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[ToxydeHo YacTOTHOE ypaBHEHHE COOCTBEHHBIX COBMECTHBIX OCECHMMETPHYHBIX KONEOAHUH yNPYrnx OCHOBAHUH B
BUJIE IUIACTUH M TSOKEIOHN HIeanbHON XKUIKOCTH B JKECTKOM KPYrOBOM IMJIMHIPHUYECKOM pe3epByape. PaccMoTpeHbI
pas3nu4HbIe MPEAeIbHBIC CIyJYan: BHIPOJKACHHUE IUIACTHH B MEMOpaHbI, B a0COIIOTHO KECTKHE IUIACTHUHBI, OTCYTCTBUS
BEpXHEH IUIaCTHHBI (CIIydail *KHUAKOCTH CO CBOOOJHOM MOBEPXHOCTHIO). IIpoBeaeHB! YHCICHHBIC MCCIICNTOBAHUS IS
city4ast )KHJKOCTH CO CBOOOJHOI OBEPXHOCTBIO.

Kniouegvie cnosa: euopoynpyzocme, ocecummempuunvie Ko1eOAHUs, UOLAbHAS JHCUOKOCb, YRpY2ue NAACHMUHKU.
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OTpHMaHO YacTOTHE PiBHSHHS BIACHUX CYMICHHX OCECHMETPHYHHX KOJHMBAaHb MPYKHUX OCHOB Y BUTJIAJI IUTACTHH Ta
BaXXKOi i7IcaTbHOI PiTUHH B KOPCTKOMY KPYTOBOMY IFUIIHAPHIHOMY pe3epByapi. PO3risHyTO pi3HI MEKOBiI BHITAJKH:
BUPOJUKEHHS IUIACTHH Yy MeMOpaHH, B aOCOJIOTHO >KOPCTKI IUIACTHHHM, BiJICYTHOCTI BEPXHBOI IUIACTHHHU (BHUIAIOK
pinuHH 3 BiIbHOIO OBepxHero). [IpoBeeHi YhcenbHi TOCTIPKEeHHS Ha BUINAI0K PIAMHM 3 BUIBHOIO MTOBEPXHEIO.
Knrouogi crnosa: cioponpysichicms, ocecumempuni KOIUBAHHS, i0eanbHa piouHa, NPYAHCHA NAACTHUHA.

AXIAL-SYMMETRIC VIBRATIONS OF ELASTIC BASES AND IDEAL LIQUID
IN ARIGID CYLINDRICAL TANK

Kononov Yu. M., D.Sc. in Physics and Maths, Rusakov V. F., D.Sc. in Physics and Maths,
Dzhukha Yu. O., postgraduate

Donetsk National University,
600-richchya str., 21, Vinnytsia, 21021, Ukraine

kononov.yuriy.nikitovich@gmail.com

Interest to the axisymmetric vibrations of elastic base and a liquid in a cylindrical tank is connected with the fact that in
this case consideration must be given to the vibrations of the liquid column between elastic bases of a tank. It is not
necessary in the case of the asymmetric vibrations in an axisymmetric tank.

A rigid straight circular cylinder with elastic base contains a liquid. Elastic bases are modeled by isotropic elastic
circular plates. The plates are rigidly fixed on a contour and are subjected to tensile forces in a middle surface. It is
considered that the liquid is ideal, homogeneous and incompressible. The motion of the liquid is potential. The problem
is considered in linear formulation. Deflections of the plates are represented as the sum of the static and dynamic
deflections. System of two inhomogeneous biharmonic equations govern coupled vibrations of plates and liquid and
represent the spectral problem. The general solution of each equation is sought as the sum of the general solution of the
homogeneous equation and the particular solution of the inhomogeneous equation. The general solution of the
homogeneous equation is determined by the mechanical parameters of the plate and the density of the liquid. This
solution contains unknown frequency. The particular solution of the inhomogeneous equation is represented as a series
expansion in terms of eigenfunctions of the vibrations of the ideal liquid in a cylindrical tank.

