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Jocnimkena 3amada 3HaXOKCHHS ONTUMAIbHOI (DYHKIIII ITPaBoi YaCTUHW HEOTHOPITHOTO OirapMOHIYHOTO pPiBHSHHI,
IUTA pO3B’sI3yBaHHS SIKOT BUKOPUCTOBYETHCS OJUH 3 BapiaHTIB rpafieHTHOrO MeTony. Ha KoskHOMY KpoIli iTepariiitHoro
IpoLecy po3B’s3yeThCs JiHIHA KpaloBa 3ajada, sKa, 3a JOMOMOTOI0 METOJy HOTCHIlialy, 3BOAWTHCA IO CHCTEMH
iHTerpasnbHUX piBHAHL Dpearonasma nepiuoro poxy. EQexkTHBHICTh anropuTMy MiATBEPIKYETHCS BUCOKOIO TOYHICTIO
OTPUMaHUX YUCEIbHUX PE3yJIbTaTiB.
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Hccnenyercss 3ajadya HaxOXKACHHUsS ONTHMAJIbHOM (YHKIMU IPaBOd 4YacTH HEOAHOPOJHOTO OWrapMOHHYECKOTO
YpaBHEHHUS, AJS pEIIeHHs KOTOPOH HCTONIB3yeTCs OJWH M3 BAapHAHTOB TI'paAMEHTHOTO Merona. Ha kaxmom mrare
UTEPALMOHHOI0 MpolLiecca pellaeTcsl JMHEHas TrpaHU4YHas 3ajada, KOTopas, C IOMOIIBI0 METoJa MOTEeHIHala,
CBOJWTCS K CHCTEeME HHTEeTpalbHBIX ypaBHeHHH Ppearonsma mepBoro pona. I(PGEKTHBHOCT alropuTMa
MOJTBEPKIAETCA BBICOKOW TOYHOCTBIO MOJTyYEHHBIX YHUCIEHHBIX PE3YIbTATOB.

Kniouegvie cnosa: o6ueapmonuueckoe ypagnenue, Memoo NOMEHYUANd, 2PAOUEHMHBIL Memoo, ONMUMATbHOE
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RIGHT-HAND SIDE FUNCTION OPTIMAL CONTROL PROBLEM SOLUTION FOR
INHOMOGENEOUS BIHARMONIC EQUATION
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Mathematical model construction of complicate physical phenomenon often leads to the setting and solving problems of
parameters optimal control in differential equations in partial derivatives. Chosen equation with boundary and initial
conditions is usually mathematical model basis of the object, which is under analysis. Optimal control of right-hand side
function in non-linear problem for inhomogeneous biharmonic equation in irregular shape region has been investigated.
The particular case for such kind of problem is the problem of plate theory. It is formulated as follows: when boundary
conditions are given, plate load need to be found, in such way that the bends in the plate points were as small as
possible. One of the gradient method variations is used for this problem solution. Such kind of problem feature is the
fact that iterative process construction is impossible without obtaining sufficiently accurate linear problem solution.
Otherwise, the non-linear problem will be solved with unacceptable error.

That is why the potential method for boundary value problem with inhomogeneous biharmonic equation and
inhomogeneous boundary conditions is presented in this paper. Due to this approach, problem solution has been found
as a sum of a biharmonic potentials and particular solution of inhomogeneous biharmonic equation. Satisfaction of
boundary conditions leads to the system of Fredholm first kind integral equations. Whereas potential kernels comprise
logarithmic peculiars, the self-regularization effect occurs in these kernels. And that is the reason why this incorrect
problem can be calculated with high level of accuracy without extra regularization procedures. Besides, analytical
solution for this problem has been obtained. Boundary Green’s function and right-hand side functions of boundary
conditions and biharmonic equation in explicit form has been presented in this solution.
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Linear problem was solved numerically according to this method. Obtained solution was verified with the help of model
problem, which was constructed in the following way: model function was chosen and then the same function was put
in the boundary conditions and in the right-hand side part of biharmonic equation (after taking all necessary particular
derivatives). Thus, both obtained values and model function values should coincide in the region points, because of the
solution uniqueness. Numerical results, which depict high effectiveness of algorithm, have been shown. Hereupon
method for solution of optimal control problem for right-hand side function has been described. It is based on gradient
method with fractional steps. Accordingly Frechet derivative for quality functional has been presented in the paper.
Algorithm runs as follows: initial step is chosen, region is covered by grid; Frechet derivative is calculated and the step
in antigradient direction for every point of this grid is done; reduction monotony condition of functional values is
checked on every iteration; if this condition is violated then algorithm step should be bisected. Thus minimizing
sequence is built. Every element of this sequence is formed with the help of linear problem solution.

