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Lisnyak A. A. CONSTRUCTION OF DISCRETE MATHEMATICAL MODELS OF GEOMETRIC OBJECTS 
DEFINED BY R-FUNCTIONS / Zaporozhe national university, Ukraine 

This paper describes the approach for automatic generation of discrete models of functional representation of 
geometrical objects. Approaches for discrete models optimization on the basis of triangles are proposed in the 
paper. These aproaches based on the local transformation of finite elements. The local transformation 
aproxmates character points of the object and uses differential propertis of the object border. 

Key words: R-function, visualization, geometrical model, discrete model, method of finite elements. 

 

-

3, 4, 8

5, 25

-  

 
1, 2, 6, 23, 25, 

34  

22, 24, 26, 32, 33, 35, 39

27, 36, 37]. 

-
 16-18, 9-14]. 

20, 21, 28, 
29, 30, 31, 38

, 

 

 
x   0)(xF   

  

 0)(: xFx . (1) 



61 

   1, 2013 

-  
 

 

, 
, 

0)(xF . 

- 120 ,...,, nxxxP , d
i Ex , 

3,2d    M  P n  
 

 120 ,...,, nvvvV ; 

 110 ,...,, meeeE , lji vve ,   , 

lj vv , Vv j , Vvl ; 

 110 ,...,, ktttT hgji vvvt ,,   

, hgjj vvvv ,,min  ghjhgj vvvvvv ,,,, . 

  

 TEVPM ,,)( , (2) 

 

  
Tt
t   

 

 Tt  

 Tt1 , Tt2   Ee  
Vv . 

 
-

, 
 

 
. 1.  

 

 2). 

 

 

 

 

 

 

 

 

 

 

 

F(x)=0 

 

 
 

 

  



62 

-  

h   
 

. 

 

P  - )(PM  3). 

 

EL   . 
L  

 
. 3, -

 
 

Le   

 
),()(1

,
)(
)()(

emen
cF
cFem

 (3) 

c   e ; )(en   e ; )(cF    

 

  

 
 

R-  

 
R-  

. 2.  

. 3. -  



63 

   1, 2013 

 2)()(11 emene
e Le

Le

n . (4) 

 

n  
 

ip L  jp  kp  . 4, 

ip   

 ,1
,

ijijiijiji
kiji

i

mnmnmnmnm

cpvppppvpp
pppp

p

cmcmcpppv
 (5) 

)( nm ppv   nm pp  mnc  nm pp . 

 

iii ppp
LP ,  

 PppppPN iiii ,:)(1 . (6) 

ip  

ip  ( ,  

)(pk , 
Lp ,  ip  jp  . )( pk   p  

 

 

.)(),(max)(

,0)(,,
| || |

),(| || |2

,0)(,,0

)(

2

22

pkpkpk

pnpp
pp

pppnpp

pnpp

pk

ji

i
i

ii

i

i  (7) 

  

ikC

iP

)()( ijij CnCm

)( ikCn

)( ikCm

iPjP

kP

ijC

ikC

iP )( ikCniPjP

kP

ijC
)( ikCm

)()( ijij CnCm

. 4.  



64 

-  

L , 
 , 

 H   

 PppkPH :)()( . (8) 

)(PH  L
)(PH  

-means (K-
)(PH  

1, 7, 19]. 

P    L cornerP  regularP  

regularcorner PPP   regularcorner PP ,  

 

,,)()(:

,,)()(:

,)(1

,)(1

)()()(

)()()(

)(
)1(

)(
)1(

)(

)(

PppkpkpP

PppkpkpP

pk
P

pk
P

t
corner

t
regular

t
regular

t
regular

t
corner

t
corner

Pp
t

regular

t
regular

Pp
t

corner

t
corner

t
regular

t
corner

 (9) 

)(max0 pkcorner , Pp    

)(min0 pkregular , Pp    

Lp , 

 

 
,)()()()()(

,
2

)(

pnpnpupucpu

pp
ppu ij

 (10) 

ip , jp   p   c    

, )(PR  
 

 regularPppuppPR ),(:)( , (11) 

)( p

ip

jp

jc

ic

)( pn

. 5.  



65 

   1, 2013 

p   p . 

 )()( pproj pn   , 
p  )( pn , 

 

 )()( )( pprojppg pn . (12) 

 

 regularPppgppPG ),(:)( , (13) 

p   p . 

n   
Le ip , jp

k   

 )()()()( njik pnpne , (14) 

n
n

2cos)( . 

0)(ek

0)(ek . 

0)(ek ,   

 
. 6.  

Le *P   

 Lee
pp

projppP jien ,0)(,
2

: )(* , (15) 

ip , jp   , e . 

 
ijc

jp

ip

p

 

jp

ip

p

)( ipn

)( jpn

 



66 

-  

M  
 

 *PMPMM , (16) 

M     

M  , )(e  
 

 ),(max)( ee
e

edge , (17) 

),(e   e  e . 

 

 1. e  M , 
, )(eedge  . 

   e   )(eh edge   l  

e  , lh

1h
h
lm   1m  

. 

 

 

2. 

 2. M  
 

 
Le

edge e
n

M ),(max1)(  (18) 

. 