The frequency equation of the natural coupled axisymmetric vibrations of elastic base of cylinder and the ideal liquid is
derived from the conditions of rigid plates, coupled vibrations and the liquid incompressibility conditions. Determinant
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of the fifth order represents this transcendental equation. The frequency spectrum of the equation consists of two sets of

frequencies corresponding to the vibrations of elastic top and bottom bases. The frequency equation is symmetrical

relative to upper and lower bases in the absence of gravity. Obtained frequency equation is sufficiently general and
includes a number of special cases.

Numerical investigations of the axisymmetric vibrations of elastic bottom and the liquid with a free surface are

performed. On the basis of numerical investigations it may be concluded that:

1. Series of the frequency equation converges rapidly.

2. The frequency spectrum consists of two sets of frequencies corresponding to the vibrations of the free surface and
elastic bottom of cylindrical tank. In a wide range of parameters of the mechanical system the first set of frequency
varies only slightly, and the second set varies substantially.

3. The dependence of the first frequency of the second set on dimensionless rigidity in most cases is almost linear.

4.  The significant increase of frequencies of the second set takes a place as the mass of the base is reduced. The
largest increase takes place for the massless plate.

Key words: hydroelasticity, axial-symmetric vibrations, ideal liquid, elastic plate.

BBEJIEHUE

3amaya 00 0CECUMMETPUYHBIX KOJIEOaHUSIX YIPYTOoro JAHA KPYroBOro HHJIMHAPUYECKOTO COCyla U
UeaIbHOMN KHUIKOCTH CO CBOOOHON MOBEPXHOCTHIO BIEPBbIC Oblila paccMOTpeHa B padoTax [1-3].
B cratbe [4] oTa 3amaua Obuia 060011IeHa HA CiTy4ail KOAaKCHAIbHOTO HUIMHAPUIECKOTO COCY/a, a B
cTatbe [5] — Ha HecuMMeTpUYHBIe Kojiebanus. B padote [6] ObLIO cenaHo 0000IIeHne YKa3aHHON
BBIIIIE 33/aYdl Ui IHJIMHIPUYECKOTO COCyAa MPOHU3BOJIBHOTO CEYCHHS. OKCIIEPUMEHTaJbHbIC
HCCIIeIOBaHUS MpeCTaBiIeHbI B ctathe [7]. B crathsax [8, 9] ucciaenoBana B IMHEMHON MMOCTAaHOBKE
IUHAMHKA M YCTOWYMBOCTb KOJEOAHMN UWIMHIPHUYECKOTO pe3epByapa C YyINPyruM AHOM U
KHUIKOCTBIO CO CBOOOJIHOM MoBepxHOCThIO. Hanbosiee mosiHas mocTaHOBKa 3a7a4ud O KOJEOAHMSIX
YIPYTUX OCHOBAaHWUW W HJEaNbHON XUAKOCcTH naHa B pabore [10], a B cratesax [11-12] ona
0000mIeHa Ha ciiydail JBYXCBS3HOTO IJIMHAPUYICCKOTO COCYNa W JBYXCIOWHOW >KHIKOCTH. B
yKa3aHHBIX BBIIIE CTAThsIX OCECUMMETPUYHBIE COOCTBEHHBIE YacTOThl COBMECTHBIX KoJeOaHUM
VIPYTHX OCHOBAHWW M TSDKEIOW HICATBHOMN YKHIKOCTH B JKECTKOM KPYTrOBOM IHJIMHAPUICCKOM
pe3epByape He ObUIM HCCIeIOBaHbl B oOmIel mocTaHoBKe. B naHHOW cTaTbe BBIBEACHO H
WCCJICIOBAaHO YaCTOTHOC YpPaBHEHUE COBMECTHBIX OCECUMMETPUYHBIX COOCTBEHHBIX KOJeOaHUI
KPYTOBBIX YINPYTUX OCHOBAHMN HWIMHIPUYECKOTO COCYAa U UIealbHOM >KUIKOCTH. PaccMoTpeH
pSAI YACTHBIX CIIy4acB: BEpPXHEE WIIM HUKHEE OCHOBAaHHE CTAHOBUTCS a0COJIOTHO JKECTKHM;
BEpXHEE OCHOBAHHE OTCYTCTBYET; YIpPYyrue IJIACTUHKU MpEeBpalaloTcs B MeMOpaHbl. [IpoBeaeHbl
YUCIICHHBIC WCCICAOBAHUS Il Pa3MYHBIX TIIYOWH 3allOJIHCHUS pe3epByapa, WHEPIUOHHBIX U
HEMHEPIUOHHBIX IIACTHH, U3MEHSIOIIUXCS YIPYTUX XapaKTePUCTHK TIACTHH.