Modal problem for checking algorithm operating reability has been performed. This problem was formed on the
principles similar to linear model problem. But this time model function contained certain parameter and was chosen in
such way that this parameter remained in right-hand side function of biharmonic equation, where forth-order derivative
is obtained, and this function acquired constant values at the region bound. This way, it will be easy to comprehend
what minimal value right-hand side function can acquire. This value need to be compared with numerical solution.
Corresponding calculation results for boundary conditions optimization in appropriate problem allow us to come to
conclusion about effectiveness of given approach. Software implementation indicates the application possibility of this
method in constructing algorithms for right-hand side function control for elliptic type equation.

Key words: biharmonic equation, potential method, gradient method, optimal control.

BCTYII

IToGynoBa MaTeMaTHUHOI MOJIeJi CKJIQAHOTO (DI3MUHOTO SBUILA YACTO MPHU3BOIUTH 10 MOCTAHOBKU
Ta PO3B’A3yBaHHS 33Jad ONTHMAJIBHOTO KEpPYyBaHHS MapameTpamu AudepeHialbHUX DPIBHSIHb Yy
YaCTUHHMX NOoXi1HUX. OOpaHe piBHSAHHA pa3oM 3 IPAHUYHUMH Ta OYAaTKOBUMHU YMOBAMHU 3a3BUYal
CKJIQJIal0Th OCHOBY MaTEeMaTHYHOI MOJIeITi 00’ €KTa, 0 mijyIarae anamizy [1]. 3a JomoMororw pi3HUX
BapiaHTIB TPAJIEHTHUX METOJIB YCHIIIHO PO3B’S3YIOThCS 3ajadl KepyBaHHsS MapaMeTpaMu
audepeHIiaabHUX PIBHAHD Ta ONTUMAIBHOTO PO3OUTTS MHOXKHH [2]. YV poOoTi [3] HaBeaeHI THIIH Ta
XapaKTepUCTHKa OCHOBHUX OOEpPHEHHX 3a/lad, BKa3Y€TbCd HAa HEKOPEKTHICTh SK OCHOBHY iX
MaTeMaTUYHy OCOOJIUBICTh. Y 1 e poOOTI pO3IIISIAIOTHCS CIIOCOOU ONMTUMI3AIlT TapaMeTpPiB IUX
3aJ]ad pa3oM 3 YCYHEHHsM iX HeKopeKTHocTi. IIpoTe 3a1adi onTUMaIbHOIO KEpyBaHHS CUCTEMaMH,
SK1 onucaHi OIrapMOHIYHUMHM PIBHSHHAMHU, JUIsl 00JacTei ckiaaHoi ¢opMu Maiio BUBYEHI. Tomy B
po0OTI po3risiiaeTbes Koe(illieHTHA 3ajJada ONTHMI3alii MpaBoi YacTUHU HEOJHOPIIHOTO
O6irapMoHiyHOro piBHAHHA. OgHUM 3 (aKTOpiB, SKUH ICTOTHO 11 YCKJIAQJHIOE, € HEKaHOHIUHICTh
¢dopmu o006nacTi BHU3HAYEHHs NIyKaHUX (QYHKLIA. 3po3ymilo, IO Taka 3ajada MoOKe OyTH
pO3B’s3aHa JIMINE 13 3aCTOCYBaHHSM METOIB OOUYMCITIOBAIBHOI MaTeMaTWKd. be3 TodHOro
PO3B’A3KY JIIHIAHOI 3a/a4i HEMOXJIMBO 3aCTOCYBATH TPaJi€HTHHH MeTon, moOyayBaTu 301KHHMNA
ITepaliiHUi Tpouec, 3 MNOTPIOHOIO TOYHICTIO OTPUMATH pPO3B’A30K ONTUMIZALIMHOI 3ajadi.
VYcenimHo mo1oaTH Lo MpodiieMy JO3BOJISE aJrOPUTM pO3B’sI3yBaHHS JiHIHHOT KpalloBOi 3a1aui 3a
JIOTIOMOTOI0 TPAHUYHUX I1HTETPAJIbHUX PIBHSAHb. AHalI3 OTPUMaHMX PO3B’S3KIB, iX TOYHICTD,
MPOCTOTa AITOPUTMY, 3aTpayeHU MaIIMHHUI Yac CBiIYaTh MPO MEPCHEKTHUBHICTH 3aCTOCYBAaHHS
IIBOTO MIIXO0Y JI0 1HIINX TPAaHUYHHUX 33/1a4 MAaTEMAaTUYHOT (P13HUKH.

