁
is appreciable by Lemma 1:

⃒⃒
⃒⃒
⃒
𝜏−1∑︁

𝑛=0

𝑒

(︂
ℎ1𝑦𝑛 + · · ·+ ℎ𝑗𝑦𝑛+𝑗−1

𝑝𝑚

)︂⃒⃒
⃒⃒
⃒ 6 2𝑝

𝑚+𝛽+ℓ
2 ,

if (ℎ1 + ℎ2 + . . .+ ℎ𝑗 , 𝑝
𝑚) = 𝑝ℓ.

Now, using the connection between complete and uncomplete exponential sums
and Lemma 2, we deduce the assertion of theorem. �

Corollary 6. The sequence of PRN’s produced by (2) passes 𝑠-dimensional test
on equidistibution and statistical independency for 𝑠 = 1, 2, . . . , 𝑝− 1.

Theorem 2. Let the sequence {𝑦𝑛} be produced by (2) with (𝑐, 𝑝) = (𝑦0, 𝑝) = 1,
0 < 𝛽 = 𝜈𝑝(𝑏 < 𝛼 = 𝜈𝑝(𝑎)). Then for ℎ ∈ Z, 𝜈𝑝(ℎ) = 𝑠, we have

𝑆𝑁 (ℎ) =
1

𝜙(𝑝𝑚)

∑︁

𝑦∈Z*
𝑝𝑚

|𝑆𝑁 (ℎ, 𝑦0)| 6 𝑁
1
2 +𝑁𝑝−

𝑚+𝑠
4 (2 +

√
5𝑝

𝛽
4 ).
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Proof. Without loss of generality we will assume that 𝑠 = 0. By the Cauchy-
Schwarz inequality we obtain

|𝑆𝑁 (ℎ)|2 6 1

𝜙(𝑝𝑚)

∑︁

𝑦0∈Z*
𝑝𝑚

|𝑆𝑁 (ℎ, 𝑦0)|2 =
1

𝜙(𝑝𝑚)

𝑁−1∑︁

𝑘,ℓ=0

∑︁

𝑦0∈Z*
𝑝𝑚

𝑒

(︂
ℎ(𝑦𝑘 − 𝑦ℓ)

𝑝𝑚

)︂
6

6
1

𝜙(𝑝𝑚)

∑︁

𝑘,ℓ=0

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)| = 1

𝜙(𝑝𝑚)

∞∑︁

𝑟=0

𝑁−1∑︁

𝑘,ℓ=0
𝜈𝑝(𝑘−ℓ)=𝑟

|𝜎𝑘,ℓ(ℎ− ℎ; 𝑝𝑚)| =

=
1

𝜙(𝑝𝑚)

𝑚−1∑︁

𝛾=0

𝑁−1∑︁

𝑘,ℓ=0
𝜈𝑝(𝑘−ℓ)=𝛾

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)|+ 1

𝜙(𝑝𝑚)

𝑁−1∑︁

𝑘=0
𝑘=ℓ

|𝜎𝑘,𝑘(ℎ,−ℎ; 𝑝𝑚)| =

= 𝑁 +
1

𝜙(𝑝𝑚)

𝑚−1∑︁

𝛾=0

𝑁−1∑︁

𝑘,ℓ=0
𝜈𝑝(𝑘−ℓ)=𝛾

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)|.

Using Proposition 3 we infer

|𝑆𝑁 (ℎ)|2 6 𝑁 +
1

𝜙(𝑝𝑚)

𝑚−1∑︁

𝛾=0

⎛
⎜⎜⎜⎜⎜⎝

𝑁−1∑︁

𝑘,ℓ=0
𝑘 ̸≡ℓ(𝑚𝑜𝑑 2)
𝜈𝑝(𝑘−ℓ)=𝛾

|𝜎𝑘,ℓ(ℎ,−ℎ;𝑝𝑚)|+

+

𝑁−1∑︁

𝑘,ℓ=0
𝑘≡ℓ(𝑚𝑜𝑑 2)
𝜈𝑝(𝑘−ℓ)=𝛾

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)|

⎞
⎟⎟⎟⎟⎟⎠
6 𝑁 +

1

𝜙(𝑚)