INOCTAHOBKA 3AJIAYA

PaccMoTpuM coBMecTHBIE KojeOaHHs yIPYIMX OCHOBAaHMM M TSHKETIOW MIeaqbHON HEC)KMMaeMOoM
KHUJKOCTU INIOTHOCTH p , HAXOAAILIEHCS B NPSAMOM KPYroBOM IIWUIMHIpE paguyca a. OcHOBaHHSA
LWIMHApPA TPEACTABISAIT COOOM KpYriible HM30TPOMHbIE IUIACTHHKH, >KECTKO 3allleMJIEHHBIE IO
KOHTYPY C U3TMOHOM XKeCTKOCThIO D; M MOJBEPKEHHBIE PACTATUBAIOLINM YCHIUAM T; B CPEAMHHON
mwiockoctd (i=12). MHnekc i=1 COOTBETCTBYET BEPXHEMY OCHOBAHHUIO, & i=2 — HIDKHEMY.
Hunuaapuyeckyto cucreMy KoopauHaT Orfz  pacmoyiokuM Tak, 4TOObI IUIOCKOCTh Oré
HaXo/AW1ach HAa OJMHAKOBOM DPACCTOSHUU OT OCHOBaHMU, a och Oz OblJa HampaBieHa IO OCU
WIMHAPA TPOTUBOIOIO0KHO BEKTOPY YCKOPEHHsI CHIIBI TshkecTH § . 3amgauy OyaeM paccMaTpuBaTh
B JIMHEWHOW MMOCTAHOBKE, CUMTAs JBMXKEHUE JKUIKOCTH MOTEHIIMAIBHBIM, 2 COBMECTHBIE KOJIEOaHUs
IJTACTUH U )KUJIKOCTH — O€30TPHIBHBIMHU.

VYpaBHEHUsI IBU>KEHHS paCCMAaTPUBAEMON MEXaHUYECKOM CUCTEMBI UMEIOT BU [1, 2, 4]:

oW, oD h
Kor = + DiAGW, —TiA W + pgW = p| Q -~ -9 |, 1)
ot M lzehy 2
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o°W. o0 h
kop ——52 + DpASW, —ToA W, — pgW, = —P(Q ry +9 EJ’ )
ot z=—h/2
AD=0
C Y4ETOM CJIEAYIOUIMX TPAHUYHBIX YCIOBHUI:
o _
o f—a ,
o _ow o aw oW, )
%lppy O Oflpepp O
[Wyds = [w,ds, (4)
S S
w_ =0, Y _o, (i-12) (5)
r=a ar r—a
3nece  Koi = poidois Wi, poi B Spi — COOTBETCTBEHHO IPOTHO, IUIOTHOCTH M TOJIIUHA I-Of
IUIACTUHKY; O — MOTEHLMANl CKOPOCTEeH KUAKOCTU; h — riyOuHa 3anonHeHus; Q — IPOU3BOJIbHAS
d? 1d o° N y
(byHKIMS BpeMeHH; A, = 7 + Tar U A=Ay +— — COOTBETCTBEHHO JIBYXMEPHBII M TPEXMEPHbIIL
re. rar fo74
orneparopsl Jlamnaca 11 0CECUMMETPUYHOIO Cay4as; S — CEYEHUE KPYyroBOIrO LIMIMHIPA.
METO/JA PEHIEHUSA