IMOCTAHOBKA OCHOBHOI1 3AJTAYI

Posrnsinemo HeogHOpiAHE GirapMOHIUHE PIBHSHHS

o'w o'w  d'w
AAW = +2 + =f(x,y), , Q, 1
ok ooy oy xy), (xy)e 1)
3T paHI/I‘-IHI/IMI/I yMOBaMI/I
dw
W= ¢(X1 y)i -V = ‘//(X’ y) ' (X, y) el ) (2)

dn
Je 3aMKHyTHil koHTyp I oTouye o6macte QeR?, ¢yHkuii kpaiioux ymoB ¢(X,Y),

w(X,y)el*(I') 3amani va kouTypi I, n — BHyTpimHs HopMank B Toulli (X, y) € I'. ®yHK1is mpaBoi
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YaCTHHH HEOJHOPiAHOTO GirapmoHiuHoro pisHsHHA f(X,y) € B < L?(Q) 3amama B obmacti Q, 1e
B — neska, oOMexkeHa TIEBHAUMHM yMOBAMH, 3aMKHEHA IMiIMHOXHMHA ()YHKIIOHAIBLHOTO IIPOCTOPY.
Oyuknis W(X,y) € C*(Q) € pos3s’szkom 3amaui (1)-(2). V [4] noBeneHo icHyBaHHS i equHIiCTH
PO3B’S3KY Ili€T 3a1a4i.

OueBuaHoO, MO po3B’s30K 3amadi (1)-(2) 3amexuTh BiAg NMpaBoi YaCTUHU PIBHAHHA 1 (QyHKLIN
KpailoBux ymoB. Y mpumymeHHi, mo ¢ysxmii ¢(X,y) 1 w(X,y) 3amaHi, MOCTaBUMO 3amayy
3HaxomKeHHs Takoi gynkmii f(X,y) € B < L?(Q), sxa nocTaBnse MiHiMyM (yHKIiOHATY

L(F () = [Jw?(x,ys F(x, y))dxdy,

e W(X,Y; f(X,y)) — po3B’s30k kpaiioBoi 3anadi (1)-(2), sikuii Bignosinae GyHKIIIi mpaBoi 4acTUHU
piBasHHS (1).

CKOpO‘ICHO 3aJa4a 3alMCY€E€ThCS TaK.

1(f(,)) = min._. (3)

f()eB

3aysasicennsn. YactuaaNM BHITa KoM 3a1adi (1)-(2) € HaBe[eHA HUKYE 3a/1a49a TeOpii IJIaCTHH:

aaw =30 g
d
w=p(ey)=0, E=p(xy). (xyer.

I(f(.)= ng(x, y: f(x,y))dxdy — frpl)gr§

ne Q — cepeAMHHA IUIONIMHA IUIACTUHH, OoOMekeHa KoHTypoMm [, ((X,y) — momepekoBe
Eh?

12(1-0%)

IUIACTUHM, E — MOIynb mpyXHOCTI mepmoro poay i o — koediuieHnT Ilyaccona ii marepiamy.

HaBaHTAKCHH Ha IJIACTUHY, D= — I_II/IJ'IiHI[pI/I‘lHa )I(OpCTKiCTB IIJ1aCTHUHH, h — TOBIIMHA

KpaiioBi yMOBU 03HA4YarOTh, 0 TOYKM KOHTYPY IUIACTUHHU HE mepeMinrytotscs ¢(X,y)=0, a xyt
Haxmiy iX 3akpilieHHs BH3HaueHWi, ToOTO tg(e(X,V))=w(X,Y), (X,y)el'. 3anaua nossrae y
3HAXOJ/DKEHHI TaKoro HaBaHTaxeHHS ((X,Y), m00 3ruH y KOXHiM Toulll TUIaCTUHU OyB SIKOMOTa
MEHILIUM 3 YPaxyBaHHSIM 3a/laHUX KpailoBUX yMoB (pHc. 1).