   Lei   )( iedgei eh  il  

ie , ||,0 Li ii lh

ie  1i

i

i
i

h
h
lm  

1im  

 
i

imm  

. 7  

h

 
e

 

l 



67 

   1, 2013 

. 

 

, n   
,   

 

 
-center [35, 36]. 

- , 
,  8,  

 

,  R , 
 

 ),0,0,,(),,(),,,( ryxFayxFRayxF circlerect . (19) 

-
8, 

. 8, 

. 9, - . 

 

   

. 9. -  

   

. 8. -  



68 

-  

 
  

, , 
 

 

  . 

 

 
1.       : 

  
2.   

      
    9.     

3.   
       

   10.     
4.   -

       
-6 

  
 -136. 

5.   
  

modeling and stabil   
  

6.        
     

-  2008.   2.  -44. 
7.         

793-800. 
8.        
9.   

      
10. -   -

  -   :   
11. -   -

  -   
 -  2010.   1.  

-104. 
12. -   

  -   

 .  . 71-74. 
13. -    R-

  -    2008.  
 6.  -83. 

14. -    R-
  -     

 2007.    2.  -67. 



69 

   1, 2013 

15. -    -
  -

       : 
-  2004.   2.  -76. 

16.   .  /     .   : 
  

17.  .  / . , 
.     

18.   -  / 
        

19.    /   .   
1982.   

20. Arthurand D. K-means lower bound implementation [  ] / David Arthurand, Sergei 
Vassilvitskii.   : www.stanford.edu/~darthur/kMeansLbTest.zip. 

21. Chernyaev E. V. Marching Cubes 33 : Construction of Topologically Correct Isosurfaces / 
Evgeni V. Chernyaev // Computer Graphics and Visualization : GRAPHICON 95, 3-7 July. 1995.  Saint-
Petersburg, 1995.  -29. 

22. 
Lopes, Antonio Wilson Vieira, Geovan Tavares // Journal of Graphics Tools.  2003.  .  P. 1-15. 

23. Freitag L. A. Tetrahedral Mesh Improvement Using Swapping and Smoothing / L. A. Freitag, C. Ollivier-
Gooch // International Journal for Numerical Methods in Engineering.  1995.   P. 3979-4002. 

24. George P. Delaunay Triangulation and Meshing. Application to Finite / P. George, H. Borouchaki.  
Hermes Science Publications, 1998.  413 . 

25. George P. L. Tet meshing : construction, optimization and adaptation / P. L. George // Proceedings of 8th 
International Meshing Roundtable.  1999.  P. 133-141. 

26. Hjelle  Hjelle, Morten 
 Springer.  2006.  234 p. 

27. Joe B. Construction of three-dimensional improved-quality triangulations using local transformations / 
B. Joe // SIAM J. Sci. Comput.  1995.   16(6).  P. 1292-1307. 

28. Liseikin V. D. Grid generation methods. Second edition / Vladimir D. Liseikin.  Spring, 2010.  390 p. 
29. Lorensen W. E. Marching Cubes: A High-Resolution 3D Surface Construction Algorithm / 

W. E. Lorensen, H. E. Cline // Computer Graphics.  1987.   21(4).  P. 163-169. 
30. Marching Cubes without Skinny Triangles / Carlos A. Dietrich, Carlos E. Scheidegger [and other] // 

Computing in Science and Engineering.  2009.   11(2).  P. 82-87. 
31. Montani C. A modified look-up table for implicit disambiguation of Marching Cubes / Claudio Montani, 

Riccardo Scateni, Roberto Scopigno // The Visual Computer.  1994.   10(6).  P. 353-355. 
32. Patera J. A comparison of fundamental methods for ISO surface extraction / Jan Pa

Machine Graphics & Vision International Journal.  2004.   13(4).  P. 329-343. 
33. Puppo E. RGB subdivision / E. Puppo, D. Panozzo // IEEE Transactions on Visualization and Computer 

Graphics.  2009.   15(2).  P. 295-310. 
34. Puppo E. Selectively refinable subdivision meshes / E. Puppo // Symposium on Geometry Processing 2010. 

 2010.  P. 153-162. 
35. Rebay S. Efficient Unstructured Mesh Generation by Means of Delaunay Triangulation and Bowyer-

Watson Algorithm // Journal Of Computational Physics.  1993.   106.  P. 125-138. 
36. Ruppert J. A Delaunay Refinement Algorithm for Quality 2-Dimensional Mesh Generation / Jim Ruppert // 

Journal of Algorithms.  1995.   P. 548-585. 
37. Shewchuk J. Delaunay Refinement Algorithms for Triangular Mesh Generation / J. Shewchuk // 

Computational Geometry: Theory and Applications.  2002. -3).  P. 21-74. 
38. Shewchuk J. Delaunay Refinement Mesh Generation: PhD thesis, School of Computer Science / 

J. Shewchuk.  Carnegie Mellon University, Pittsburgh, Pennsylvania, 1997.  207 p. 
39. Skala V. Precission of iso-

Proceedings of ALGORITMY 2000: Conference on Scientific Computing.  2000.  P. 368-378. 
40. Warren J. Subdivision Methods for Geometric Design: A Constructive Approach / Joe Warren, Henrik 

Weimer.  Morgan Kaufmann, 2001.  320 . 