BcenencrBue oceBoii cumMerpun Gpynknuun @ u W; mpeactaBuM B Buae 0000IIEeHHBIX psanoB Dypbe
110 COOCTBEHHBIM QYHKIMSM v, (r) cienyrommm odpasom [1, 2, 4, 6]:

O(r,0) = ag(V) + a2+ | Ay + By (e Jyro(1), (6)
n=1
Wi (r,t) =Wig (t) + > Win (Dwn (1), @)
n=1

rac
1 1 2 2
Wig =< [WidS, Wi == [Wipnds, N2 =[yZdQ.
SS Nn S S

CoOcTBeHHbIE (YHKLUUHU () U COOTBETCTBYIOIME MM COOCTBEHHBIE uMcia k, HaXoAATCs U3
peuieHus kpaeBou 3anauu [13]:

oy
or

=0

r=a

Aoy +kr%1//n =0 ma S,

U BMECT€ C IPOU3BOJIBHOM KOHCTAaHTOW OOpa3yloT Ha S TOJHYK0 M OPTOTOHAIbHYIO CHCTEMY
dynkmuit. M3-3a oceBoif cuMMeTpuyn 3TH QYHKIMH UMEIOT BUI wy(r)=Jo(knr), a coOCTBeHHBIE

ancna K, HaxonsaTcs u3 ypaBHenus Ji(k,a)=0 (Jo u J; — dynkumu beccens nepsoro pona).

IToncraBus Beipaxkenus (6)-(7) pynkuuit ® u W; B rpaHuuHble yciaoBus (3)-(4), moiydum:

_ Wln eKn/z_WZn g *n/2 B — Wln e_Kn/Z_WZn e*n/2

] . ] a :W :W y =k h y
2k, sinh &, n 2k, sinh y =Wy =Wao, (x =kph)

An
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u ypaBHeHnus (1)-(2) npumyTt BuA:
Wi, cosh g, =W,

h
h_ (8
2 nzzl k, sinh i, W”] ®)

0 W . .
Ko 2 o1+ DIASWL —TiA W, + pgWy = p (Q—ao—(aﬁg)

W, cosh x, —Wi
2n n 1n %]-(9)

&2W. )
k 2+ DyASW, —ToASW. W, =— +(8 +
02~ 2 AW, —To AW, — pgWh p[Q dg+(&+9)- Z ksinh &,

BbIBO/ YACTOTHOI'O YPABHEHUA

PaccMOTpHM 3a1a4y 0 COOCTBEHHBIX COBMECTHBIX KOJIEOAHMAX YIPYTHX IUIACTHH M KUIKOCTH. JIis
ve' . 3mecs WS —

[ < h
stroro momoxum Wi (r,t) =e' ™ w; (1) + W (r), p(Q-ag)=Qe', palzzwe
CTaTUYECKUH Mporu6 mmacTuH. B aToM cinyyae ypaBHeHus (8) — (9) npumyT BUJI

DiAZW; —TiApw; [kOiwzﬂL(—l)ipg}Wi =(-)"MQ-W+ po® Y Wy, (i=12),  (10)
n=1
rae

cosh iy, — W N Wy, cosh x;, — N h
n:W1nk 1% = Wan .y =—2n COSN i Win W=—paw? 2w, (11)

n Sinh &, K, sinh i, 2

1 1 1

Wi =—§J.wi¢//nd8 , Wzggwlds =§£W2d8 . (12)

Pemenue kaxaoro ypasHenus (10) Oyaem uckath B BUJIE€ CyMMbI OOIIETO pELIeHHs] OJHOPOIHOTO

ypaBHEHHsI M YaCTHOT'O PEHICHUsT HeoIHOpoaHOorO [10-14]

vn+koi[Q+(-)'w] (i=12). (13)

2
W; +
Z Ak + po Zk smhzcndm

3nech
" 1 2 2 2 i
kOi = i 5 di Z(Dikn +Ti)kn —|:k0ia) +(—1) pg:|,
P9+ (1) koj@
A—?( (i,k=12), Wy, Q ¥ W — HEM3BECTHBIE KOHCTAHTBI.
Hckmounm Heu3BeCTHYI0 KOHCTaHTy W. Jlns storo moactaBum (13) Bo BTOpoe ycnosue (12) u
BOCIOJIb3yeMCs YCIIOBHEM OPTOTOHAIIBHOCTH COOCTBEHHBIX (DYHKIMI y,, KOHCTAHTE!