-
q(y) —1
/
//
y
//
) /// [04 X
i B N R ey VA T
/
—7
i
w4 I T~y
\ )
\ W e

Puc. 1. 3run n1acTvHY i Ai€l0 HABAHTAXKEHHA (X, y)
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BaxxnuBor ckiamoBoro po3B’sa3ky 3amadi (1)-(3) e miniiina 3amaga (1)-(2). Tomy cmodatky

PO3TIISTHEMO aJTOPUTM ii PO3B’sI3yBaHHS 13 3aCTOCYBAaHHSAM METOJy MOTEHIIIATYy.

METO/ PO3B’SI3YBAHHSI JIIHIMHOI KPAMOBOI 3ATAYI
JIJISI HEOJTHOPIJTHOI'O BI'APMOHIYHOI'O PIBHSIHHSA

3rigno 3 [4], po3B’s30k 3aaa4i (1)-(2) Oyaemo mykaT y BUTIISIL

W(X, ) =W (X, ¥) + W, (X, Y) . (4)
®ynxuis W (X,Y) € 9aCTHHHAM PO3B’SI3KOM HEOJHOPIJHOTO OirapMOHIYHOTO PiBHSHHS
1
w (%, y) == [[r*Inr- £ (&,m)dQ(E 7)., 5)
8r
ne r= \/ (X=&?+(y-n), (x,y) — Touka cmocrepexents, (&,7) — 3MiHHA iHTErpyBaHHS;
GyHKIIST W, (X, Y) € po3B’sI3KOM 3aadi /Ul OXHOPIAHOTO OIrapMOHIYHOTO PiBHSIHHS
AAW, =0, (X,y)eQ, (6)
3 KpailOBUMHU YMOBaMH
W, = o(X, ¥) =W, (X, Y),
dw dw (x,y)el. (7)
—2= l//(X, y) __1(X! y)l
dn dn
Po3B’ 30k 3a1a4i (6)-(7) € cymor0 6irapMoHiunmx notenuianis [4]
2 a 2
W, (6,Y) = [ (F2In0)- 44(&, )T+ [ (r*InT)- gy (¢, )T ®
r r

e iy, 1, € L*(I') — moku 1o 1oBiibHI i HeBixoMi GyHKIIT MITBHOCTI, v — BHYTPIIIHS HOpMalb Y

toumi (&,n)el.

Po3B’s130k (8) mae 3am0BONIBHATH KpaloBUM ymoBam (7), 1O NPU3BOAWTH JO TaKOi CHCTEMH

IHTerpaibHUX piBHAHb PpearosbMa nNepuoro poay

II’Z|nr-ﬂ1(§,77)dr(§,7])+J‘%(r2|n r)'ﬂz(éﬂ)dr(f,ﬂ)z

r

=o(xy)-w(xy);

[ ) s (Eon)n () [ () (6 )T ()=

v (0)-SE(xy) (uy)eT,

3BIIKM OYAYyTh 3HAWICHI 4 (f , 77), 75 (§ , 77). [{ro cucTemy 3amuiemMo B MAaTpPUYHOMY BUTIISAI1

P(xy)-w(xy)

(xy)~Ge(ey) |

[A(Emxy)

r

(&) ~
(x.y)er '(#2 (g’ﬂ)]dl“(f,n) =

JIe MaTpUYHE SIAPO

Bicnuxk 3anopizbkozo nayionanvhozo ynisepcumemy MNel, 2014

(9)



r’Inr ai(r2 Inr) G G,
A%, Y) = ‘ =| 86, oG, | (10)

0 ,., 0 ) “o
—(rcInr reinr
D 2 D Uan an

- (o o e
G=|riinr  —(r Inr))_(G1 G,).

HasiBHiCTE y siApax cucTeMH piBHSHB (9) IOrapu(MIYHHX OCOOJIMBOCTEH JO3BOJSE JOCSTTH
perysspusyouoro edekTy ix po3B’A3yBaHHS NPAMMMH OOUMCIIOBAILHUMM METOJAMM. IX CyThb
MOJISITa€ B TOMY, L0 CUCTEMY IHTErpasibHuUX piBHSAHB (9) 3a momomoroto popmyn Tumy Cimmncona
3BEJIEMO JI0 cucTeMu anreOpaiynux. J[ist mporo koHTyp [T po30MBaeMo Ha eleMEHTapHI Jyrd, Ha
KOXKHIN 3 IKMX 00MpaeMo cepenHHy TouKy. CHcTeMy iHTerpajJbHUX PiBHAHb HAOIMKEHO, 3aMiHOIO
IHTErpaiiB 3a €JIEeMEHTAPHUMH JIyTaMu, IPEJCTABISIEMO y BUTJISAI CUCTEMH JIHIMHUX anreOpaiaHux

BinnocHo 4 (E,7), 1,(E,17) Ha ninsukax kontypa [6].