[︃
2𝑝

𝑚
2

𝑚−1∑︁

𝛾=0

𝑁

𝑝𝛾
+

+

⎛
⎝ ∑︁

𝛾<𝑚−𝛽

+
∑︁

𝑚−𝛽6𝛾6𝑚−1

⎞
⎠

𝑁−1∑︁

𝑘,ℓ=0

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)|

⎤
⎦ 6

6 𝑁 +
1

𝜙(𝑚)

{︃
2𝑝

𝑚
2

𝑚−1∑︁

𝛾=0

𝑁

𝑝𝛾
+

+

⎛
⎝ ∑︁

𝛾<𝑚−𝛽

+
∑︁

𝑚−𝛽6𝛾6𝑚−1

⎞
⎠

𝑁−1∑︁

𝑘,ℓ=0
𝜈𝑝(𝑘−ℓ)=𝛾

|𝜎𝑘,ℓ(ℎ,−ℎ; 𝑝𝑚)|

⎫
⎪⎪⎬
⎪⎪⎭
6

6 𝑁 +
1

𝜙(𝑚)

⎧
⎨
⎩2𝑁𝑝

𝑚
2 + 2

∑︁

𝛾<𝑚−𝛽

𝑝
𝑚+𝛽+𝛾

2
𝑁

𝑝𝛾
+ 𝑝𝑚

∑︁

𝛾>𝑚−𝛽

𝑁

𝑝𝛾

⎫
⎬
⎭ 6
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6 𝑁 +
1

𝜙(𝑚)

(︁
2𝑁𝑝

𝑚
2 + 2𝑁𝑝

𝑚+𝛽
2 +𝑁𝑝𝑚𝑝−𝑚+𝛽

)︁
6

6 𝑁𝑝−
𝑚
2

(︁
4 + 5𝑝

𝛽
2

)︁
.

Thus, for (ℎ, 𝑝) = 1:

|𝑆𝑁 (ℎ)| 6 𝑁 1
2 +𝑁𝑝−

𝑚
4

(︁
2 +

√
5𝑝

𝛽
4

)︁
.

If (ℎ, 𝑝𝑚) = 𝑝𝑠, 𝑠 < 𝑚, then similarly to the previous, we have

|𝑆𝑁 (ℎ)| 6 𝑁 1
2 +𝑁𝑝−

𝑚+𝑠
4

(︁
2 +

√
5𝑝

𝛽
4

)︁
.

�

Theorem 3. Let 𝐷𝑁 (𝑦0) denotes the mean of discrepancy of the sequence points{︁
𝑦𝑛
𝑝𝑚

}︁
produced by the recursion (2) with initial value 𝑦0. Then the following bound

for value averaged over all 𝑦0 ∈ Z*
𝑝𝑚

𝐷𝑁 =
1

𝜙(𝑝𝑚)

∑︁

𝑦0∈Z*
𝑝𝑚

𝐷𝑁 (𝑦0) 6
1

𝑝𝑚
+ 3𝑝−

𝑚−𝛽
4 log 𝑝𝑚

holds.

This assertion follows immediately from Theorem 2 and Lemma 2.
The last theorem shows that for 𝛽 > 2

3𝑚 upon the average an estimate of 𝐷𝑁 (𝑦0)
it is preferable than individual estimate 𝐷𝑁 (𝑦0) given by Theorem 1.

Conclusion. In the presented paper a new linear-inversive congruential genera-
tor with prime-power modulus was introduced. Exponential sums on linear-inversive
congruential pseudorandom numbers were estimated. The obtained results show these
inversive congruential pseudorandom numbers pass 𝑠-dimensional serial tests on the
statistical independence.
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