2
: Z(Wfkpiok _W(Z)kAgk)"‘Q(IZOl_Roz),

W=—
Kot +Koz i

~ 1
rae Wi(|)( :gj.wi?(ds :
S
N3 BTOporo ycrnoBus (12) Takke ciaeayeT cieayrollee ypaBHEHHE

2
Z[(ﬂhkozw2+2)\’~\’fkpfk +(phko1602—Z)ngAgk}rZ(Phkmkozwz+k01 koz)Q 0. (14)
k=1
IToncraBuB (13) B mepBoe ycinoBue (12) u, pa3peminB CUCTEMY JBYX JIHHEMHBIX ypaBHEHUM

OTHOCUTCIIBHO W, U W54, OKOHYATCIbHO IMOJTYIHUM
M 2,2015

Bicnuk 3anopizvkoz0o Hayionanvnozo ynieepcumemy



110

2

W = Z(Wilk Ak +Wig AN ) +kQ. (15)

k=1

3mech

e 0] [e0]
0 -0 0 0 0
Wygy = Wik — KWk + > aq1nEikn¥n s Wiok = kaWak + 8120 Ezknii »
n=1 n=1

o0 o0
-0 0 0 -0 0
Woik = KoWiy + D810 Efk W, Waok =Wak — KoWak + D aonEgkniin

n=1 n=1
a1n =DinDon, @10y =—thin, an =—dzn, a2 =DopDip, (16)
- - ~ 2
ey ke Zokep g po” g Oin
k01+k02 , k01+k02 , k01+k02 , in dinkn sinh Kp , n An '

* coth Ky — Din

Diy =dipSinhx,,, Djy = n . Ap =1—(Dyy + Dy, )coth &;, + Dy Doy,
n

o _ 10
Eikn :_ZIWikWndS-
Nn s

W3 ycnoBwii xxecTkoro 3amniemieHus miaactud (5) u ypaBHeHus (14) cienyer 4acTOTHOE ypaBHEHHE
COOCTBEHHBIX COBMECTHBIX KOJIEOaHUI yIPYruX OCHOBAHUN M KUIKOCTH

Wi Wigp Wipp Wi K

Ch, C, O 0 0

Wo1p  Worp  Wopr  Wapo  K|=0, (17)
00 0 Cy Cpy O

rac

o0 o0
_ 0 0 p* 0 0 o*
W3y = By — kWi + D 811nEknBn »  Waok = KWk + D 8120 Edkn By
n-1 n=1

~ 0 =~ 0 p* - -0 ~ 0 o*
Wi =KoWiy + Y 8p1nEqinBn,  Wagk = Boy —koWak + > azonEkn By, (18)
n=1 n=1L
lZ2 = phizoza)z + 2, lzl = phlZOla)Z -2, |Z = Z(phlZOllzoza)z + lel - Roz) )

, Bn=Jo(&). (i=12; k=12).

r=a

awd
B, = W~O , G = ik
ik ik rea ik ar

YacroTHblil crnekTp ypaBHeHUs (17) cocTouT u3 JABYX HaOOpPOB 4YacTOT, XapaKTePU3YIOLIMX
KoJIeOaHUs BEPXHETO U HWKHETO YIPYTUX OCHOBaHMU M BO3MOXKHO OKMJAATh, YTO MPU JIOCTATOYHO
MajblX TJIyOMHaX 3aloJHeHus OyneT HaOJoAaTbcs JOBOJBHO CHUJIBHOE B3aMMOBIIHUSHUE 3THX
KoJIeOaHUH.