Tenep HaBeneMo po3B’s30k (4) y IeTanbHOMY BUTJISAL
Lira oy v
W y) = [[ Gy om)- £ (£.mdQA& ) +
4 Q

(M@m
o= | 1,(8,17)

Haii, po3s’s30k (11) 3amumieMo TakuM 9uHOM, 1100 B IBHOMY BU1 Oynu npucyTHi GyHKIIT @(X, Y)
Ly (xy).

(11)
[(G.(xy:€.m).G,(x. v é.m))

r

j dr'(g,n).

Jlis  1HTEerpajabHOro oreparopa I A(&,m;x,y)dTT(&,7) icHye oOepHEHUH, OCKUIbKM TOJIOBHA
r
niaroHanps maTtpuyHoro siapa (10) mae jmorapu@miuHy OCOONMBICTb, a HEAlarOHAJIbHI €JIEMEHTH

HernepepsHi [ /]. ToMy, 3anucyeMo po3B 130K CUCTEMH iHTErpalbHUX PIBHAHB (9) y BUIIIA
1ore iy v
w(x,y) == [[G,(x, y;&,m)- f (£,mdQE, 7) +
873

(X, y) — W, (X, Y)

e yiem|, AHEmxY)- dr(z.n).

w(x, y)—%(x, )
n

[To3naunBIIN
G(x,¥;&m) =(Gy(x, ;£.1), G, (x,y: &) =
=G yi&m)|,, o AT YiEm),
OCTaTOYHO OTPUMAEMO PO3B’s130K 3a1adi (1)-(2) y Takomy BUIS L
wix,y) = = [[G(x i) F(E AR+
T Q
P(%, y) =W, (X, Y) (12)
G(x,y;&,m)- dI'(&,m),
+£ (%, Y; &) w(x,y)—%(x,y) (&m)

ne G(x,y;&,1m) — Ha3WBaKOTh KOHTYPHOIO QyHKIEr ['piHa.

DizuKko-mamemamuuni HAyKu
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Otxe, Oyn0 OTPUMAaHO aHAMITHUYHUHN PO3B’s30K 3amadi (1)-(2) y Burmsni (12), sikuii mokianeHo B
OCHOBY MOOYIOBH OOYHCITFOBAIILHOTO aJITOPUTMY PO3B’SI3yBaHHS 1Ii€l 3a/1a4i METOJIOM MOTEHIIiaNy,

feTanpHo onmcaHoro B [6]. Jani po3risHeMO KOHKPETHI IPUKIAAH, SKi J03BOJSIOTH OLIHIOBATH
€(EeKTUBHICTh TAKOTO MiAXOMdY.

YU CEJBbHHUM PO3B’SI30K JITHIMHOI 3A JAYI METOJIOM NOTEHIIAJTY

Posrnsinemo Taki kpaiiosi 3agadi (1)-(2), as sskux po3B’s30K BiIOMHMIA 3a31ajeriab. [ nepeBipku
JOCTOBIPHOCTI pO3B’SI3Ky HAaBEIEMO NPUKIAAN Pi3HUX MOJENbHUX (QyHKIiH (X, Y), BU3HAUYUBIIN

f(x,y) takum umHOoM: AAQ(X,Yy)= f(X,y), a Takoxx po3risHeMo pi3HI dopMu obiacTer €.
BusnaunBmm 3HaueHHs ¢(X,Y) 1 ii HOpMaIbHOI MOXITHOI B TOYKaX KOHTYPY, BU3HAYMMO KpairoBi
ymoBu  @(X,y), w(X,y). Omke, B CHIy €IUHOCTI PO3B’SI3Ky MpsAMOi 3amadi, Mae Micie

g(x,y) =wW(X,y) ans BHYTPIIHIX TOYOK o0sacTi, To0TO (X,Y) € Q.
2,,4

Ipuxaaxy 1. Hexait momensHa ¢yHKuis g(X,Yy)= XZZ +x°, Tomi AAQ=361x*+2y*, T06TO
2 2 Xyt e xy* 5 x*y?
f =361x"+2y°, (x,¥)eQ, o= 24 +X, = E+6X cos(n"x)+Tcos(n"y), x,y)el.

Oo6upaemo HexkanoHiuyHui KOHTYp [ — oBan Kaciui (puc. 2), sikuii 3a1a€Tbcs piBHIHHAM

p? =c?cos2p++Ja’ —c*sin? 2¢),

ne (p, ) — TONSApHI KOOPIWHATH, a PO3PAxXyHKH NPOBEACHI s mapamerpiB a=1,2, c=1.
UYucenbHU po3B’ 130K HaBeACHO B Tab. 1.

-1.5 -1 -05 o 0.5 1 1.3

Puc. 2. O6nacts Q i TOUKH, B IKMX HABEIEHO PO3B’A30K
> p

Tabnuus 1 — [lopiBHsAHHS 004KCIIeHb MOJIENBHOI 1 3HaNAeHOT QYHKIIN y JeSKUX TOYKax 00JacTi Q

Touka (X, y) Ha6mmxene W(X, y) Toune W(X, y) [Toxubka
A (-0,7;0,7) 0,12134 0,12255 0,00121
B (-1,0; 0,0) 1,00195 0,99998 0,00197
C (-1,5; 0,0) 11,39234 11,39063 0,00171
D (0,5; -0,2) 0,01511 0,01564 0,00053
E (1,0; 0,4) 1,00249 1,00107 0,00142
F(1,2; -0,6) 2,99920 2,99376 0,00544

Bignocna nmoxuo6ka ckiagae 0,05%.

Bicnuxk 3anopizbkozo nayionanvhozo ynisepcumemy MNel, 2014
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Hpuxaan 2. Tenep po3riissHEMO KJIaCHYHY 3a7a4y JiHIHHOI Teopil MIacTuH.

AAW=&D'y), (X,y)eQ

dw
dn
VY monorpadii [8] HaBeneHO po3B 30K 3a1adi I BUNAAKY, KOIM KOPCTKO 3aKpilljieHa IIacTHHA
Mae GpopMy KBajpaTa 31 CTOPOHOIO @ 1 HABAHTAXEHHSIM, PO3MOIIJICHIM 32 TiAPOCTATUYHUM 3aKOHOM

w= (X, Y), w(xy), (xy)el.

2

BinnosinHo 10 [8] 3ruH y HeHTpi cuMeTpii KBaJApaTHOI IJIACTHMHHM 3HAXOAUTHCA 3a (POPMYJIOHO

a(x,y) = (%Jr%j. Hexaii a=4, g, =175000 s/M.KB .

4
w(0;0) = - q(;:f: , 1e o =0,00063 — emmipuyHuii KoedilieHT. Y pe3ynbTaTi 00UHCICHb 3a IIE0

dopmynoro maemo W(0;0)=0,0114. TouyHuil po3B’S30K, OTPUMAHUN BUKIAJACHHUM METOJIOM
notenniany, W(0;0) =0,0115. BinnocHa noxuOka cknagae 0,8%.

AHai3 OTpUMaHUX JaHUX CBIYUTh PO BUCOKY TOYHICTH PO3B’si3Ky 3anaui (1)-(2), y Tomy umci
i obmacti ckmagHoi dopmu. Tomy, meld merox OyaeMo 3aCTOCOBYBATH ISl PO3B’SI3yBaHHS
MOCTABJICHOT 33/1a4i ONTUMAIILHOTO KEPYBaHHS MIPABOK YaCTUHOK HEOIHOPIAHOTO OIrapMOHIYHOTO
PIBHSHHSL.

OIIMC METO/JLY PO3B’SI3YBAHHSI OCHOBHOI 3A/1AUI (1)-(3) 3BHAXO/UKEHH I
ONTUMAJBHOI IPABOI YACTUHHM HEOJHOPLTHOI'O BITAPMOHIYHOI'O
PIBHSIHHS

[ToBepuemocs 10 moctaHoBku 3aaa4i (1)-(3):
1(f(.)) — min,
ne 1(f(,)= ” W2 (X, y; T (X, y))dxdy, a cran kepoBaHOro 00’€KTa ONMCYEThCS AU(EPEHIIaTLHIM

Q
PIBHSIHHSIM

4 4 4
AAWEGVZ+2 82W2+8VZ
oX oX0y- 0V

=f(xy), (xy)eQ

3 KpallOBUMH yMOBAMH

dw
dn
Binbmn netanbHO, 3 ypaxyBaHHIM aHATITHYHOTO po3B’si3ky (12) miniiiHoi KpaiioBoi 3amaui (1)-(2),
¢ynkmionan |(f(-,-)) npeacraBumo y BUTISII

w=g(X,Y), w(xy), (xy)el.