Cnemyer OTMETUTh, YTO 4YacTOTHOe YypaBHeHue (17) umeer ocobeHHoctd 1pu Ap =0,

- - 2

Kop + kg2 =0 [a)2 = AJ u pg —a)2k02 =0 {a)z = p_gj’ KOTOpbIe HEOOXOAUMO YYHMTBIBAaTh IIPU
Koz —koz ko2

IIPOBEJICHUH YMCIICHHBIX PACUYETOB.
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YACTHBIE CJIYYAN YACTOTHOI'O YPABHEHMSI COBCTBEHHBIX
COBMECTHBIX KOJIEBAHUH YIIPYT'UX OCHOBAHHUU U KUJTKOCTHU

[Tonmydaennoe ypaBHenue (17) siBisieTcs TOBOJBLHO OOIIMM U BKIIFOYAET B CE0S PSIT YACTHIX CIIYYaeB,
KOTOpBIE MPEICTABISAIOT CAMOCTOSITENIbHBIN HHTEPEC.

Cnyuait negecomocmu. B stom ciiyqae g =0 u yactotHoe ypaBHeHHe (17) Oymer cHMMETPUYHO
OTHOCUTEIIFHO WHJAEKCOB | M 2, uTto uMeeT (Qu3nudeckoe OOOCHOBAaHHME U IOJITBEPIKIACT
IIPaBUILHOCTD BBIBEIEHHOTO ypaBHeHus. Ecim ko, =Koy, TO Kgg +Kgp =0 M, Kak ObUIO OTMEYEHO
BbllIe, ypaBHeHHE (17) numeer ocobeHHocTs. IIpu kg =0 u kgp =0 Oynem umers kj =1k, =0, a
IATBIA - cToyiOen  ompenenurtens ypaBHeHus (17) MOXHO 3amucarh CIEAYIOHNIMM — 00pa3oM

(1,0,,0,kgp (oh+ koz))_l. Ecmu kg, =0 1 kgy #0, To ky =0, ky =1, a IATBIH cTOJIGEI ONpPEETHTENS
ypaBHenus (17) 3anuiuercs Tak: (—l, 0,-1,0,koy (oh+ kOl))_l .

Bepxuana nnacmuna eviporcoaemcs ¢ memopany. B sTom ciyudae B onpenenurteie ypasHenus (17)
HYKHO BBIYEPKHYTH BTOPYIO CTPOKY M BTOpPOH cTosber, a B cooTHomeHusx (16) nmomoxuts Dy =0.

YacToTHOE ypaBHEHHE IPUMET BU:
Wigp o Wi Wipp t
W%n Vézzzll Vézzzzz ol=0. (19)
koWry  kWgy Kpwdy K

Huosicnan naacmuna evipodcoaemca ¢ memopany. Kak u B peplIylieM cliydae B ONPEICIUTENe

ypaBHeHUs (17) Hy’)KHO BBIYEPKHYTh YETBEPTYIO CTPOKY U UETBEPTHIN CTONOEI], @ B COOTHOIICHHSIX
(16) cuutate D, =0. YacToTHOE ypaBHEHHE 3aIUILETCS CIETYIOLUM 00pa3oM:

Wiir Wigp Wipg
Cu  Ci 0

Wo11  Wopp  Wopq
-0 0 a0
koWip  koWpp  kgWap K

I
o

(20)

~ O x

Huosicnaa u 6epxnas niacmumbl 6blpoxcoaromcesa 6 memopanvl. B 5ToM ciydae B OnpefeIuTeIie
ypaBHeHUs (17) HyHO BBIYEPKHYTh BTOPYIO M UETBEPTYIO CTPOKU U BTOPOM M YETBEPTHIN CTONOELL,
a B cooTHomeHusX (16) monoxute Dy = D, =0. YacToTHOE ypaBHEHHE 3aIIMIIETCS TaK:

Wiig  Wipp K

Wp1p Wy K|=0. (21)

-0~ -

koWip  kqWap K
Cnyuait nanuuus ce0000HOU noeepxHocmu y dHcuOKocmu. ITOT Cllydall peanusyercs INpHU
OTCYTCTBMM BEpPXHEHU IUIACTUHKU. B omnpenenurene ypaBHeHus (17) Hy>)KHO BBIYEPKHYThH IIEPBYIO U
BTOPYIO CTPOKH M NEPBBII ¥ BTOPOi cTos0e1], a B cooTHOMEHHIX (16) cuntath ky; =0, Ty =0, D; =0

. HacToTHOE YpPaBHCHUC NPHUMET BU.

W1 Wopp K
Cy Cp 0|=0. (22)
A T S
kW1 kg K

IIpu BBIpOXKIEHUM HW)KHEH IUTAaCTUHKH B MeMmOpany (D, =0) ypaBHenue (22) 3anumiercs
CIIEAYIOIIUM 00pazoMm:
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o0

IZ[BZl+ZaZZHEglnB;,}—(kZIZJrkIZl)ng:0. (23)
n=1

Hujicnaa unu eepxuas RNAACMUHKU aOCONIOMHO dcecmKue. Ecnyu BEpXHAS  WIA HUXKHSIA

IUTACTUHKA CTAHOBUTCS a0COIIOTHO JKECTKOM, TO B 3TOM cirydae W, =0 (v"vfk =0)umu W, =0 (ng =0)

. Ilepexons k npeneny B ypaBHenue (17) coorBeTcTBEHHO IpH Ty — o0 ( Dy, —0) mm pu Tp —> oo (

D,, — 0), OJy4YlM YaCTOTHbIE YPAaBHEHMUS:

B I1epBOM ciaydae (T; —> o)

= 0 0 \n*
C22B21 —C1Bp + D apon (sz E21n —Co1E22n ) B, =0, (24)
n=1
a BO BTOpOM
< 0 0 \p*
C11B1p —Ci2By1 + D a1y (CllE12n _CLZElZn)Bn =0. (25)
n=1L

CnenyeT OTMETHTb, YTO AJIi HECHMMETPUYHBIX KojeOaHui ypaBHeHHE (25) Obulo MOApPOOHO
uccienosado B [13].

YUCJIEHHBIE UCJIEJOBAHUSA

B BUy CIIO)KHOCTH paccMaTpuBaeMoOi 3aa4d TPOBEJIEM YHCIICHHBIC UCCIICIOBAHMS I Hanboee
MHTEPECHOTO U CJIOXHOTO Cilydasi HaJIM4yus y JKUIKOCTH CBOOOJHOW moBepxHOCTH. HecMoTps Ha
JOCTaTOYHOE KOJIMYECTBO myOnukanuii [4, 6, 11, 12], aToT citydaii 10 KOHIIa HE HCCIICIOBAH.

BBenem 6e3pa3zmepHble nepeMeHHbIe

oa 5 _Dp  _ T o _kp
) 2~ 2 2

0?=2°
9 pga pga pa

_|

Il

=~

|

Sn

Il
| =

B o60o3nauenusx (16) nonyuum:

0?2 Q2
Din :§_ , Dop= ~ 2 =\.2 5
n ¢n [(szn +T2)§n -1-kyQ

_1
1+ EzQZ

]7 kor=1, ko2 =

ITycth nHO sBHsieTcs abCOMOTHO ynpyruMm (T, =0). DTOT ciaydail 6bU1 paccMOTpeH B cTatbe [14].
CornacHo emy, umeem:

r r K, Q2 +1

Wg].:‘]()(/@gja Wgzzlo(/ung, 'uér:zlj—z’
2#231(/12) gz 2y Il(yz)

! n— .