(£ ) = [f| =[G i) HE A&+

? (13)

dI'(&, dxd min .
(X, y)—%(x, y) (.77 y= f ()} (Q)
n

o(X,y) - W, (X, y)
+IG(X! y,fyﬁ)
T 7

Oyukuionan (13) — onykiuil HarmiBHenepepBHHMII 3HH3y Ha B C 2(Q), TOMy, 32 TEOPEMOIO

o . . . ‘o . D 2/
BeiiepiuTpaca, nocsirae cBo€i HUKHbOI rpasi B eauniii Touni f *(-,-) e B < L°(QY).
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OnwuiemMo anroput™m po3s’si3yBanHs 3amadi (1)-(2), (13), moOynoBaHuii Ha OCHOBI T'Pa/iEHTHOTO
MeToay 3 ApoOJIeHHSIM Kpoky [3, 5]. [lonmepennpo 3anuimieMo aHaIITHYHUNA BUJ moxinHoi dpermie

¢dynkuionany (13) B KoxkHi# TOUL (/3 ,N) e

a(fén) 1 ”(

e [ | SR RICHIEEOR

Q

(%, Y) =W (X, Y)
dI'(&,7) |x

G(x,v:&,n)-
H[etyien () -2 (x,y)

X(él(xv Y é?’ ﬁ) - Gl(x’ Y é’ ﬁ)J-Gl(X’ Y, é:’ U)dr(f, 77) -

9G,(x, ;€.%)

2 (6, (x, y:é,ﬂ)dl“(é,n)ﬂdxdy- (14)

AJroputMm
Ilouamkosuti eman
Kpok 1. O6patu noBinbHe mouyaTkoBe HabmumkenHs f°(X,Yy) i mOYaTKOBHiT KPOK Ipai€HTHOTO

metony o’ >0, 3amatu ciTky, ska po3i6’e obmacte Q Ha NxM touok (&,7), BeTaHoBUTH
miunabHUK iTepamnii K =0 ta tounicts € >0.

Kpok 2. O6unciuty HaGmmkero | (f(X,y)) . Ilepeiiti 10 OCHOBHOTO eTary.

OcHosnuu eman

Kpok 1. O6uucnutu mHabmmkeHno noxigny ®@peme (14) B koxkHil TOUII (é,ﬁ) obnacti Q, i1=L N,

j=1M.

Kpoxk 2. 3naiiti K +1 Habmmxenns dyukuii f (X, y) 3a npaBuiom

TG )
o (5y073)

ne P; — mpoekuis Habmwxenns Gynkuii f(X,y) Ha 3aMkHeHy MHOXHHY B . OO4ucIUTH 3HAYEHHS

dyukmionany | (f“*(x,y)).

Kpox 3. IlepeBiputh yMOBY MOHOTOHHOCTI  CHajaHHs 3HaueHb (QyHKuioHany (13)

fk“(e%,-,ﬁi,-)=PBLfk(é,-,ﬁi,-)—a J k=012,..., (15)

F(F(x, ) < T(f*(x,y)). Sdxmo BoHa BEKOHYyeThCs, OKIacTH o™ = * i mepeiitn 10 Kpoky 4,
B NPOTUIEKHOMY BHTIAJKy — BEJIHUHHY KPOKY ¢ TOIIIHTH HABIII i MOBEPHYTHCS JO KPOKY 2.
BukoHyBaTH ApoOIeHHS KPOKY ¢r¥ 10 THX Mip, TOKH He BiTHOBHTHCS MOHOTOHHICTS.

Kpoxk 4. 3niicHATH NEpEeBIpKy YMOBH 3aBEpLICHHS iTepariitHoro poLecy

1 - kil £ A k(2 A 11 1 1

\/W;Z“‘f W& A - T )| <e- V Bumaaky ii HeBUKOHaHHS 3aminsemo K mHa K+1 i
i=l j=

MOBEPTAEMOCS J10 KPOKY 1.

Bicnuxk 3anopizbkozo nayionanvhozo ynisepcumemy MNel, 2014
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ANropuTM OMMCAHO.

Takum ymHOM, po3B’s30K 3amadi (1)-(3) 3BoAMTHCS 10 MOOYIOBH MIHIMI3YHOUOI MOCIIJOBHOCTI
{f “ (X, y)} 3a ¢opmynoro (15), npu mpbOMy Ha KOXHIH iTepawii po3B’s3yeTbes NiHiiHA 3aga4a (1)-
(2) 3a TOOMOT0F0 METOTy TIOTEHITIATY.

OBUYHNCJIIOBAJIBHAN EKCIIEPUMEHT

Jly1g iepeBipKu JOCTOBIPHOCTI pOOOTH OMHMCAHOTO BUIIIE AITOPUTMY CKJIIAZAEMO HACTYIHY MOJIEIbHY
3ajauy.

PosrnsHemMo QyHKIiI0
g(x y;4) = (A" +1)- (- (" +y*))* +(1-(x*+y%)), 2e[01], (16)

B 00macti Q, fka obMexkeHa KoHTypoM I': X*+Yy” =1. AHaJOTIYHO 0 BUKOPUCTaHHS MOAEIHHOI
byHkuiil ans miiHOI 3aga4i (1)-(2), 3agauy (1)-(3) npeactaBumMo y BUTTISIIL:

1(g) > frrgj(nﬁ), (17)
ze 1(9) = [[ g% (x, y; A)dxdy,
AAg = f(X,¥)=64(1%+1), (X,y)eQ (18)
g(x,y: ) =0 (x,y) =0, (x.y)erl,
(g—ﬂ(x, y; /1)) =y (% y) = (-4x(A* + DA~ (x* +y*)) —2x) cos(n " x) + (19)

+H(=4y(A* +)[A- (x> +y?)) =2y)cos(n*X) =2, (x,y)eT.

@ynkuis g(X, y;A) migiOpaHa TakuM 4MHOM, 100 mapaMeTp A OyB BiACYTHiM y mpaBiii 4acTHHI
apyroi kpaitoBoi ymoBHu (19) 1 npu 11boMy BUKOHYBaiacs nepma. 3 anamizy (16) i (18) BuruinBae,
110 Ipu 3HaueHHi napameTpa A =0

1ia (9) = [[ 9° (%, y; 0)cxdly

1 Ipu IbOMY TIpaBa YacTWHA HEOJHOPiMHOTO OirapmoniuHoro piBHsHHA f(X,y)=64, (X,y) Q.
SAx nmouatkoBe HaOmkeHHs QyHKINT f(X,Yy) MoxHa B3sATH, HanpukiIaa, GyHKIi0 BUTIALY (18)
npu pizaux A #0. 3rigHo 3 iTtepariitHoro ¢opmynoo (15) ¢yHKIIOHATBHA MOCITITOBHICTD
30iraeThest 10 po3B’si3Ky f(X,Y) =64, a 3HaueHHs QyHKIIIOHATY TOCATaE MIHIMYMY.

BUCHOBOK

OT1xe, y poOOTI BHMKIAJECHO CHOCIO pO3B’s3yBaHHA 3a/adl ONTHMAJIbHOTO KEpPYBaHHS MPaBOIO
YaCTUHOIO DIBHSHHA Ta CXeMa OOYHCIIOBAIGHOTO EKCIEPUMEHTY ISl TPAKTUYHOI IepeBipKU
JOCTOBIPHOCTI OTPUMAaHUX pe3yabTariB. Jis 1poro Oyno0 BHUKOPUCTAHO TPaJi€HTHUH METOJ, Ha
KOXKHIN iTepallii sIKoro MeTOJIOM MOTeHLialy po3B’a3yBanacs JiHiliHa KpaiioBa 3aaaya. Pe3ynbTatu
aHAJIOTIYHUX OOYMCIIOBAJILHUX E€KCIEPUMEHTIB JJIs ONTHMI3alli KpalloBUX yYMOB Y BiJAIMOBIIHIN
3amavi I HEOJHOPIAHOTO OIrapMOHIYHOTO PIBHSHHS JIO3BOJISIFOTH 3POOWTH BUCHOBOK PO
e(eKTUBHICTh BUKJIJEHOTO Tiaxoay. [IpakTidna mporpaMHa peaizaiis CBITI4UTh PO MOXKIUBICTh
3aCTOCYBAHHA LIbOTO MIAXOY JUIsl HOOYJOBU aIrOpUTMIB 33Ja4 ONTUMAIbHOTO KEPYBAaHHS IPaBOIO
YaCTUHOIO PIBHSHD ENINTUYHOTO TUITY.

DizuKko-mamemamuuni HAyKu
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