ﬂzz—fr%)Jo(Cfn) (ﬂ22+§§)J0(§n)

YucneHHble MCCIENOBAHMS YaCTOTHOTO ypaBHeHHst (22) ObUIM NPOBENEHBI IS  CIETYIOIIUX
3HaYeHM# GespasMepHBIX mapameTpos: h=0.1.4, k, =0..10, D, =0.1..10 . Ha puc. 1-2 ¢ ydetom

Egln = (

JBYX YJEHOB B psifax ypaBHeHHs (22) (n=1,_2) npescTaBieHbl TpaduKU 3aBUCUMOCTH KBajpara
0e3pa3MepHOl TepBOM YacCTOTHI BTOpPOro Habopa Q%l oT Ge3pasMepHOil KecTKocTH D, s
pasiuuHbBIX TyOuH 3amonHenus h=0.5,1.0,1.5 (puc.l) ¥ MaccoBOi XapaKTEPHCTHKU IJIACTHHBI
k, =2.0,1.0,0.5 (puc. 2). Ha puc. 1 mmwxuuii rpadguk coorserctByer h=0.5, cpemnmii —h=1.0, a

BepxHmii —h=1.5. Ha puc. 2 aganornuno k, =2.0,1.0,0.5.
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Pa3IMIHbIX |Z2

B ta6n. 1 mpuBenens! s napamerpos h=1, ky =1, D, =1 3nauenns QF, (1eBblii cTonbemn) u Q7

(npaBelii cTOJIOCI]) B 3aBUCUMOCTH OT 4YHCJIa wWwieHoB psga (n=21,3). M3 »Toil Tabiauiel BUAHA
Xopoliasi CXOAUMOCTh PAIOB ypaBHEHMs (22), a TakKe TO, YTO C YBEJIMYEHHEM UICHOB psija
T00aBIISIOTCS HOBBIC M YTOUHSIFOTCS MTPEIBIAYIINE YaCTOTHI.

Ta6Jmua 1 — 3aBUCUMOCTB KBaJipaTa 4aCcToOT IICPBOI'O K BTOPOI'O Ha60pOB OT YMCJIa YJICHOB B pAdax

n=1 n=12 n=13
3.828 62.772 | 3.828 62.764 | 3.828 62.764
1313.866 | 7.016 1230.289 | 7.016 1230.289
10.173 6789.014

Ha ocHoBanuu IMPOBCACHHBIX YUCJICHHBIX HUCCIIeA0BAHUM MOXKHO CAEIATh CJICAYIOMIUC BBIBOJbI:

1.

Bicnuk 3anopizvkoz0o Hayionanvnozo ynieepcumemy

YacTOTHBIN CIEKTP COCTOMT M3 JBYX HA0OPOB YAaCTOT, COOTBETCTBYIOIIUX KOJEOAHHUSIM
CcBOOOHOM MOBEPXHOCTU U YIPYTOro JHA. B TOCTaTOYHO MIMPOKOM Juama3oHe W3MEHEHUi
MapaMeTpoB MEXaHUYECKOW CHUCTEMBbl HaOmoaeTcss claboe W3MEHEHHWE 4YacTOT IMEepPBOTO

Habopa ), W CYIIECTBEHHOE H3MEHEHHE YaCTOT BTOPOro Habopa Q3 .

3aBHCHMOCTb TIEPBOIl Y4AaCTOTHI BTOPOrO Habopa O3, OT Ge3pasMepHOil KecTKocTH D, B
OOJIBIIMHCTBE CIIy4aeB IMOYTH JTMHEHHAS.

C YBCIUUYCHUEM FJ'Iy6I/IHBI 3anoiHeHus h MPOUCXOAUT HE3HAYHUTCIBHOC YBCIMYCHUE YaCTOT
IepBOro Ha6opa " CYHICCTBECHHOC BTOPOTO Ha6opa.

C yMeHbIIIEHMEM MACCOBOM XapaKTEpUCTUKH K, IPOMCXOMUT 3HAYUTENHHOE yBEIHUYEHHE
4acToT BTOporo Habopa. Hanbonpiiee yBenmaeHne MpoUCXOauT T O€3MacCOBOM TIIACTUHBI

(ky=0).
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